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What can a real algebraic curve, defined by an equation f(x, y) = 0 where f is a real polynomial of degree n, look like? For n = 2 the answer – an ellipse, a hyperbola, or a parabola – is classical. The cases n = 3 and n = 4 have been solved by Newton and by Descartes. The degree 4 curve can have at most 4 ovals and if their number is exactly 4 then none of them lies inside a disc bounded by another closed oval (prove it!).


At the Paris International Congress of Mathematicians in 1900 David Hilbert announced his (wrong) answer for the degree 6 case. Today the shapes of the degree 6 curves are known: there exist 3 arrangements of their 10 ovals. This was discovered in 1970 by D. Gudkov, who was continuing the bifurcation theory studies of his teacher, physicist Andronov.


For the degree 8 curves the problem is still open in spite of its astonishing relation to the topological quantum field theory of 4-dimensional smooth manifolds.


The talk will describe old and recent results in this active part of mathematical studies of the real world; it will even provide an interpretation of the Taylor series of tangent - 
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  -  in terms of counting the topological types of degree n polynomials of one real variable.


The following unsolved problem from real algebraic geometry seems to be accessible to high school students. Let M denote the number of convex polygons in which n straight lines subdivide the extended (involving a point at infinity) plane. What values can M have? Such a subdivision is impossible if n + 1 < M < 2n, or 2n < M < 3n – 3, or 3n – 3 < M < 4n – 8 (continue this list!).


These theorems have been discovered by the speaker for the present talk while he was reading the Givental’s American version of the Kiselev’s “Geometry” textbook (whose Russian original version missed these problems).

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

Prof. Arnold has also offered a few problems involving the number D(N) of positive divisors of a natural number N:

 Problems (for high school students).


Find the growth rate of the number D(N) of positive divisors of a natural number N.  Some of the values are given below:

D(1) = 1; D(2) = 2; D(3) = 2; D(4) = 3; D(5) = 2; D(6) = 4; ... ; D(100!) ~ 
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The problem is to establish a realistic upper bound for D(N).


One of the approaches would be to study the asymptotical behavior of a more regular sequence, 
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Examples.
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(Notice the subsequence 
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Question 1.   Is it true that 
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Question 2.   Is it true that 
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?  In other words, is it true that factorials have the maximal numbers of divisors (see 6 = 3!, 24 = 4!, and 120 = 5! in the examples above)?


Question 3 (weaker).   Is it true that 
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Question 4.   What is the asymptotical behavior of D(k!)? Is it small with respect to 
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>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

Some additional comments:


I know that 
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 for a > 1/3, but is it true for a = 1/3? For smaller a?


My proof is based on the following

Lemma (Func. An. 1980): If a broken line with integral vertices is bounding a region of area S then the number of its vertices does not exceed 
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 for some universal constant c. 

 
Proving this lemma is another nice problem for students

. 


I know the average behavior of D(N): for 
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, an interesting exercise for students, first(?) discovered by Dirichlet (unpublished?).
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