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1 Introduction

Sudoku is a (sometimes addictive) puzzle presented on aesguid that is usuallyp x 9, but is
sometimed 6 x 16 or other sizes. We will consider here only the 9 case, although most of what
follows can be extended to larger puzzles. Sudoku puzzlebedound in many daily newspapers,
and there are thousands of references to it on the internast pizzles are ranked as to difficulty,
but the rankings vary from puzzle designer to puzzle designe

Sudoku is an abbreviation for a Japanese phrase meanindiffitemust remain single”, and it was
in Japan that the puzzle first became popular. The puzzleasalown as "Number Place”. Sudoku
(although it was not originally called that) was appareimiyented by Howard Garns in 1979. It
was first published by Dell Magazines (which continues toao Isut now is available in hundreds
of publications.

At the time of publication of this article, Sudoku

is very popular, but it is of course difficult to
predict whether it will remain so. It does have a
many features of puzzles that remain popular:
puzzles are available of all degrees of difficulty,
the rules are very simple, your ability to solve ¢
them improves with time, and it is the sort of
puzzle where the person solving it makes con-
tinuous progress toward a solution, as is the case 5
with crossword puzzles.
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The original grid has some of the squares filled f
with the digits froml to 9 and the goalistocom- g | 3
plete the grid so that every row, column and out-
lined 3 x 3 sub-grid contains each of the digits h 6 3 7
exactly once. A valid puzzle admits exactly one j 411
solution.

D
ol

\l

(0]
NOO| N

(®)

Figure 1 is a relatively easy sudoku puzzle. If

you have never tried to solve one, attempt this ]

one (using a pencil!) before you continue, and Figure 1. An easy sudoku puzzle

see what strategies you can find. It will probably

take more time than you think, but you will get much bettefwygtactice. The solution appears in
section 20.

Sudoku is mathematically interesting in a variety of waysttBsimple and intricate logic can be



applied to solve a puzzle, it can be viewed as a graph colgnioglem and it certainly has some
interesting combinatorial aspects.

We will begin by examining some logical and mathematicalrapphes to solving sudoku puzzles
beginning with the most obvious and we will continue to mane anore sophisticated techniques
(see, for example, multi-coloring, described in sectia?) 9L ater in this article we will look at a
few other mathematical aspects of sudoku.

A large literature on sudoku exists on the internet with dyfatandardized terminology, which we
will use here:

e A “square” refers to one of th81 boxes in the sudoku grid, each of which is to be filled
eventually with a digit from to 9.

e A “block” refers to a3 x 3 sub-grid of the main puzzle in which all of the numbers must
appear exactly once in a solution. We will refer to a block tsycolumns and rows. Thus
block ghi456 includes the squaregl, g5, g6, h4, hb5, h6, i4, 5 andi6.

¢ A “candidate” is a number that could possibly go into a squarthe grid. Each candidate
that we can eliminate from a square brings us closer to aisolut

e Many arguments apply equally well to a row, column or bloakg & keep from having to
write “row, column or block” over and over, we may refer to & a “virtual line”. A typical
use of “virtual line” might be this: “If you know the values &fof the 9 squares in a virtual
line, you can always deduce the value of the missing onehéd tx 9 sudoku puzzles there
are27 such virtual lines.

e Sometimes you would like to talk about all of the squaresd¢hahot contain the same number
as a given square since they share a row or column or bloclseTdre sometimes called the
“buddies” of that square. For example, you might say sometlike, “If two buddies of a
square have only the same two possible candidates, therapaliminate those as candidates
for the square.” Each square has 20 buddies.

2 Obvious Strategies

Strategies in this section are mathematically obvioubpaljh searching for them in a puzzle may
sometimes be difficult, simply because there are a lot ofgthtio look for. Most puzzles ranked
as “easy” and even some ranked “intermediate” can be cosaiplsblved using only techniques
discussed in this section. The methods are presented soingbider of increasing difficulty for a
human. For a computer, a completely different approachténaimpler.

2.1 Unique Missing Candidate

If eight of the nine elements in any virtual line (row, columnblock) are already determined, the
final element has to be the one that is missing. When most cfghares are already filled in this
technique is heavily used. Similarly: If eight of the nindues are impossible in a given square,
that square’s value must be the ninth.
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Figure 2: Candidate Elimination and Naked Singles

2.2 Naked Singles

For any given sudoku position, imagine listing all the pbkstandidates frorhto 9 in each unfilled
square. Next, for every squafewhose value ig), erasev as a possible candidate in every square
that is a buddy ofS. The remaining values in each square are candidates fosduare. When
this is done, if only a single candidateemains in squar§, we can assign the valueto S. This
situation is referred to as a “naked single”.

In the example on the left in figure 2 the larger numbers in theees represent determined values.
All other squares contain a list of possible candidates,ravkige elimination in the previous para-
graph has been performed. In this example, the puzzle cantlaiee naked singles e and h3
(where & must be inserted), and a& (where a7 must be inserted).

Notice that once you have assigned these values to the tjwaecss, other naked singles will appear.
For example, as soon as thds inserted at:3, you can eliminate th@’s as candidates ih3’s
buddies, and when this is dori8 will become a naked single that must be filled withThe position

on the right side of figure 2 shows the same puzzle after tlee thguares have been assigned values
and the obvious candidates have been eliminated from thaiémidf those squares.

2.3 Hidden Singles

Sometimes there are cells whose values are easily assiguea simple elimination of candidates
as described in the last section does not make it obviousufrgexamine the situation on the left
side of figure 2, there is a hidden single in squgl@hose value must bie Although at first glance
there are five possible candiates f&r (1, 2, 5, 8 and9), if you look in column2 it is the unique
square that can contairba(The squarg?2 is also a hidden single in the blogki123.) Thusb5 can

be placed in squarg2. The5 in square)2 is “hidden” in the sense that without further examination,
it appears that there abepossible candidates for that square.

To find hidden singles look in every virtual line for a cand&lghat appears in only one of the
squares making up that virtual line. When that occurs, y@fdund a hidden single, and you can



immediately assign that candidate to the square.

To check your understanding, make sure you see why ther@iberhidden single in squad in
figure 2.

The techniques in this section immediately assign a valaesiguare. Most puzzles that are ranked
“easy” and many that are ranked “intermediate” can be cotalylsolved using only these methods.

The remainder of the methods that we will consider usuallyndbdirectly allow you to fill in a
square. Instead, they allow you to eliminate candidates tertain squares. When all but one of
the candidates have been eliminated, the square’s valwtsswined.

3 Locked Candidates

Locked candidates are forced to be within a certain part oiva column or block.
Sometimes you can find a block where the only

1 2 3 4 5 6 7 8 9 . - . .
possible positions for a candidate are in one row
allj«s 18|67 2[5 9|3 or column within that block. Since the block
3 3 must contain the candidate, the candidate must
b . P
72 7° ? 81 46 7° 2 appear in that row or column within the block.
cls$" |6, |95 3| 8¢ | 1| Thismeans thatyou can eliminate the candidate
3 3 2 [ 23 as a possibility in the intersection of that row or
dies o*° 6|5 7118 9| column with other blocks.
elss | 211145 |9 8| 7| 3| 6| A similar situation can occur when a number
fles® 8 e 1 23 6 2.2 missing from a row or column can occur only
79 7 o[  within one of the blocks that intersect that row
g/ 5111413/ 8 95 6 7| orcolumn. Thus the candidate must lie on the
3 23 2 2 intersection of the row/column and block and
hi 6,5, |41 1|9 5 8| nhencecannot be a candidate in any of the other
2] 2 squares that make up the block.
i18/9]," [, 6/ 5 31 4 = P

Both of these situations are illustrated in fig-
ure 3. The blockief789 must contain &, and
. ] the only places this can occur are in squaf@s
Figure 3: Locked Candidates and f8: both in row f. Therefore2 cannot be a
candidate in any other squares in rgwinclud-
ing squaref5 (so f5 must contain &). Similarly, the2 in block ghi456 must lie in colummt so2
cannot be a candidate in any other squares of that columoging d4.

Finally, the5 that must occur in colum# has to fall within the blockief789 so 5 cannot be a
candidate in any of the other squares in bldek789, including f7 and f8.

4 Naked and Hidden Pairs, Triplets, Quads, ...

These are similar to naked singles, discussed in sectiqre2cpt that instead of having only one
candidate in a cell, you have the same two candidates in ts(og, in the case of naked triplets,
the same three candidates in three cells, et cetera).

A naked pair, triplet or quad must be in the same virtual liAenaked triplet's three values must



be the only values that occur in three squares (and simitargked quad’s four values must be the
only ones occurring in four squares). When this occurs,ahosquares must contain all and only
thosen values, wheres = 1,2 or 3. Those values can be eliminated as candidates from any other
square in that virtual line.

Figure 4 shows how to use a naked pair. In

. 2 3
squares:2 anda8 the only candidates that ap- T3 n 5
pear are & and ar. That means that mustbe a 1 4 51589
in one, and in the other. But then the and7
cannot appear in any of the other squares in that
row, so2 can be eliminatgd_as a candidate_ai“n Figure 4: A Naked Pair
and both2 and7 can be eliminated as candidates
in a9.

For a naked pair, both squares must have exactly the sameatwdidates, but for naked triplets,
guads, et cetera, the only requirement is that the three () falues be thenly values appearing
in those squares in some virtual line. For example, if thredes in a row admit the following sets
of candidates{1, 3}, {3, 7} and{1, 7} then it is impossible for &, 3 or 7 to appear in any other
square of that row.
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Figure 5 contains a naked triple. In row
squaresi2, a8 anda9 contain the naked triple n — T T
consisting of the numbeis 3 and7. Thusthose a 5 2104, |4 916
numbers must appear in those squares in some
order. For that reasoth,and3 can be eliminated

as candidates from squaresandab. Figure 5: A Naked Triple

Hidden pairs, triples and quads are related to

naked pairs, triples and quads in the same way that hiddgtesimre related to naked singles.
In figure 6 consider row. The only squares in rowin which the valued, 4 and8 appear are in
squaresl, i5 andi6. Therefore we can eliminate candidafesnd6 from squarel and candidate
3 from 5.

132 3 Remember, of course, that although the three
s 8 4 8 5 s Ys |7 |7 o examples above illustrate the naked and hidden
sets in a row, these sets can appear in any virtual
line: a row, column, or block. There is also no

reason that there could not be a naked or hidden
quintet, sextet, and so on, especially for versions

ow

Figure 6: A Hidden Triple
of sudoku on grids that are larger th@ux 9.

There is also the possibility of something called a remoteedaair, but we will discuss that later,
in section 10.

5 Tuleja’s (or Mr. T's) Theorem

A few months ago Alan Lipp communicated to me a very intenggbbservation made by his friend,
Greg Tuleja, about Sudoku that can sometimes be very usedalving a puzzle. Since many people
have trouble pronouncing “Tuleja”, Alan called it “Mr. T'siEorem”. I'll call it “Tuleja’s Theorem”
here.

This is different from all the other strategies in this paipethat the theorem does not usually yield



information directly that allows us to fill in a square or tonghate a candidate, but rather provides an
observation that allows us to do so after a small (or someatiarge) number of logical conclusions.
In this section we will illustrate and prove Tuleja’s Thewreand will then go through a series of
examples where deductions from the theorem allow us to advanr solution. It is hard to know
exactly where to place this section in the article, sinceesapplications are trivial and some deep.

Consider the completed Sudoku puzzle illus-
trated in Figure 7. The theorem applies to any
row of blocks or any column of blocks and states
that there are only two situations that can occur.
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The first is illustrated in the row of blocks
abcl23, abe345 and abc789. In this case the
numbersl, 2 and3 occur in row1 of the first
block, row 3 of the second, and ro@ of the
third. If this situation occurs where the same
three numbers appear in different rows of all
three blocks, then all the other sets of three num-
bers in rows will also repeat. So in this case,
we've got645, 456 and 546 as rows in those
blocks, and als®87, 798 and 789. The order

of the numbers within the blocks is arbitrary. In
the example, the same thing occurs in the row
of blocks labeled withy, h andi. If you reflect
this puzzle across the main diagonal, it is obvi-
Figure 7: Tuleja’s Theorem ous that the same thing can occur in columns.
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If a set of three numbers is repeated in a row of
any two blocks it is clear that the same set must occur in thid tHock in the other row. Then
however an additional row is filled in, it forces those samehbars to appear as sets of three in rows
in the other blocks. In the example, suppose thatltterows are filled in but everything else is
blank. When we choog#t5 in theb123 row, it is clear that those numbers then must go incies
and thus in the789 rows. That leaves the numbers8 and7 to fill the remaining rows.

That's pretty simple, but Tuleja noticed that ther@iy one other thing that can happen. Look at
the blocks in thelef row. Instead of all three numbers being repeated, theréhage pairs of two
numbers that repea5, 41 and73 in this example. It will always happen that if the first siioat
does not occur, there will be three sets of two numbers that gie rows (or columns, obviously)
as in the example.

In the column of three blocks undég3, those 1 2 3
pairs are69, 48 and35. As an exercise, make

sure you can find the numbers that do this in thea 1 2 3
columns of blocks headed 6 and by789. b 1 2 3

Since the exact numbers don’t matter, we’'ll use
nice sets likel 23 to make the proof easier to fol- € 3 1 2
low. We will also state the proofin terms of rows

of blocks, but the same reasoning can be used for

columns of blocks. Figure 8: Proof of Tuleja’s Theorem

Supposel 23 appears in the top row of the first
block. If the 123 appears in another row of another block then all three setsimfbers repeat in




all the blocks’ columns. If not, th&, 2 and3 must be split between two rows of the next block. If
the split is not three and zero, it has to be two and one, so e @ther rows in the second block
contains two of the three numbers, dagnd2. Then thel2 pair has to be in the remaining row of
the third block. Figure 8 illustrates what might occur irstiituation. In the figure, the numbdrs

2 and3 are placed arbitrarily in the rows, but once the rowsif@nd?2 are determined, the rows
where the3 must go are fixed as in the figure. There are no vertical divides within the blocks

to emphasize the fact that the horizonal order of the entnadses no difference in these arguments.

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
all 2 3 a|l 2 3|5 4
b 1 2 4 3 b| 5 1 2 4 3
c 3 1 2 5 ¢4 3 1 25

Figure 9: Proof of Tuleja’s Theorem
Next, we observe that the number completingtBeet in the other rows cannot Beand it cannot
be the same in both rows or it would force that same numbeitah left row. Let us assume that
the numbers filling the rows areand5 as in the left side of Figure 9. This, of course, forces rows
for 4 and5 in the other blocks as illustrated in the example on the rijlthe same figure.

From that, it is clear that whatever pair goes it8 also has to go inte89, and that, in turn, forces
the numbers that go into the remaining slots. This comptéegroof of Tuleja’s Theorem.

Notice also that the other three numbers, the ones that arie tiee repeated pairs, have to cycle
through the remaining slots. In this article | will refer tiose unmatched numbers as “floaters”. In
the examples in Figure 9, the floaters ard and5.

5.1 Applications of Tuleja’s Theroem

In the examples that follow, in most cases, at

1 2 3 4 5 6 7 8 9 .
least, other standard techniques can be used to
al 8 6 fill in numbers or eliminate candidates. The ex-
b| 1 4| 71 3 amples simply illustrate how Tuleja’s theorem
might be used. Generally it is most useful when
c 3197 2 1 8 5 a fair number of squares have been filled since
some data is required to figure out which num-
d 8 7 9 bers form the pairs and which numbers are the
el 7 6 5 8 3| (floatrs.
We will begin with a simple example, illustrated
f S 3 6 7 in Figure 10.
9|54/ 86 1 7/ 3 9 Z -consider the second column of blocks. In that
column, 73 is a pair and it is obvious that
3612 4 7 9 we have only pairs and not triples repeating.
i 3/ 6| 1 8| Thenumbes is obviously a floater (since it is

matched withr3 in the center block), makingl
a pair. That means there must béia eitherh5
) ] or 15, but it cannot go im5, so a4 must go in
Figure 10: Example 1: Tuleja’s Theorem e circledis. There is a faster way to get this,



of course: thel in column6 forces & in column
1 of the central block, forcing &@in A5 or i5.

1 2 Figure 11 illustrates another use of the theorem.

4 5 6 7 8 9
This time we consider the column of blocks un-

2 4 S) der789. Since we have the numbeis5 in col-

9 1 umn38 of the top block and we have7 in col-

umn 7 of the middle block, we've got sets of

pairs and not triples in that column.

One of the pairs must be eithgtr, 65 or 15 from
the615 set, and those two numbers must go into
the squares marked with an “x”. Since there is
already a5 in the third block under columa,
that eliminatess5 and 15, so the two “x” slots
contain al and a6. Thus a6 goes in the circled
square and & in the other.
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When you first try to apply Tuleja’s theorem,
4 5 1 3 you will probably find that it is easy to make
mistakes. A good way to practice is to do easy
Sudoku puzzles on the internet or other place
where you have easy access to the answers and
as you work them, search for applications of
Tuleja’s theorem before you try anything else.
When you think you've got one, check the answer to make suue ngasoning was correct. When
your answer is wrong, review your reasoning to learn whetergade your mistake.

Figure 11: Example 2: Tuleja’s Theorem

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
a 5/8 46/ 7 9 a 5/8 4 6|7 9
b 759 b 759
c 9712 3 1 5 ¢ 9712 3 1 5
d| 1 4|6 5 3 di 1 4|6 5/ 3
e 3 4 e 3 x4
f 31 2|78 9 f 311 2|78 9
9| 7 56 39 2 4 9|7 56 39 2 4
h 411 8 h 411 8
i 4 6/9 7 25 i13/4/6/9 7 2 5

Figure 12: Examples 3 and 4: Tuleja’s Theorem

The next two examples come from the same Sudoku puzzle. Ipukze on the left in Figure 12
consider the lower row of block$2 is a pair, sol and7 are floaters. In the middle lower block we
have563, so56, 53 or 63 must be a pair. But the in the lower left block tells us that is part of
the pair, so it is eithe$6 or 63. Since there is & in row 4, the pair must bé3, so a3 belongs in the
circled positioni1.



After placing the3 in i1, we now have the configuration shown on the right in Figure\We. are
missing8 and9 in the center block, so positian must contain a® or a9. In the center row of
blocks,89 cannot be a pair sincegand9 go in two rows in the center block. In the center row of the
center block, we can conclude that the pair is one38f:39, 48 or 49. It can't be38 or 39 because
of the right block in the central row of blocks. It also cand 49 since there is & in positionc2.
Thus there is a8 in the circledd2 square.

The final example displayed in Figure 13. Con-

sider the top row of blocks. 1 23 456 7 889
Since there is &in column9 there must be ain 8 3 6] X | X

one of the squares marked with anTherefore  p | ] vy 4|7 3

one of the squares markgdnust also contain a

2. Because we then ha@é in two block rows, © 413 9|7 2 1 8 3 6
21 must be a pair, and a floater. (Clearly there 4 8 7151 9

are only pairs and not triples in the row since we

have a721 and a73 in different block rows.) e| 7 6 25 8 3
Since7 is a floater and appears with3ain the ¢ 5 3 6 7
rightmost block,3 is not a floater. Thel39 in o
the leftmost block tells us that the pair is either 9 5486 17 3 9 2
34 or 39. Since3 appears witl6 in the top row

of the middle blockg is a floater, s®5 is a pair 1316/ 1]2 4 7 5
and the only place thg can go is in the circled i 514 36 1 8

square]2.

(Also note that sinc84 or 39 is a pair, and there
is a4 elsewhere in the middle block, thai must

Figure 13: Example 5: Tuleja’s Theorem
be9.)

6 X-Wings and Swordfish

An X-wing configuration occurs when the same candidate @cexactly twice in two rows and in
the same columns of those two rows. (Or you can swap the weoodgs" and “columns” in the

previous sentence.) In the configuration on the left in figut¢he candidatd occurs exactly twice

in rows c andh and in those two rows, it appears in colunthand?. It does not matter that the
candidate3 occurs in other places in the puzzle.

The squares where the X-wing candidae i6 this case) can go form a rectangle, so a pair of
opposite corners of that rectangle must contain the catedida the example, this means that the
3’s are either in botl2 andh7 or they are in botle7 andh2. Perhaps the fact that connecting the
possible pairs would form an ‘X', like the X-wing fighters img Star Wars movies gives this strategy
its name.

In any case, since one pair of two corners must both contaiicahdidate, no other squares in the
columns or rows that contain the corners of the rectangleoatain that candidate. In the example,
we can thus conclude thatcannot be a candidate in squangs f7 or 2.

A swordfish is like an X-wing except that there must be threesraith the three candidates appear-
ing in only three columns. As was the case with naked and hittifges, for a swordfish there is no
requirement that the candidate be in all three positions. CEmdidate must occur three times, once
in each row, but since the occurrences in those rows aréatestito exactly three columns, all the



1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
a[[al8[7[ 9] 2T a[i(.)o]:( J6[-T4] "
o/ 55 1812 4713 sl T .76 8
| "(’)7|5 4 1(’)6 8| <[, 65|, 4/2] "9 8
1/3/8/5/2 1947 6 <396 85F 2]
e|7.6/2/354891 ¢! 52’679 8"
(141119678 7 5 (.} |29 ()6
9|8 7/6/4/ 3 57,7 "] o[6/4",[./5.2 3,
= )4l . 6/2(=)8 7| = TR 205,060 b,
IléQ\Z/Zl31987645343 I 59213 73§:8i5>27l59

Figure 14: X-Wing (left) and Swordfish

columns must be used as well. The reasoning is similar tauthed for the x-wing: once you find a
swordfish configuration, the candidate cannot appear in #rer squares of the three columns and
rows. Of course you can again swap the words “rows” and “calsin the description above.

A sample swordfish configuration appears on the right in figdreln this case, the candidateris

and the columns that form the swordfish aré& and8. In these columns the valieappears only
in rowsa, f andi. One7 must appear in each of these rows and each of the columns, cihv@o
squares in those rows and columns can contdain @hus the candidaté can be eliminated from
squaresl, f1, f6,i6 andi9.

Of course there is nothing special about a swordfish configura‘'super-swordfish” with 4, 5, or
6 candidates might be possible. They are rare but not phatigudifficult to spot. The “super-
swordfish” with4 rows and4 columns is sometimes called a “jellyfish”. If you are playiog a
standard x 9 grid, the most complex situation you would need to look foruidobe a jellyfish,
since if there were & x 5 super-swordfish, there would have to be in additioh>a 4 or smaller
swordfish in the remaining rows or columns. It's too bad th&tré’'s no real need for the x 5
super-swordfish, since the usual name in the internettitezds so nice: it is called a “squirmbag”.

But let us see why this is so, for a particular situation. Il we clear how the argument can be
extended to others.

Suppose that the candiddtéas been assigned to two squares. Then there iam@s and columns
in which al hasnot been assigned. If we find d-¢ow) jellyfish, we would like to show that there
must be &8-column (or simpler) swordfish. Assume that in each of raws, y andz the numbeil

is a possible candidate only in colummss, v andé. It may not be a candidate in all those columns,
but in those four rows, it will never be outside those columns

But that means that in thather three columns, the candidatewill be missing from the rows, z,
y andz, so it must appear only in the other three rows. That meams theat most aj-column)
swordfish.

Obviously there is nothing special about the and3 in the argument above. If there atavailable
rows and columns, and you findcarow “swordfish”, there must be gm — k)-column “swordfish”.

10



7 The XY-Wing and XYZ-Wing

Sometimes a square has exactly two candidates and we atallpdéd to the same conclusion no
matter which of the two we assume to be the correct one. AnWivg” represents such a situation.
This is a sort of “guess and check” strategy, but it only loakead one step so it is easily done by a
human.

In the configuration in figure 15, suppose that there are tvasipte can- 1 2 3 4 5 6
didates in squarek2, b5 ande2. In the figure, the candidates are just a
called X, Y andZ. Consider the contents of squaz If X belongsin | |xy vz

b2, then there must be 4 in €2 and thereforeZ cannot be a candidate in .
e5. But the other possibility is tha contains & . In this casep5 must ¢
be Z and againg5 cannot beZ. Thus no matter which of the two values | [xz *
goes inb2, we can deduce that is impossible in squareb. f

Now consider the configuration on the left in figure 16. If eittX or

Y belongs in square2, Z cannot be a candidate in the three squareBigure 15: XY-Wing
indicated by asterisks. Similarly, in the configurationtie tenter in the

same figureZ cannot be a candidate in two more squares indicated by sisteri

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
a XY XZ al* [XY|* XZ al* [XY|* VA
b + b — b

c|YZ N i clYz c|YZ o i

Figure 16: XY-Wing
Obviously, the two configurations on the left in figure 16 carcbmbined to make the configuration
on the right in the same figure wheXecan be eliminated as a candidate in any of the squares marked
with an asterisk.

An example of an XY-wing in an actual puzzle appears in figu8eNotice that in square#l and
f7 (both in the same blockief 789) and in squar@1 we have candidatel®3, 9}, {3,9} and{8, 3},
respectively. No matter which of the two values appeatdna 3 must appear in eithetl or f7.
Because of this, we can eliminaias a candidate from squaré€s f1 andf2.

The XYZ-wing is a slight variation on the XY-wing. If you camfi a 1 2 3 4 5 8
square that contains exactly the candidatesY” and Z and it has two a[ vz
buddies, one of which has only candidafésand Z while the other has o [xvz|+ | Xz
only candidate¥” andZ, then any square that is buddies wéththree of
those squares cannot admit the candidat®©n the left side of figure 17

?rizbs?i)tuation occurs, and candiddtecan be eliminated from squaré3 Figure 17: XYZ-Wing

8 XY-Chains

There is another way to look at the XY-wing. We can think of éx@mple in figure 15 as a sort
of chain frome2 to b2 to b5. If the value ine2 is not Z, then it isX. Sinceb2 is a buddy ofe2
this would forceb2 to beY, and sincé5 is a buddy ofb2, thenb5 would be forced to b&Z. The
reasoning can be reversed if we assuimés not Z and we can conclude tha2 must be Z. Thus
exactly one ob2 or b5 must beZ and the other is not. Any squares that are buddies of &bénd
b5 (only e5 in the example in figure 15) cannot possibly e
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1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
a|2/8 9/4/:/1|: 6 3| ali i 8[,¢5 9|2
b|7 6312 98 | b6 '|3 8, | 4.
c|1+s 318 6,5 ,,5, 2] c¢|[¢ 7 3/41 8 9 =
d( )1l 2] 7] | L.06] (65, 4.1 &:°7L,
e|9: 6[2,3|1,, 5| |8 =F5. 1677 4
flelsies |1 .60 )20 | 13 42 |s, 5|85,
9|65 5190 5, (25 | 97777948 545
h =9/ 1|6, 2| 4 8] nl's, 8«7 4| J'|¢2
i14 2,151,163 9] ilt,i. 6], 257",

Figure 18: XY-Wing Example (left), XY-Chain (right)

The interesting observation we can make from this is thaetlsano need for such a chain to be only
two steps long: it can be as long as we want, as long as the sami&late appears at both ends.
When this occurs, we can eliminate that candidate from anlgeoquares that are buddies of both
squares that are the endpoints of such a chain. We will cadletXY-chains.

Consider the situation on the right in figure 18. Look at théofeing chain of squares linked in
exactly the same way that the three squares in an XY-wingrated: i8 — e8 — €2 — e5 — g5 — h4.
Each of the squares is a buddy of the next; each square cemtaliytwo possible candidates, and
finally, those two candidates match with one of the two caagisl of the squares on either side of
it in the chain. Finally, the left-over candidatkif this example) is the same in squaigsandh4.

By stepping through the chain we can conclude thé i6 not1 thenh4 is, and ifh4 is not1 then

14 is. Thus eithei8 or h4 must be 1, so squares that are buddies of biglandh4 cannot bel and
we can eliminaté as a candidate from squarks, h8 andi4.

We can also note that naked pairs (discussed in section 4 sirapler version of this idea, but
while an XY-wing is an XY-chain with three links, a naked piira chain with only two links. But
the naked pair that containslaand a2 in each square is like two of these chains: one Wit the
endpoints and one with at the endpoints, so alls and2’s can be eliminated from squares that are
buddies of the two that make up the square. Similar reasa@ngoe applied to see that a naked
triple like 12, 23 and31 can be thought of as three different XY-chains where eaahipaidifferent
set of endpoints.

9 Coloring and Multi-Coloring

Coloring and multi-coloring are techniques that eliminatadidates based on logical chains of
deduction. The coloring method, especially, is simple ginahat it can be done by hand.

12



9.1 Simple Coloring

Consider the example in figure 19 where we consider a few squlat admit the candidateLet'’s
assume for now that these are the only possible locatiorthéorandidaté in the puzzle. Certain
virtual lines contain exactly two places where the candidatan go: row$ and:, columns3 and
6, and blockdef123. In each of these virtual lines, exactly one of the possifleases can contain a
1 and once it is selected, the other cannot.

But this creates a sort of “chain” jf1 containsl, thene3 must not, and since3 must not,b3 must,
s0b6 must not,;6 must, and9 must not. If, on the other hand] does not contain a one, the same
series of virtual line interactions will force an altermagiset of conclusions and every square in the
chain will be forced to have the opposite value.

In the figure we've marked the squares with
and— according to the assumption thét does
contain al, but of course it may be the case that a
/1 does not contaith, and all the+ and— signs b o 1
would be interchanged. Rather than using the
“+” and “—" characters that could imply pres- ¢
ence or absence of a value it is better simply to
imagine coloring each square in the chain black
or white, and either all the black squares hate a ¢ —
and all the white squares do not, or the opposite.

In most situations, not all of the squares in a puz-
zle that admit a candidate can be colored: onlyg
those squares where the candidate appears ex-
actly twice in some virtual line can be part of a
chain. If there are three candidates in a row, for 4+ _
example, and one of them is colored, we cannot
immediately assign colors to the two others in
that row although we may be able to do so later,
based on other links in the chain. Figure 19: Simple Coloring

Suppose now that for some candidate you have
discovered such a chdiand have colored it in this alternating manner.

It may be that there are additional squares where the caledatald possibly occur that do not
happen to lie in the colored chain. In figure 19, suppose gqfiais colored black and so square
79 must be colored white. Consider the squ@gethat lies at the intersection gfl’s row andi9's
column. Sincef1 andi9 have opposite colors, exactly one of thevitl contain al, and therefore

it is impossible for the squarg9 to contain al, so1 can be eliminated as a possible candidate in
squaref9.

This is probably easier to see with the concrete exampléadisgd on the left in figure 20 where we
considerl as a possible candidate. In ralyd1l andd5 are the only occurrences of candidateso
we colord5 black andd1 white. Butdl and f3 are the only possibilities far in block def123, so
sinced1 is white, f3 is black. By similar reasoning, sing8 is black,g3 and f8 are white. Since8

is white,e7 is black, and since7 is black,c7 is white. That's a pretty complicated chain, but here’s
what we've got: black{d5, f3,e7} white: {d1, g3, f8,¢7}. A grid that displays just the colored
squares appears on the right in figure 20.

For astute readers, it may not really be a chain, but it coelé liree, or even have loops, as long as the black/white
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1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
al8 6 7" 794 T a
b|4 1) 3|,°¢,55 8|5 93¢ b
e|5/2/9f i if [, 7 e w
d; 4/ 2|5), .. 9] dW B
e|9/3/8 |4, ;=65 e B
f16,°5/8/9 32 4 ¢ B W
g/, 19" et"sei" | 58] g W
h),” 18] =[3,75,519 4 1] n
i, .0 14]9 856 2,7

Figure 20: Simple Coloring

Squarech is at the intersection of7's row anddb’s column, butc7 is white andd5 is black, sol
cannot be a candidate in squafe Similarly, squarey5 is in the same row ag3 and same column
asdb which are white and black, respectively, salso cannot be a candidategh.

Note that after making eliminations like this, it may be pbksto extend the coloring to additional
squares although that is not the case in figure 20.

There is nothing special about a row-column intersectiamny #me two oppositely-colored squares
“intersect” via virtual lines of any sort in another squate candidate can be eliminated as a pos-
sibility in that square. Sometimes a candidate can be asgignmediately to a square on the basis
of coloring. Suppose that two squares of a chain are the salog but lie in the same virtual line.

If squares of that color contained the candidate, then twaiss in the same virtual line would
contain it which is impossible, so the candidate can be imately assigned to all squares of the
other color. This situation is shown in figure 21. In that figuthe board on the left is colored for
candidate8 as shown on the right. Note that the black squares conflicf@waplaces: in column

1, row ¢, and in blockabc123. This means that the candida&ean be eliminated from every square
colored black.

9.2 Multi-coloring

Sometimes a position can be colored for a particular camgligiad multiple coloring chains exist,
but none of them are usable to eliminate that candidate fritvarsquares. If there are multiple
chains, it is worth looking for a multi-coloring situation.

Consider the puzzle in figure 22. Assume that in the partseptizzle that are not shown there are
no other places that the candidatean occur. When this diagram is colored, there are two aajori
chains. Instead of using words like “black” and “white” wellwised letters, liked, B, C, a, b andc
where theA anda represent opposite colors, as do Bhandb, C andc and so on. In figure 22 rows
a andc and in columrB there are only two possible locations for candidiate

alternation is preserved.
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1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
al1/ 50 (9 [3[7/6 2| a Bl [w

b9 2|71 6/,5 4] b B W
cl,)| 71654+ 12],11 9| ¢ B B

d| ¢1/5/8 9 4/ 2 7 5 d

e(2,19/6/7 54, 1| e W B
il,94/7/3 2 15 9.{ |B W
9|76 ,14/5/9/1 2, ¢ W B
hi{5/ 2«1 6 8 9« 7| n

i+, 19112 3 7] 6+, 5| i|B W

Figure 21: Simple Coloring: Chain Conflict

When this grid is colored, it will look something like this: 1 2 3 4 5 6
squarescl and f3 have colorA and square:3 has color a o B

a. Squaren2 has colorb and square5 has colorB. (Note
that the colors assigned are arbitrary. All that matterhas t
squaregl and f3 have the same color that is the opposite of ¢ |'A a
¢3 and thata2 andab have opposite colors that are different
from the other assigned colors. Note that none of the other
squares withl as a candidate can be colored, since all are €

in virtual lines with more than two squares that potentially f |* |* |'A Y
could contain the candidate

If we consider the colord” as standing for the sentence: “Ev-  Figure 22: Multi-coloring

ery square containing the colercontains al,” and so on,

then we can write little logical expressions indicating te&ationships among the various colors
when they are interpreted as sentences. The obvious onebtheseform: a = - A" or“A = -3"
(where the logical symboH” means “not” and the symboE” means “is logically equivalent to”).
In other words, ifa is true thenA is false, and vice-versa.

In this section, we will be performing what is known as boaledgebra on expressions involving
“sentences” such as A, b, B and so on.

Although the values of non-opposite colors do not necdgdaaive anything to do with each other,
in figure 22, the pais andb, for example, are linked, since they occur in the same blidckis true,
thenb cannot be, and vice-versa, but it may be true that bathdb are false. We will express this
relationship asdAb” and read it as 4 excludes”. Obviously, if aAb thenbAa®. Also, it is obvious
in the configuration in figure 22 thahA.

Another way to think obAb is as “If a is true then so i8.” and at the same time, “B is true then
so isA.” If aAb then at least one of or b must be false. Equivalently, #Ab os true then at least

2See section 19 for a text on boolean algebra.
SThe truth table fomAb is equivalent to the “nand” (“A nand B” is the same as “not(AldB)") logical operator that is
heavily used in computer hardware logic designs and is sorestrepresented by the symbal™
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one ofA or B must be true. This means that any square that is a buddy ofquares colored
andB must not allow the candidate since one of the two squaresemfoor B must contain the
candidate. In figure 22, this means thatannot be a candidate in squgi®

To condense all of the above into a single statement, we khatiftaAb for some candidate then
any square that is buddies of batrandB cannot contain that candidate.

Let us begin with a simple example of multicoloring displdyia figure 23. On the left is the
complete situation, and on the right is a simplified versidrere only squares having the numbBer
as a possible candidate are displayed.

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
a31213925768§ al s s Bs
b|8 5 9| o7 42 3| b Ce co
c| 7«2 ¢ °18[9s5| ¢ 6 % 6
d|4/7/6/8 5 319 2 d
e(2/ 9" )¢ |6/7]° 5 8| e
t15"°1 8|2 |9f 8la oaof be| ¢ as
g 8 4|, ° .2|5,¢1| 9|As as
hi 8 §7|54.1[8 2«s¢ h| ¢ s As
i11/2 5« |8/ 6]t 3]9] i

Figure 23: Simple Multi-coloring Example: Coloring on Righ
In row b and colummd there are only two squares that admit candidatso we have colored alll
those squares witl andc. In the same way, the two squares in coluérare colored wittB andb,
while A anda are used to color four squares that share, in pairsgraelumn9 and blockghi789.

In this example, we note thainb because instances of them lie in squaf&sand f9 which are
buddies. Because of this, any square that is a simultanemdytof a square colorel and of one
coloredB cannot allow6 as a candidate. In the figure, squates buddies of botly1 anda7, so6
cannot be a candidate in squark so we can see in full puzzle on the left tl3atan be assigned to
squarexl.

In the figure BAc (since they lie in the blockbc789) andcAa (since they lie in columm) as well,
but there are no squares that are simultaneous buddiesafesqeolored andC or of C andA so
we cannot use those exclusion relationships to help solsgtlzzle.

Next, we will look at a multicoloring situation that is quitemplex because much more can be done
with multicoloring. In complex situations, there may be mamdependent color chains with colors
A anda, B andb, C andc, and so on. When that occurs, we need to look for consequefities
following inference:

If aAb andBAc thenanc.

It's not hard to see why: If is true,b is not, soB is true, and the second exclusion implies thi
not. The reasoning is trivially reversed to show thatis true thera is not, so we obtaianc.

Thus to do multi-coloring for a particular candidate, pred¢as follows:
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e Construct all possible color chains for the diagram.
e Find all exclusionary relationships from pairs of colorgdiares that are buddies.

e Take the collection of relationships and complete it tordsisitive closure using the idea that
if (aAb andBAc) thenaAac.

e For every exclusionary pair in the transitive closure, findldies of squares colored with
colors opposite to those in the pair, and eliminate the acitdias a possibilty from all of

them.

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
al4,8 ,| .6 .2 5 a A, E, .

b|21 5 4 9 6] b

c| 7|6 J o413 c|a, b,|
d/5/2 ,84 ,6 3| d . . A,
el ,06/8(3 5 27 4 | elA a,
fF13] ./ Jf o1 6|85 2| f D, e,

9/8/3 5 J J1/6 7 9 B, b,
hi6)1 |, 8 3 ., 4| n C, C,
il7 4, 613 15 , . i d,l of A,

Figure 24: Complex Multi-coloring Example: Coloring on Rig

Let's look at a very complex multi-coloring application. eSigure 24 where only the presence of
squares that admit the candidatare marked (all, of course, must admit other candidatesth@n
left is the complete grid and on the right is a simplified vensivhere only the squares admitting
candidated are shown, and all of the color chains are displayed. It isx@elkent exercise to look
at the diagram on the right to make certain that you undedstaactly how all the color chains are
constructed.

The next step in the application of multi-color is to find &létexclusionary pairs, and the initial list
is displayed in table 1. Note that the™operation is commutative, so if you thirdab should be in
the list and it is not, be sure to look fona as well.

Table 1: Direct Exclusions
AAE anb Dare AAd  AARC
Arc bAE AAD CAd
From these initial exclusions, a number of others can be detiu-or example, froranb andAnd
we can conclude thaind. Note that to make this implication, we are implicitly usitig fact that

aAb andbAaa are equivalent. Similarly, sincBAE andDAe we can conlude thadaAD. See if you
can discover others before reading on.

In fact, if we make all such deductions, and then all dedustivom those, and so on, there are
twelve additional exclusions that we find, and they are digpdl in table 2
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Table 2: Derived Exclusions
bad  bAC  bac bAD Che
AAA  AAb  bre bAb Ane
EAb  AAD

For most of them, we need to look for generalized intersastaf the opposites of the exclusionary
values. For example, sinée\e and there is aa in ¢l and aE in a4, then9 cannot be a candidate in
squaregb or ¢6. Also, since we've goAAA andbAb we can conclude thatandB are true since if

it is impossible for a statement and itself to be true, thieegtant must be false.

10 Remote Naked Pairs

This technique is related both to naked pairs, simple codpand XY-chains. | , 3 4 5 &
Sometimes there will be a series of squares with the same &ndidates, “ b
and only those two candidates that form a chain in the samethatywe
considered chains of single candidates in section 9.

® o o T o

Consider figure 25. In it, we have naked paifisanda6, a6 andc5, andch
andd5, where each pair shares a row, column or block. By an altewgat,
coloring argument, it should be clear thet andd5 are effectively a naked
pair: one of the two must contain the candidatend the other2. Thus the
square marked with an asterigld cannot contain either aor a2, and they
can be eliminated as possible candidates for sqgifare

Figure 25: Remote
Naked Pairs

11 Unique Solution Constraints

If you know that the puzzle has a unique solution, which amgo@able puzzle should, sometimes
that information can eliminate some candidates. For exatgils examine the example in figure 26.

In row ¢, columnst and6, the only possible candidates drand2. But in row g, columns4 and6,
the candidates arg 2 and8. We claim tha® must appear ig4 or g6. If it does not, then the four
corners of the square, 6, g4 andg6 will all have exactly the same two candidatésind2, so we
could assign the valug to either pair of opposite corners, and both must yield vaditlitions. If
there is a unique solution, this cannot occur, so onglafr g6 must contain the valug But if that's
the case, squarg cannot bes, so the candidaté can be eliminated from squaf¢. In addition,
since eitheg4 or g6 must bes, g8 cannot be’ since it is in the same row as the other two.

In the same figure, a similar situation appears in anotharepl&ee if you can find it. Hint: it
column-oriented instead of row-oriented.

Let’'s go back and see exactly what is going on, and from thatll e able to find a number of
techniques that are based on the same general idea. Figah®®g a basic illegal block. Anything
at all can occur in the squares that are not circled, but inatean assignment of aor a7 to any

of the circled squares forces the values of the others intamalting pattern. But any of the squares
can be assignedaor a7 and the resulting pattern will be legal, and this means theréwo valid
solutions to the puzzle.
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1 2 3 4 5 6 7 8 9 ;I'hislrglearlls thgt i]; som%as;ignme_nt causes anil-
3 3 egal block to be formed, that assignment is im-
al 6 8 1 5 9 4 8 2 possible, and we can use that fact to eliminate
b|2 9 5l & 8 |4 5 3 17 certain possibilities, as we did in the example in
5 = =3 51 figure 26. Note that the four corners must not
cl4) |7 6 .8 5] ,| onlyformarectangle, but they must be arranged
3 3 3] so that two pairs of adjacent corners must lie
5 6 8 | 89 1 8 2|7 9|  within the same blocks. If the four corners lie in
ell1 2 Z 5716 : 4 | 8| fourdifferentblocks, then constraints fromthose
different blocks can force the values one way or
3 3
f 9 7 ‘ 89 2 ‘s 1 6 5 the other.
3 2 12 3|12 3
gl 5| sl .| 8 .| 7] .,4| Nowlet us examine some variations of this
3 s theme. In the rest of the examples in this section,
hi8 4 ¢ ¢9/7]3 1 we’ll assume nothing about the empty squares.
i|711!]° . Z 45|, Z ) Z 6| They may have values assigned to them or may

be empty. On the left in figure 28 we see some-
thing that is almost the same as what we saw in
figure 27 and the only thing that makes it legal
Figure 26: Uniqueness Constraint is the presence of the possibility oBan square

bl. Ifitis not a3, then we would have the illegal
block, so there must be3ain squareb1. Note that if, in the figure, squabd had contained the pos-
sibilities 2, 3,4, and7, at least the two possibilitiesand7 could still be eliminated as candidates,
so only a3 or a4 could be entered in that square.

The example in the middle of figure 28 is similar to the origina
example in this section except that the additional numbeunedn
two different blocks instead of one. As before, at least dribase
squares must contain the numbarirg this case), so the value b
can be eliminated from any of the other squares in that row (ro .( = 2
b, in this case), but not in either of the blocks, since the batis
forced to be3 might be in the other block.

The example on the right in figure 28 illustrates another ebrt

deduction that could be made. We know that at least osé ahdcl must contain a number other
than a2 or a7, but we don’t know which one. If we think of the combinationtbé two squares as
a sort of unit, wedo know that this unit will contain either &.or a4. This two-square unit, together
with square:3 (which has3 and4 as its unique possibilities) means that no other squaresiblidck
abc123 can contain & or a4. If the 34 square had been il we could in addition eliminatg and

4 as candidates from any of the other squares in columutside the first block.

Figure 27: An illegal block

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
a a a 4 ¢
b 23 2 b 23 23 b 23 2
U U U U U U
~Z ~Z ~Z ~Z ~Z ~Z
C c (2
7 7 7 7 7 7

Figure 28: Uniqueness Considerations
Note that we can have both3sand a4 in either or both squardd andcl in this example on the
right. As long as both occur, the argument holds. Also nadéifithe 3's and4’s appeared in rovw
and the entries in rowwere both27, and the34 square were in row we could eliminate any more
3’s and4’s in that row.
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12 Forcing Chains

This method is almost like guessing, but it is a
form of guessing that is not too hard for a hu-
man to do. There are various types of forcinga| ¢
chains, but the easiest to understand works onlyb 1 1
with cells that contain two candidates. 9
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The idea is this: for each of the two-candidate € 9
cells, tentatively set the value of that cell to the 4 3
first value and see if that forces any other two-
candidate cells to take on a value. If so, finde| [
additional two-candidate cells whose values are 4
8

forced and so on until there are no more forcing
moves. Then repeat the same operation assumg
ing that the original cell had the other value. R
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If, after making all possible forced moves with —*
one assumption and with the other, there existsi | 5
a cell that is forced to the same value, no matter
what, then that must be the value for that cell.
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As an example, consider the example in fig-
ure 29, and let's begin with celi3 which can
contain either d or a3. If b3 = 1, theni3 = 3,
soh2 = 9,s0h4 = 1. Onthe other hand, #f3 = 3 theni3 = 1 soi4 = 9 soh4 = 1. In other words,

it doesn’t matter which value we assume thfatakes; either assumption leads to the conclusion that
h4 = 1, so we can go ahead and assigto cell h4.

Figure 29: Forcing Chains

Note that XY-wings that we considered in section 7 are b#lgigary short forcing chains.

13 Guessing

The methods above will solve almost every sudoku puzzleythatwill find in newspapers, and in

fact, you will probably hardly ever need to use anything aspgiex as multi-coloring to solve such
puzzles. But there do exist puzzles that do have a uniquéo|ibut cannot be solved using all the
methods above.

One method that will always work, although from time to timeéeds to be applied recursively,

is simply making a guess and examining the consequences gfutsss. In a situation that seems
impossible, choose a square that has more than one posaitd@ate, remember the situation,
make a guess at the value for that square and solve the ngspitzzle. If you can solve it, great—

you're done. If that puzzle cannot be solved, then the guessryade must be incorrect, it can be
eliminated as a candidate for that square, and you can retuhe saved puzzle and try to solve it
with one candidate eliminated.

Obviously, when you try to solve the puzzle after having madgiess, you may arrive at another
situation where another guess is required, in which caseanddevel of guess must be made, and
so on. But since the method always eventually eliminatedidates, you must arrive at the solution,
if there is one. In computer science, this technique is knasva recursive search. Figure 30 is an
example of such a puzzle that cannot be cracked with any ah#thods discussed so far except for
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guessing. The solution to this puzzle can be found in se@fbn
Guessing is a direct logical approach in the

A 1 2 3 4 5 7 8
sense that we assume something is true, such as ————17— — 5
“squarei3 is a3” and then we follow the con- a| 56 i 7769 4]
sequences of that to see if it results in a contra-, |1 2 7 1z 13 9 123231 3 5
diction. A purely formal approach can also be 8 | 8 8
. 12 12 1 12 2 12
taken. For every one of thtd squares, thereisa c | 3 |4 NEN I 5 . 7
set of18 statements about the square that can be 23] 23 3 23
either true or false. These have the form “squared | °s 874 sl 1] sg ¢
a has the valug” or “squarez does nothave the ¢ | 4 6 3 o 8 12 (i
o .o 9 9|7 9|7 9
valuei”, wheres is a number betweeh and9. 5 e 1z T 3123 7E e
There arel8 x 81 = 1458 of these assertions. | 5,1 | 5. 5§ ° 7 |+5% 8 | g
L . . 12312 1 3|1 3 3|1 3|1 3
From the initial configuration, we know some g | 8 |4 RER VAL o458 584 ¢
are true and some are false, and it is possible to T 31 |1 31 31 3 3
make logical deductions from them. Ifwe know M| 7 |* o4 8| 5435 |# ,|#55 2| 8
that square: is4 then we know that if = 4the  ; |* 5 3 216 8l M
statements is i” are false, and the statements 9 9 ! 87 9

“x is noti” are all true except wheh= 4. Simi-

larly, we can make logical conclusions about the

buddies ofr if we know that square has a cer- Figure 30: A Very Hard Sudoku Puzzle

tain value. If all the buddies of cannot have a

value, thernr must have that value, and there are a few other similar riiliedeyence we can use to
assign truth values to thiet58 propositions. In principle, a person can search the list aad over
and see if any of these rules of inference can be applied,faw] apply them to assign yet more
truth values. Repeating this over and over will almost asvsycceed in solving the puzzle.

The method described above does not involve guessing, arkswiirectly forward using only
logical consequences, but it is not a reasonable way for aahum solve the puzzle. Computer
programs are great at this sort of analysis, but they may teeagply thousands of such inference
rules to take each step forward.

14 Equivalent Puzzles

There is no reason that the numbeétirough9 need to be used for a sudoku problem. We never do
any arithmetic with them: they simply repres@rdifferent symbols and solving the puzzle consists
of trying to place these symbols in a grid subject to variowsstraints.

In fact, the construction of a valid completed sudoku griddsivalent to a graph-theoretic coloring
problem in the following sense. Imagine that every one ofthequares is a vertex in a graph, and
there is an edge connecting every pair of vertices whosereg@ae buddies. Each vertex will be
connected t@0 other vertices, so the sudoku graph will consis8bf 20/2 = 810 edges. Finding

a valid sudoku grid amounts to finding a way to color the vesiof the graph with nine different
colors such that no two adjacent vertices share the same colo

Since the symbols do not matter, we could use the letfeterough or any other set of nine
distinct symbols to represent what is essentially the sardelas puzzle. If we take a valid grid and
exchange the numbetsand?2, this is also essentially the same puzzle. In fact, any pttion of
the valuesl through9 will also yield an equivalent puzzle, so there @te= 362880 versions of
every puzzle available simply by rearranging the digits.
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If you were trying to calculate how many grids there are, acdg@oproach would be to assume that
the top row consists of the numbdrshrough9 in order, to count the number of grids of that type
there are, and then to multiply that result9y= 362880.

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
(5[ [3[ A7 Iof. | «[5] a7l o [T LLT ]4]5]6
ble, |91 325 5|65 55| b),"9 9] 4] 1] %e| 593 50, % S AT I3 M
(260, [udisoais ez | |8 3] 7| Telbaeg i eel 2| |7 e [T O, |
dls o Blst|g gls G gt B D] a) g 2]5e, §f, & el 54| 9] g[2] 8 gic | 7] 3 dfis
i s [5[2(8f T dd efdic, {5[8[2[ {4 e<[4[a] [ {8[Tfl9
B .l B el (s e
olt, oo leseotfengessls | 112] ol oo ¥, 0450 o8 =| 4] 8| 9| sfi g 5[3]F 8] 2] g
n[t e [9"sd3] 7] 8= nlcfsqo] FeF1]7][2[+F w7 [8[ [ [6]9]:]! |3
o [2]ss D lsgeeeq 9= 3] i |81 F AL QL) [ i gt 5|20 |.gkagfs

Figure 31: Essentially Equivalent Puzzles

In addition to simply rearranging the numbers, there areratfings you could do to a puzzle that
would effectively leave it the same. For example, you coxichange any two columns (or rows)
of numbers, as long as the columns (or rows) pass throughathe blocks. You can exchange any
column (or row) of blocks with another column (or row) of bksc Finally, you can rotate the entries
in a grid by any number of quarter-turns, or you could mirrag grid across a diagonal.

Figure 31 shows some examples. If the puzzle on the left istiggnal one, the one in the center
shows what is obtained with a trivial rearrangement of thgtsli through9 (the entriedl, 2, ...,

9 are replaced in the center versionhyg, 1, 6, 5, 3, 7, 2 and9, respectively). The version on the
right is also equivalent, but it is very difficult to see hovisitrelated to the puzzle on the left.

One obvious mathematical question is then, how many earivauzzles are there of each sudoku
grid in the sense above?

Another interesting mathematical question arises, antdghhe following: given two puzzles that
are equivalent in the sense above, and given a sequencesteteard the solution of one that are
selected from among those explained in earlier chapteisthoise same steps work to solve the
other puzzle. In other words, if there is a swordfish positioone, will we arrive at a different
swordfish in the other? The answer is yes, but how would yolbgatgproving it?

Notice that the puzzle on the left (and in the center) in fiirés symmetric in the sense that if you
mark the squares where clues appear, they remain the sahgeftizzle is rotated by 180 degrees
about the center. Other versions of symmetric puzzles cbeldbtained by mirroring the clue

squares horizontally or vertically. Most published pugzhave this form. This doesn’t necessarily
make them easier or harder, but it makes them look aesthgfieter, in the same way that most
crossword puzzles published in the United States are atemsyric.

Another interesting question is this: given a symmetriczbeizhow many equivalent versions of it
are there?
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15 Counting Sudoku Grids

A sudoku grid is a special case ofla< 9 latin squaré with the additional constraint barring dupli-
cates in the blocks. There are a lotdok 9 latin squares:

5524751496156892842531225600.

Bertram Felgenhauer (see the first article referenced tioget9) has counted the number of unique
sudoku grids using a computer, and his result has been kebfiea number of other people, and
that number turns out to be much smaller, but also huge:

6670903752021072936960 = 22°385'7127704267971".

The number above includes all permutations of the numb#rsough9 in each valid grid, so if we
divide it by 9! we obtain:

18383222420692992 = 233427704267971%,

which will be the number of inequivalent grids.

16 Magic Sudoku Grids

1 2 3 4 5 6 7 8 9

a 2
b 9 8

c 1 6
d|6|5| 2 7 8
e 89

f 78 2 3
9 8 1
h|219] 4 6

i |8

Figure 32: Magic Sudoku Puzzle
A latin square has all the digits in each row and column. A “roaguare” is a latin square where
each diagonal also contains all the digits. Is there sucing #s a magic sudoku grid? The answer
is yes, and in fact there are a lot of the#T52, in fact, if we assume that the main diagonal contains
the digits in a fixed order. AlL752 of the grids can be completed, and all of them in multiple ways
The puzzle presented in figure 32 is a standard sudoku pezdept that it is easier since it requires
that each of the diagonals contains all the digits frotn 9.

4A latin square is a grid where the only constraint is thateHss no duplicate entries in any row or any column.
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17 Minimal Sudoku Puzzles

What is the minimal number of locations must be filled in areottise empty grid that will guarantee
that there is a unique solution? As of the time this paper witsan, the answer to that question is
still unknown, but examples exist of puzzles that have dfiljocations filled and do have a unique
solution. Figure 33 shows such a puzzle on the left. Althotinh puzzle contains the minimum
amount of information in terms of initial clues, it is not,fexct, a difficult puzzle. The puzzle to the
right in the same figure containi$ clues, and is symmetric. This is the smallest known size for a
symmetric sudoku puzzle.

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
a 6|1 a 32
b 9/1|/6 8 b 6|1
c|7 c 5
d 2 d| 6 3
el 3|7 e|l 7
f 4 6 f 2 8
g 7|3 g 6
h 8|1 h 8|2
i 5 i1513 9

Figure 33: Minimal Puzzles

18 Constructing Puzzles and Measuring Their Difficulty

The difficulty of a sudoku puzzle has very little to do with thember of clues given initially.
Usually, the difficulty ratings are given to indicate how dharwould be for a human to solve the
puzzle. A computer program to solve sudoku puzzles is altnivil to write: it merely needs to
check if the current situation is solved, and if not, make asgun one of the squares that is not yet
filled, remembering the situation before the guess. If thigisg leads to a solution, great; otherwise,
restore the grid to the state before the guess was made ardamather guess.

The problem with the guessing scheme is that the stack olsgaanay get to be twenty or thirty
deep and it is impossible for a human to keep track of thistriuial for a computer. A much more
typical method to evaluate the difficulty of a puzzle is refato the sorts of solution techniques that
were presented in the earlier sections of this article.

In this article, the techniques were introduced in an ordatr toughly corresponds to their difficulty
for a human. Any human can look at a row, column or block andifséxere is just one missing
number and if so, fill it in, et cetera.

So to test the difficulty of a problem, a reasonable methodtrig this. Try, in order of increasing
difficulty, the various techniques presented in this agtiéls soon as one succeeds, make that move,
and return to the beginning of the list of techniques. As thlat®n proceeds, keep track of the
number of times each technique was used. At the end, yow# ladist of counts, and the more
times difficult techniques (like swordfish, coloring, or findoloring) were used, the more difficult
the puzzle was.

The rankings seen in newspapers generally require thatrfteduple of rankings (say beginning
and intermediate) don’t use any technique other than thade/ield a value to assign to a square on
each move. In other words, they require only obvious cand&gjaaked and hidden singles to solve.
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Published puzzles almost never require guessing and ba&kig, but the methods used to assign a
degree of difficulty vary from puzzle-maker to puzzle-maker

With a computer, it is easy to generate sudoku puzzles. fiirdta valid solution, which can be
done easily by assigning a few random numbers to a grid anihfjrahy solution. Next start
removing numbers (or pairs of numbers, if a symmetric puizldesired) and try to solve the
resulting puzzle. If it has a unique solution, remove mormbers and continue. If not, replace
the previously-removed numbers and try again until a seffichumber of squares are empty. The
puzzle's difficulty can then be determined using the techedgdescribed above. The entire process
will take only a fraction of a second, so one would not need &it ¥ong to obtain a puzzle of any
desired degree of difficulty.

19 References

At the time of writing this article, the following are goods@urces for sudoku on the internet and in
books:

e http://wuw.afjarvis.staff.shef.ac.uk/sudoku/: Felgenhauer’s paper that counts
possible sudoku grids.

e http://www.geometer.org/puzzles: You can download the source code for the author’s
program that solves sudoku puzzles and can generate theiggaised in this article.

e http://www.websudoku.com/: This page by Gideon Greenspan and Rachel Lee generates
sudoku games of varying degrees of difficulty and allows yosaive the problem online.

e http://angusj.com/sudoku/: From this page you can download a program written by
Angus Johnson that runs under Windows that will help you traosand solve sudoku prob-
lems. In addition, the page points to a step-by-step guidedtying sudoku, similar to what
appears in this document.

e http://www.sadmansoftware.com/sudoku/index.html: This site by Simon Armstrong
points to some nice descriptions of solution techniquestrabwhich are discussed in this
article.

e http://wuw.setbb.com/phpbb/index.php: This page is a forum for people who want to
solve and construct sudoku puzzles as well as for people valndte write computer programs
to solve sudoku automatically.

e http://www.madoverlord.com/projects/sudoku.t: A downloadable program called
Sudoku Susser by Robert Woodhead for the Mac, Windows andklthrat will solve almost
any puzzle using logic alone. The distribution comes witbagidocumentation as well, that
describes many of the techniques presented here and otsides.

e How to solve sudoku: A step-by-step guidéy Robin Wilson, published by The Infinite
Ideas Company, Limited, Oxford, 2005.

e At the time of publication, there are literally hundreds obks filled with sudoku puzzles of
varying degrees of difficulty available in any bookstore.

¢ Introduction to Boolean Algebras by Philip Dwinger, published by Physica-Verlag, 1971.
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20 Solutions
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Figure 34: Solutions to Puzzles
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