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Abstract

Stratgyiesfor solvingproblemsn theBAMO contesi{the Bay AreaMathematicaDlympiad).Only the
first sectionis specificto BAMO; therestof thedocumentoncerngeneral-purposmathematicaproblem
solvingtechniques.

1 BAMO

BAMO (the Bay Area MathematicalOlympiad) is an olympiad-stylecontestconsistingof five problems
to be solvedin four hours. Theterm “olympiad style” meanghat eachproblemrequiresa written solution,
generallyin theform of amathematicaproof. The peoplewho composegheexamtry to arrangehe problems
roughlyin orderof difficulty, somostpeopleshouldbe ableto solve problem1, andalmostnobodyshould
beableto solve problem5.

All problemsareof equalvalue(7 pointspossibleon each)andmostof thescoreson ary particularproblem
will be0, 1, 6, or 7; middle scoresarerare.

Obviously you shouldtry to work the problemsin order;if you are having trouble solving problem?2, it's

unlikely thatyou will make muchprogresson problem5. But of courseyou shouldlook atall the problems.
For example,if you areextremelygoodat geometryandthethird problemis geometric,it maywell be that
problem3 is easierfor you than problem?2. Generally however, the arrangemenbf the problemsfairly

accuratelyreflectstheir difficulty.

If you do solve a problem,ratherthanbeginningwork immediatelyon the next it is almostcertainlya good
ideato checkoveryour solutionandmake certainit is clearlywritten, thatyou didn’t leave anything out, and
thatit in factsolvesthe problemyou aretrying to solve. It is a shameo getproblems2 and3 correctandto

getazeroon problem1l sinceit seemedo easythatyou madesomesilly mistale onit.

Remembethat4 hoursis along time, andit is oftenbetterto spendS extra minuteson problem1 to make
surethatit is perfectthanto spendthat5 minutesmakingzeroprogresson problems5.

2 Writing Solutions

Remembethattherewill be humangradingyourwork. They aretrying to be asfair aspossible put if your
writing is difficult to read,or the solutionis disorganizedor if the sentencearebadly written anddifficult
to understandyou will make it hardfor the readerto understang/our solution,andwill thusbelesslikely
to gethigh marks. Whenyou arefinishedwith eachproblem,take a look at it andpretendthatyou arethe
persortrying to gradeit. How would you lik e to gradeit?

Herearesomeideasfor how to write a proof or essaythatis easyto understand:



1. Firstandforemost,remembeleverythingyou learnedin your Englishwriting classes.Organizeyour
thoughtsusecompletesentencest cetera.

2. Write an outline beforeyou begin, where“outline” simply meansa sentenceor two explaining how
your proof works. For example,you might write somethinglike this: “The proof will be doneby
inductiononn, the numberof sidesof the polygon. We will shaw it is truefor atriangle(n = 3), the
smallestpolygonandthenwe will inductonn. For n largerthan3, the proof will bedividedinto two
casesgdependingon whethern is odd or even’” Thenwrite your proofin threeparts,ideally with a
shortheaderin front of each like: “Casen = 3", “Casen > 3, n odd”, andfinally, “Casen > 3, n

even-.

3. If you write somethingthat you later decideyou don't needor is incorrect,be sureto crossit out
completelysothatthereademwill understandlearlythatit is not partof your solution.

4. If your solutioncoversmultiple pagesmake sureyou numberthemin an obviousway: “Problem3,
page2”, for example.

5. Thiswassaidabove,but it is soimportantthatit’s worth repeatingwhenyou finish writing a solution,
take afew minutesto rereadwhatyou have written to make certainit sayswhatyou think it does.

3 Howto Get Started

Mathematicsmustbe written into the mind, not readinto it. “No headfor mathematics”
nearlyalwaysmeans'Will notusea pencil’
Arthur Latham Baker

Do not spenda lot of time just staringat a blank sheetof paper Do something! Try to searchfor a pattern,
draw a picture,work out somesimplecasestry to find a simplerrelatedproblemandwork that, changethe
notation,et cetera.

Here are someideasof actiities you canusuallydo, evenif you have no ideaat all how to approachthe
problem:

1. Search for a pattern: Imagineyou areaslkedto find the sumof thefirst few oddnumbers:
S=14+34+56+---+(2k+1).

Work outthevaluesfor smallvaluesof k:

1 =1

143 = 4

1+3+5 = 9
1+3+54+7 = 16
1+34+56+74+9 = 25

All the answersare perfectsquares!With a cluelike this, it will probablybe mucheasierto find out
why.



. Draw a picture: For ageometryproblemthis shouldbe obvious, but you canoftendraw picturesfor
otherproblemsaswell. For example,suppose/ouwantto show that

1

Hereis apicturethatmight help:

Thesumis like atriangle,sois obviously relatedto the areaof thattriangle.

. Check some simple cases. In the exampleabove, checkthefirst few valuesof n. Whenyou check
values,be sureto try the easiesbnesfirst. In otherwords,don’t checkn = 4 until you've checled
n=0,n=1,n=2, andn = 3. Remembeto try zero.If you're supposedo shov somethingabout
a generaltriangle, try it on a few trianglesthat you can calculatewith easily suchasan equilateral
triangleor a3 — 4 — 5 right triangle.

. Solvea simpler related problem: For example,if the problemasksaboutthe arrangementf queens
onachessboardyy to solve the problemwith boardsthataresmallerthanan8 x 8 chessboardiook
atthel x 1 board,the2 x 2 board,andsoon.

. Change the notation: If your probleminvolves,for example,binomial coeficients,replacethemby

thefactorialequivalents:
ny n!
k)  kl(n—k)

. Think about similar problems: If this problemremindsyou of oneyou have solved previously, how
did you solve thatone?

4 General Techniques

You canusually apply the techniquesn the previous sectionevenif you have no ideahow to start. The
techniquedisted herearemore specific,but it's worth keepingthemall in mind whenyou approacha new
problem.Remembethatsometimesherearemary techniqueshatwill work; to getatop score all youneed
to dois to find oneof them.

1. Divideinto Cases. If you know how to solve the problemundercertainconditions,perhaps/ou can

divideit into casesAlso, be certainto be surethatyou have provedit in all casesfor example,if the
problemconcerngwo parallellines,be surethatyour proof worksif thelinesareparallel.If it doesnt,
you may haveto provethatasa specialcase.



2. Look for Symmetry. Symmetrycanbe geometricor algebraic.For example,if you have to multiply
outtheterm(z + y + 2)®, andaftersomestruggle youfind thatthe coeficient of z2y?z is 30, thenso
will bethe coeficientof z2yz? andof zy?z2 sincethe original expressiorwassymmetricin z, ¢, and
z.

3. UseInduction. If you canassignaninteger“size” to eachversionof a problemandit lookslike the
problemfor alargersizecanbe solvedin termsof similar problemsof smallersize,perhapsnduction
will work. Inductiondoesnot have to be usedon algebraicproblems. As an example,suppose/ou
wantto shaw thatarny polygon(convex or not) canbe cutinto trianglesusingdiagonalghatlie within
the polygon. Surelythe smallestpolygon(atriangle)canbe sodivided. If you canthenshow thatary
polygoncanbe split into two smallerpolygonswith a diagonal,you canuseinductionto prove the
desiredresult.

The“Towersof Hanoi” problemis anothergoodexample.

4. Work Backwards. Lots of gameswork this way. For example,supposey/ou play a gamewhereyou
begin with a pile of 50 sticks,anda move consistsof taking 1, 2, 3, or 4 sticksfrom the pile. You
alternatemoveswith your opponentandthe first personunableto make a move loses. If you move
first, doyouhave a stratgy thatwill guaranteeawin?

50is aprettybig numberbut work backwards.Whowinsif thestartingpile haszerosticks?1 stick?2
sticks?Work backwardsto seewhich positionsare“safe” to leave anopponent.Zerosticksis clearly
safe,andpileswith 1, 2, 3, or 4 sticksareunsafe.5 is safebecauseany move your opponentmakes
leaveshim in anunsafeposition,andsoon.

5. Consider Parity. Sometimegroblemshave an odd-evencondition. Givena polygonwith 101 sides
thathasanaxis of symmetry show thatthe axis passeshrougha vertex. Thisis easyif you paireach
vertex with thesymmetricvertex acrosghe axis.

6. Usethe Pigeon Hole Principle. If you placemorethann thingsinto n boxes,at leastone box will
have morethanonethingin it. In agroupof 13 or morestudentsat leasttwo will have a birthdayin
thesamemonth.

7. Use Proof by Contradiction. If you cant prove something,assumeit is falseand seewhat you
canconcludefrom that. If you canconcludesomethingthatis obviously falsebeginning with that
assumptionthenyour assumptiormustbewrongandthereforethe original statemenis true.

Provethatthereis nolargestprimenumber Assumethereis alargest,say P, whereP;, Ps, ..., P, is
thelist of all theprimes.Thenmultiply themall togetherandadd1: X = P, P, --- P, + 1. X cantbe
amultiple of ary of the P;, sinceif youdivide X by F; it leavesaremaindef 1. SoeitherX is prime
or it is the productof primesnotin thelist. In eithercasethe original assumptiorthattherewereonly
afinite numberof primesleadsto a nonsensicalesult,sotheremustbe aninfinite numberof primes.

8. Look for Invariants. Sometimegheseis a propertyof your problemthatis presered no matterwhat
operationsare performed. Here'’s a goodexample. Supposey/ou begin with a chocolatebarthatis 8
squaredy 5 squareandplay thefollowing game.If it is yourturnto move,you selecta piece(at the
beginning,of courseyou have only theoriginal piece),andyou breakit alongoneof thelinesbetween
thesquaresFor example thefirst move mightbeto breakthebarinto a3 x 5 andab x 5 piece.If you
cant breaka piece,you lose.



Here’s the invariantto consider:after eachmove, thereis one more piece,andthe gameendswhen
thereare40. Thus,no matterwhatthe movesare,the gameis over in exactly 39 moves,soit is not
reallyagameatall.

. Factor Into Primes. Many problemsaboutdivisibility canbe solved by recallingthatevery integer

hasauniquefactorizationnto primenumbers Show thatbetweerary pair of twin primesexcept3 and
5, thenumberbetweerthemis a multiple of 6. (Twin primesaretwo prime numberghatdiffer by 2.)

Any setof threesuccessie numberdncludesonethatis a multiple of three.Since,(exceptin the case
of 3 and5) neitherprime canbe a multiple of three the numberbetweerthemmustbe. Every pair of

twin primesconsistof two odd numberssothe numberbetweeris a multiple of 2. Any numberthat
is amultiple of both2 and3 is a multiple of 6.

5 Sample Problems

Hereis a list of sampleproblemsshamelesslyopiedfrom variouscontests. Theseproblemsare not for
solution;instead for eachonethink of asmary approacheasyou canthatmightwork to solve it, andthink
of picturesor diagramsyou mightdraw.

1.

Theyear1989 = 9 - 13 - 17. Computethe next greateryearthatcanbewritten asthe productof three
positive integersin arithmeticprogressiongiventhatthe sumof thoseintegersis 57.

. Computethevalueof:
(1990)2 — (1000)2 — (990)3
(1990)(1000)(990)
.Mfa+b=¢c b+ c=d, c+d=a,andbisapositive integer, computethe greatespossiblevaluefor

a+b+c+d.

. A chordof constantengthslidesaroundin asemicircle. Themidpointof the chordandtheprojections

of its endsuponthe baseform the verticesof a triangle. Prove that the triangleis isoscelesandall
possiblesuchtrianglesaresimilar.

. In how mary wayscan 10 be expressecasa sumof 5 nonneyative integerswhenorderis takeninto

account?n otherwords,0 + 3 + 2 + 0 + 5 is differentfrom 0+ 0 + 3 + 2 + 5.

. Thereare100 soldiersin a detachmentandevery eveningthreeof themareon duty. Canit happen

thataftera certainperiodof time eachsoldierhassharedduty with every othersoldierexactly once?

. Theprimenumberg andg andthe naturalnumberm satisfythefollowing equation:

1 1 1 1

P g p n

Find thenumbers.

. Thereare7 glasse®n a table—allstandingupsidedown. Onemove consistof turningover ary 4 of

them.lIs it possibleto reacha situationwhereall the glassesreright sideup?

. Provethatif two quadrilateraliave the samemidpointsfor all of their sidesthentheirareasareequal.



10.

11.

12.
13.

14.

15.

For whatvaluesof a doesthe systemof equations:

$2 — y2
(z—a)+y* = 1

have exactly zero,one,two, three,andfour solutions respectiely?

() ()-(2)

Usinga straightedgendcompassconstructa trapeziodgiventhelengthsof all of its sides.

Shaw that:

Oneverysquareof a1997 x 1997 boardis written eitherl or —1. For eachrow ¢, let R; betheproduct
of the numbersin thatrow. Similarly, let C; be the productof the numbersin columni. Show that
YI97(R; + C;) is neverequalto zero.

Thesequencgay, }»>o is definedasfollows: ay is apositive rationalnumbersmallerthan/1998, and
if an, = pn/qn for somerelatively primeintegersp,, andg,, then

an—i—l —

Shaw thata,, < v/1998 for all n.

Mr. and Mrs. Adamsrecentlyattendeda party at which therewere three other couples. Various
handshakstook place. No one shookhandswith his/lherown spouseno oneshookhandswith the
samepersontwice, andof course ho oneshookhis/herown hand.

After all the handshakingvasfinished,Mr. Adamsasked eachperson,ncluding his wife, how mary
handshe or shehadshalen. To his surprise gachgave a differentanswer How mary handsdid Mrs.
Adamsshale?
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