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1 Usefulapproximations

Thispapercanbeclassi�edasappliedmathematicssinceeveryequationwe'll discuss
hasapplicationsto usefulphysicalobjects,suchastelescopes,cameras,prisms,eye-
glassesandsoon. As is thecasewith almostany applicationof mathematicsto thereal
world, wewill bemakingcertainapproximationsto beableto solve theequations.For
that reasonwe realizethatour solutionswill ususallybeslightly in error, but that the
errorscanbemadequitesmall. Themain job of an engineerwho is designinga real
opticalsystemis to createaphysicalsituationthatreducesthesizeof theseerrorsto an
acceptablelevel.

As anexample,we'll talk aboutthe“thin lens” approximation,wherewe will assume
that the lens is in�nitely thin. Obviously no real lens is in�nitely thin, but as long
asthe thicknessof the lensis small enoughcomparedto the distancesto the objects
beingviewedandimaged,thisapproximationmaybegoodenough.We'll makefurther
assumptionsaboutthenatureof light, abouttheperfectionof our lensmaterial,andso
on. Whenit' s important,we'll point out placeswheretheseassumptionsmay cause
troublein a realphysicalsystem.
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Figure1: TrigonometricApproximations

Wewill makeacoupleof mathematicalapproximationsfrom timeto timeaswell. The
mostimportantonesconcernthecalculationsof anglesandof the trigonometicfunc-
tionsof thoseangles.We will alwaysmeasureanglesin radiansratherthandegrees.
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Considertheangle6 AOB in Figure1. If thelengthOA = OB = 1, thenthelength
of the arc AB is the measureof the angle� measuredin radians. (If the length of
OA happensnot to be1, thenthemeasureof � in radiansis the lengthof thearcAB
dividedby thelengthof OA.) Similarly, if OA = OB = 1, thensin � = B X=OB =
B X , sinceOB = 1. It shouldbe obvious from the �gure, and it can be proven
mathematically, thatasthesizeof theangle� getssmallerandsmaller, thelengthB X
is closerandcloserto thelengthof thearcAB . In fact,wecanwrite thismathmatically
as:

lim
� ! 0

B X
AB

= lim
� ! 0

sin �
�

= 1:

If we multiply throughby � , thenwecanseethatfor verysmallvaluesof � , sin � � � ,
and for that reason,whenwe do dealwith very small angles,we will often replace
instancesof sin � by � in thecalculations.

It shouldalsobeobviousfrom the�gure (andcan,again,berigorouslyprovenmath-
ematically)that the lenghof the line segmentAB andthe lengthof the arc AB are
alsovery similar. Thus if OA = OB = 1, we canapproximatethe angle� as the
lengthof the line segmentAB , or, if OA happensnot to be1, we canapproximate�
by AB =OB .

We will usethetwo approximationsaboverepeatedlyin whatfollows.

2 Imagesand Virtual Images

This paperwill considerpropertiesof lenses,wheretheword ”lens” is usedin a gen-
eral sense.We aregoing to examinehow light is bentas it passesthroughdifferent
materials.Obviously, the mostcommonexampleis the bendingof light throughthe
lensesof cameras,binocularsor microscopesthatform imageson �lm or on theretina
of youreye.

Themostimportantfeatureof lensesis that they areableto form ”images”of objects
in the world. As an example,considerwhathappenswhenyou usea camerato take
a photo. Let's consideroneof themostboringpossiblephotos:it is pitch-blackin a
roomexceptthat thereis a point-sizedlight sourceandthecamerais pointedat a that
source.Your goal is to producean imageon the �lm that is pitch-blackexceptfor a
singledotwherethelight from thepoint-sourcearrivesonyour �lm.

Thetiny light sendsoff photonsin all directions,so �rst imaginewhatwould happen
if therewereno lens,but ratherthat the �lm werepointedat the light andexposed.
Photonswould arrive moreor lessuniformly acrossthesurfaceandthewholeareaof
the �lm would beuniformly exposed.With the lens,however, somecollectionof the
photonswill happento hit thecircular lenson your camera,andwhatwe would like
thelensto do is to bendall of thosephotonsbacksothatthey hit a singlepoint on the
�lm, asshown in Figure2. The point O is the locationof the “object”–in this case,
thelight source.Thepoint I is the“image”–theplacewherethe light from theobject
is focused.If the �lm happensto lie at point I , thepoint sourcewill producea point
image,but if the�lm happensto bea little in front of or behindpoint I , thelight from

2



OO II

Figure2: ObjectandImage

thesourcewill producea circle of light on the �lm–in otherwords,a blurredimage.
If the �lm is closeto I , theblurring will besmall,andif it' s far away, therewill bea
lot of blur. Whenyou focusacamera,youarebasicallychangingthedistancebetween
thelensandthe�lm sothattheobjectyou areinterestedin makespointsourcesof the
objectfocusto point imageson the�lm.

Figure2 shows theeffectsof the lenson a singlesourceof light; in reality, a perfect
lenswill focusan entireplaneof point sourcesonto the �lm planeat the sametime,
sothatanentireplanein therealworld is in perfectfocuson the�lm. For real lenses,
however, nothingis perfect,sotheworld-planethat's in perfectfocuswill not, in fact,
beaperfectplane,but will besomecurvedsurfacein 3-space.And thefocuswill never
beexact,either, but with expensivelenses,theerrorscanbemadeto bequitesmall.

2.1 Virtual Images

IvIvOO

Figure3: ObjectandVirtual Image

The lensillustratedin Figure2 bendsthe light from thesourceso that it formsa real
imagewherethephotonsdiverging from thesourcemeetagain,hopefullyon the�lm
or on your retina. Other lenses,or locationsof the object, like the oneillustratedin
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Figure3, may causethe photonsfrom the sourceto diverge insteadof converge. In
this case,thediverging photonswill divergeforever, andwill never meet,but if such
a lenswereperfect,thosediverging lineswould appearto bediverging from a single
point, labeledI v in theimage.This is nota true,or realimage,but thepoint is calleda
“virtual image”.

A lensthatformsavirtual imagemayat �rst seemuseless,but imaginethatit is a part
of a seriesof lenses.Thenext lensalongwould seethelight from thesourceat O not
asif it werecomingfrom O, but asif it werediverging from thepoint I v . Thedotted
lines in the �gure simply indicatethe directionof the diverging lines; the solid lines
representthetruepathsof thephotons.

2.2 Conesof Light

If you examineeitherof the �gures 2 or 3 you seea pattern: light is emittedin all
directionsfrom theobject,but thepartof interestis thecollectionof photonsthatstrike
thecircularlens.This light �lls a cone-shapedvolumeof space.

When the light in the conestrikes a lens, the light coming out may have changed
direction somewhat but it now �ts inside anothercone-shapedpieceof space. The
conemay point in the oppositedirection,as in �gure 2 or it may point in the same
directionbut with a differentangle,asin �gure 3. Thusin a systemof lenses,every
time thelight arrivesat thenext lens,it is in theform of a cone,eithergettinglargeror
smaller(or, if thebeamshappento beparallel,it' s like anin�nite coneor cylinder).

What every perfectlensdoesis to take light comingfrom onesidein a cone-shaped
volumeandemit it on theothersidein a differentcone-shapedvolume. If we know
how to calculatethenew coneshapefrom theold one,we cantracethe light through
lensafter lens to �nd the resultantconeshapeafter passingthroughany numberof
lenses.

In fact, it' s not lensesthat changetheconeshapes;it' s lenssurfaces,so to �gure out
how asimpletwo-sidedlensworks,we'll merelyneedto �gure outhow theconeshape
is changedby eachof thetwo surfaces.

Sincethisis ashortpaper, wewill onlydoonesamplecalculationfor eachexample,but
theformulaswe derive will bevery generalin thefollowing sense:We'll assumethat
theobjectis on onesideof the lensandthe imageis on theotherandwe'll call those
distancesto the lenso andi for theobjectandimagedistances.If the imagehappens
to lie on thesamesideastheobject(asin thecaseof thevirtual imagein �gure 3) the
sameequationswill work, but they will giveanegativevaluefor i . Similarly, whenwe
work out just how a lensgroundwith a certainradiusr affectsthe light, we'll obtain
anequation,andif thelenssurfacehappensto beconcave insteadof convex, thesame
equationwill work, but you'll needto put in anegativevaluefor r to obtainthecorrect
result.
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2.3 Depth of Field

A camerawith a perfectlenswill focusevery point on somefocusplanein front of it
to a point on the�lm planethatlies within thecamera.Only pointson thefocusplane
will befocusedperfectly. Pointsin theworld in front of or behindtheplaneof perfect
focuswill not form point imageson the�lm, but ratherwill form smallcircles.

Thebestway to visualizethis is to think of thephotonsthatcomethroughthelensand
arebentbackto a point aslying insidea coneof light. If the tip of theconeis at the
�lm plane,we getperfectfocus,but if the tip is a little in front of or behindthe �lm
plane,thenphotonsfrom theobjectlie in acircleon the�lm. Thefartherthetip of the
coneis from the�lm plane,thelargerthecircle. In a camera,this circle is sometimes
calledthe“circle of confusion”.

Humaneyesarenot perfecteither, andif thecircle of confusionis small enough,we
will still considerthe focus to be perfect,so objectsnearthe focusplanealso form
imagesthat arealmostin focus. Cameralensmanufacturersde�ne a conceptcalled
”depthof �eld” which indicatestheerrorallowablefrom thefocal planethatstill pro-
ducesimagesthataregoodenoughto seemperfectto humans.

Finally, noticethat fat conesof light will allow lesserror thanskinny cones,andthe
conesof light canbemadeskinnierby restrictingtheamountof thelensthatis usedto
beasmallpartnearthecenter. The“diaphragm”of thecameraperformsthis function,
so by having a smaller“aperture”throughwhich the light cantravel, a photographer
canobtaina largerdepthof �eld, which may or may not be good,dependingon the
goalof thephoto.

Pinholecameras,in fact,canbebuilt thathaveno lensat all, but just usea tiny holein
placeof alens.If theholecouldbemadearbitrarilysmall,apinholecameracouldform
arbitrarily goodimages.Theproblemis that light only approximatelyfollowsstraight
linesandis bentslightly at theedgesof thediaphragmor holein apinholecameradue
to apropertycalled“dif fraction”, sothereis a limit to how goodevenapinholecamera
canbe.

3 Index of Refraction and Snell's Law

Photonsof light travelling througha vacuummove in a straightline at the speedof
light, which is about300; 000kilometers/secondwhich physicistsoftendenoteby the
letterc. Eachphotoncanbethoughtof asa wavepacketwith somewavelength.

Light travelling throughany othermaterial,like water, plasticor glass,doesnot move
with velocity c, but somewhat slower, andthe ratio of c to the true speedof light in
thematerialis calledthe index of refractionof thatmaterial. Herearethe indicesof
refractionfor a few commonmaterials:
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Material Refractive index
Vacuum 1:0

Air 1:0003
Water 1:33

Glass(zinccrown) 1:51
Glass(heaviest�int) 1:89

Diamond 2:42

Thismeans,for example,thatlight passingthroughavacuumtravels1:33timesasfast
as it doesthroughwater. Therearemany different typesof glasswhich allows lens
makersto constructlenseswith very differentproperties.As we shall seeshortly, the
index of refractionis closelyrelatedto how muchlight bendswhenit entersor leaves
a material,andtheextremelyhigh index of refractionfor diamondofferssomeclueas
to why thosepreciousstonesaresointerestingto look at–it is verydifferentfrom glass
andproducesverydifferentvisualeffects.

3.1 Snell's Law
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Figure4: Snell'sLaw

Simplyby knowing therelativespeedsof light throughthetwo materialsandknowing
thatlight is awave phenomenon,we cancalculatetheamountby which it will bebent
as it movesacrossa surfacefrom one materialto another. Considera straightline
interfacebetweentwo differentmaterialsasillustratedin �gure 4.

The line CC0 is the interfacebetweenthe materials. The two lines with arrows on
themindicatethatlight is comingin from theleft andleaving on theright at a slightly
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differentangle.Theline AA 0 is is calledthesurfacenormalandis perpendicularto the
surface-surfaceinterfaceandtheregularly-spacedlinesperpendicularto thelinesOB
andOB 0 indicatethecrestsof thewavesof themoving light. Thelength� 1 = OB , for
example,is thewavelengthof thelight arriving from theleft, andthelength� 2 = OB 0

is thewavelengthof thelight leaving theinterfaceto theright.

Theanglesof incidenceandrefraction,� 1 = 6 B OA and� 2 = 6 B 0OA0, respectively,
aremeasuredfrom thesurfacenormalAA 0.

It is easyto seethat 6 OCB = � 1 and that 6 OC0B 0 = � 2. Sincethe waves are
uniformly spaced,OC = OC0 = d, andsimpletrigonometrygivesus: sin � 1 = � 1=d
andsin � 2 = � 2=d. Combiningtheselasttwo yields:

sin � 1

� 1
=

sin� 2

� 2
: (1)

Sinceit requiresthesameamountof timefor eachwavecrestto passin eithermaterial,
� 1n1 = � 2n2. We canusethis in combinationwith equation1 to obtainSnell'sLaw:

n1 sin � 1 = n2 sin � 2: (2)

3.2 Total Inter nal Re�ection

Imaginethatwe have thesamesituationasin the �rst examplein thesection3 where
two materialsmeetalonga straightline. If the light is comingfrom the sidewith a
larger index of refraction,we recall that asit entersthe lessdensemedium,the light
speedsup andis bentaway from thenormalvectorby a certainamount,dependingon
therelative sizesof the indicesof refraction. For someincidenceangle,this angleof
refractionwill equal90� which meansthat the refractedlight doesnot evenenterthe
materialandif light strikesat this angleor greater, no light enterstheothermaterial.
Thisangleis calledthecritical angle.

Energydoesn't justdisappear–it hasto gosomewhere–andwhathappensis thatinstead
of passingthroughthesurface,all of thelight is simplyre�ectedfrom thesurface.This
doesn't happenall of a sudden,however. What really occursis that asthe incidence
anglegetsshallowerandshallower, moreandmorelight is re�ected.

If you shineda laserbeamat a surface,for example,andstartedhaving it point at 90�

to theinterface,but thengraduallytilted it, you would �nd that themoreit wastilted,
the closerthe refractedbeamwould be to beingparallelto the surfaceinterface,and
at thesametime, themorelight would bere�ectedratherthanpassingthrough.When
theangle�nally reachedthecritical angle,all of thelaserlight would bere�ected.

At what angledoesthis occur? To �nd out, all we needto do is to set � 2 to 90� in
Snell'sLaw (equation2):

sin � 1 = n2=n1:

Sincematerial2 hasa lower index of refraction,n2 < n1, sothis hasa solution.If the
light is comingfrom thesideof theinterfacewith ahigherindex of refractiontherecan
benosolution,sincethesinefunctioncanneverbelargerthan1.
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3.3 Prismsand Spectra

With real light, of course,the situation is a bit more complicted. It turns out that
thespeedof light in a materialdependson thewavelength(which correspondsto the
color) of the light. Higherenergy photonstravel faster, so the index of refractionfor
bluelight is lessthantheindex of refractionfor redlight, for example.(Blue light has
higherenergy photonsthanredlight.)

Becauseof this variationof index of refractionwith wavelength,if a beamof white
light (which is a mixtureof all wavelengths)hits thesurfaceof a prism,eachdifferent
colorof light is bentby adifferentamount,andtheresultis aspectrum.
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Figure5: Focusdistances

Let us considerthe situationillustratedin Figure 5 wherelight is emittedfrom the
point O (theobject)andthenpassesthrougha sphericallenssurfaceof radiusr andis
focusedat thepoint I (the image).The lengtho is thedistancefrom theobjectto the
surfaceof theglassat point V andthe lengthi is thedistancefrom thesurfaceof the
glassto thepoint I wheretheimageis focused.

In thisexample,weassumethateverythingto theleft of thelenssurfaceis onematerial
(say air) and everything to the right is another(say glass),so in this situation,we
assumethattheimageis actuallyformedinsideagiantlens.Laterwe'll usetheresults
hereto show how normal lenseswork wherethe focusis in the air on the otherside
of thelens.But thesituationabove is general,andall thatwe really requireis that the
index of refractionis thesamefor all pointson the left of theglasssurfaceandis the
sameonall pointsto theright. We'll let n1 betheindex of refractionontheleft andn2

betheindex of refractionon theright.

Considerany ray of light emittedfrom point O thatstrikesthelenssurfaceat point A.
Dueto thedifferentindicesof refractiononbothsidesof thelenssurface,thelight will
bebentandmayfocusatapoint I on theothersideof thesurface,formingthevarious
anglesandlengthsindicatedin Figure5.

SimpleEuclideangeometrygivesthe�rst two equationsbelow andSnell'sLaw yields
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thethird:

� 1 = � + �

� = � 2 + 


n1 sin � 1 = n2 sin � 2

Sincewe're goingto assumethatpoint A is quitecloseto point V sosin � 1 � � 1 and
sin � 2 � � 2, we canreplacetheequationdueto Snell'sLaw with:

n1� 1 � n2� 2:

With a little algebra,wecaneliminate� 1 and� 2 from theaboveequations,andobtain:

� (n2 � n1) � �n 1 + 
 n2: (3)

Finally, we candenoteby h the lengthof the segmentAV andsubstitutethe small-
angleapproximations:� � h=o, � � h=r and
 � h=i into equation3 whereall the
instancesof h cancelto obtain:

n2 � n1

r
�

n1

o
+

n2

i
: (4)

Equation4 relatesthedistancefrom theobjectto theimagegiventherelativeindicesof
refractionin thetwo mediaonbothsidesof thesurface.Althoughwehavenotworked
out all thecases,this equationis true for concave or convex lenses(wherea concave
lenswould beindicatedby a negativevalueof r ), andwherethedistanceof theimage
from the lenssurfacemay be negative (on thesamesideof thesurfaceastheobject,
meaningthatit is avirtual image).

5 Lens Formulas

In section2 we notedthataslight passesthroughperfectlenses,theemittedphotons
always appearto be diverging toward a point or converging to a point. Thus if we
considerthe resultof passinglight througha seriesof lenssurfaces,at eachsurface
wecansimplycalculatehow thedivergingor converginglight will berefocusedby the
new surface.Thusthecalculationaboveis suf�cient, for perfectlenses,to work out the
charactertisticsof any optical systemcomposedof sphericallensessimply by tracing
thelight throughonesurfaceat a time.

In thissectionwewill doexactly that–wewill considerasinglelenswherelight enters
from air (or a vacuum),passesthrougha lens,both of whosesurfacesarespherical,
andentersair (or a vacuum)on theotherside.We will do soby usingtheresultfrom
theprevioussectionaswe tracethepathof light from a source,througha surfaceinto
glass,throughtheglass,andthenout thoughtheoppositelenssurface.

In �gure 6 we will assumethat the object is at the point O andthat the light passes
througha lenshaving two surfacesof radiusr 1 andr2 centeredat C1 andC2, respec-
tively, andthatthesurfacesareadistancel apart.
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Figure6: Fat Lenswith Two Surfaces

Light from pointO passesthroughthe�rst surfacewhich is adistanceo1 awayandthe
beamsarebentto form an image(or in thecaseof this �gure, a virtual image)at the
point I 0 which is at adistanceof i i from theoriginal surface.

Now we just assumethat the light is emittedfrom I 0 asif it werea new source,and
seehow thatlight will beaffectedasit passesthroughtheothersurface.Thelight will
�nally convergeat a point I , andwe want to �nd a relationshipbetweenthe various
distancesandtheradii of thetwo differentlenssurfaces.

To simplify things slightly, we'll assumethat the lens is glassand hasan index of
refractionn andthatthematerialoutsidethelensis a vacuumwith index of refraction
1. (Air hasanindex of refractionof about1:0003soif thelensis usedin air insteadof
in a vacuum,theerrorswill beveryslight.)

Using the formula from section4, and underthe assumptionthat the �rst imageis
virtual (andthereforethatI 0 is to theleft of v1) we obtain1:

1
o1

�
n
i i

=
n � 1

r1
: (5)

If we analyzelight assumedto beemanatingfrom I 0 andpassingthroughthesecond
surface(so its distanceto that surfaceis i 1 + l) usingthesamemethod,we obtaina
secondequation:

n
i 1 + l

+
1
i 2

=
1 � n

r2
: (6)

Combiningequations5 and6, andletting l = 0 (this is the“thin lens”approximation),

1It worksout �ne if the�rst surfaceformsarealimageto theright of thelenssurface,sincethatwill �ip
thesignon thesecondfractionbelow, but will measurei 1 in theoppositedirection,effectively negatingit.
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weobtain:
1
o1

+
1
i 2

= (n � 1)
� 1

r1
�

1
r2

�
: (7)

The “focal length” of a lens is de�ned to be the distanceof the focusfrom the lens
assumingthat the incoming light is parallel, which is equivalent to statingthat the
sourceis in�nitely far away. If we seto1 to 1 in equation7 we obtainwhat is known
asthe“lensmaker'sequation”,wheref is thefocal lengthof thelens:

1
f

= (n � 1)
� 1

r1
�

1
r2

�
: (8)

Thusif you know the two radii of the lenssurfacesandthe index of refractionof the
glassyou're using,you cancalculateto fairly goodaccuracy the focal lengthof the
lensproduced.In theequationabove,we make theassumptionthattheradii r 1 andr2

aremeasuredfrom centersthat lie to the right of thesurface. If thecenterlies to the
left, theradiuswill benegative.For thedouble-convex lensin �gure 6, for example,r 1

is positive andr 2 is negative (so in this casebothfractionsto theright of theequality
signswill bepositive).

If you arenot a lensmaker, but just purchasea lenswith �x edsurfaceradii andglass
with a �x edindex of refractionthenthetermontheright of bothequations7 and8 is a
constant,andequation8 tellsusthattheconstantis 1 dividedby thefocal lengthof the
lens.Keepingthis in mind,we havederivedwhatis known asthe“thin lensequation”
wherei ando arethedistancesof objectandimageon oppositesidesof an in�nitely
thin lens:

1
o

+
1
i

=
1
f

:

6 Consequencesof the Thin LensEquation

Equation5 containsa hugeamountof information. Light emittedfrom a focuspoint
will leave theoppositesideof thelensin parallel.Light arriving in parallelwill focus
at a distancef from the lenson theotherside. Light emittedfrom a point f =2 from
onesideof thelenswill focusat thesamedistanceontheotherside.As theobjectgets
closerto the lens,the imagemovesaway from the lensuntil theobjectis closerthan
thefocal lengthin whichcasethelensfails to convergethelight andavirtual imageis
formedon thesamesideof thelensastheobject(andhencehasa negativedistanceto
thelens).

An interestingfeatureof lensesis theirmagni�cation. Themagni�cationis simply the
ratio of thesizeof theimageto thesizeof theoriginal object. If theimageis twice as
big astheobject,we saythatthemagni�cation is 2. Givena lenswith focal lengthf ,
how canwe calculatethe magni�cation of an objectplacedat a distanceo from that
lens?

See�gure 7. Fromthethin lensequation,we know that theonly way to obtaina real
image(asopposedto a virtual image)is to have theobject(andhenceimage)farther
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away from the lensthan the focal length. Supposethe objecthasheighty and is x
beyondthefocal length.Thiswill form animageof heighty0 a distancex0 beyondthe
focal lengthon theothersideof thelens.

To measurethemagni�cationof this setup,y0=y, we needto �gure out how big y0 is,
comparedto y. If wecantraceany two raysfrom thetopof theobjectto theimage,we
candeterminetheheighty0of theimage.But weknow thatraysarriving parallelto the
axisof thelensmustpassthroughthefocus,andrayspassingthroughthefocusof the
lensmustleave parallelto theaxis,andthosetwo raysaredrawn in �gure 7. Simple
geometryof similartrianglesyieldstheequations:y0=x0 = y=f andy=x = y0=f . Thus
themagni�cationy0=y is givenby:

y0

y
=

f
x

=
x0

f
:

We cancross-multiplythe�nal equalityaboveto obtainxx 0 = f 2.

7 RealLenses

Real lensesarenot in�nitely thin, andhave plenty of othercharacteristicsthat make
themnot quiteobey theequationswe have derived in this article. In any real lensor
evenopticalsystemcomposedof aseriesof lenses,therearesomedeviationsfrom per-
fect images,andthegeneraltermusedto describethissortof erroris “lensabberation”.
Lensabberationscomein varioustypes;for example,“chromaticabberations”,“spher-
ical abberations”,“astigmatism”,“�eld curvature”,andsoon. Lensmakersusuallytry
to reduceall of theseat thesametime by meansof cleverdesign.

The�rst sortof errorencounteredis that real lensesgenerallyhave sphericalsurfaces
which is not theperfectshape,but is a shapethat is incrediblysimpleto producevery
accurately. It is possibletodayto purchasenon-sphericallensesfor speci�c applica-
tons,but they tendto bequiteexpensive. Thereasonthatsphericallensesaresoeasy
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to produceis that if you rub two materialstogetheruntil they slide smoothlyin any
direction,thesurfacebetweenthemhasto be eithera planeor a portion of a sphere.
Lensescanbegroundby placinganabrasivematerialbetweentwo piecesof glassand
rubbingtheglasspiecestogetherin everydirection.

Figure8: OpticalSystem

Whatyouwill �nd in any realopticalsystemwhereit is importantto reducetheabber-
rationsis thatinsteadof usinga singlelens,a seriesof lensesis used,wheretheseries
is arrangedin sucha way that theabberationsin onelenstendto becancelledout by
another. The glassin the different lensescanbe madeof differentmaterialshaving
differentindicesof refraction,the lensesmay be of differentshapes,andso on. You
have probablyseenpicturesof suchlenssystemslike theoneillustratedin �gure 8 in
advertisementsfor cameralenses,etcetera.

The�rst thingto noticefor suchrealsystemsis thatevenif youassumedthatthelenses
werein�nitely thin, thecombinationcertainlyis not. Thusyour formulasfor the thin
lensapproximationwill notwork well if youhaveto work with opticalsystemsinstead
of with singlelenses.

The following approximationis approximatelytrue, however. Thereare two planes
in any suchsystemperpendicularto theaxisof the lensescalledtheprincipalplanes,
andif you imaginethespacebetweenthemasbeingsquasheddown to zerowidth, the
resultingsystemwould behave like a singlethin lens. This is true for any systemof
lensesalignedalongtheir axis.

What this meansis that if you're not too worried aboutdistortion,you canattachto-
getherany sequenceof lenses,andit will behavelikeasinglelens.Photographerstake
advantageof this in many ways:you canscrew a so-called“diopter lens” on thefront
of your normal lensto turn it into a closeuplens. You canpushthe lensaway from
thecamerabody with a hollow tube(calledan “extensiontube”) that will allow it to
focusmuchcloser. Youcanput in a tele-extenderbetweenthecamerabodyanda tele-
photolensto multiply its focal lengthby somegivenamount(andthusturnatelephoto
lensinto asuper-telephotolens,for example).Youcanreversea lensandshootphotos
throughit backwards,which typically increasesits ability to take closeupshots.And
really, you areonly limited by your imagination.Of course,only experimentwill tell
whethertheamountof distortionintroducedis acceptable.Thelenscompany goesto
a greatdealof troubleto make surethelenshaslow distortionin normaluse,but they
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probablydon't do thecalculationsassumingthatthelensis turnedaround,or sitsthree
inchesfartherfrom thecamerathanthelensmountwould indicate.

7.1 DesigningLensSystems

Ratherthandosophisticatedmathematicalcalculationsthatwork out thedetailsof the
abberationsof differentlenses,modernlensdesignis morelike trial anderror. A setof
lensesisusedasastartingpoint,andthenacomputersimplytracesraysof light through
thelensesto evaluatethe�nal image.If it' s goodenough,that's thedesign.If it' s not
goodenough,a tiny changeis madeandthewholeray tracingexerciseis repeatedto
seeif thenew systemis betterthantheold. If not, make a differentcorrectionandif
so,startfrom thenew arrangementandtry to improveit.
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