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Abstract

In this article we will examine various properties of ite@functions. Iff (x) is a function, then the iterates bfare:

f(x);f(F(x);f(F(F(x));:e.

1 Introduction

| rst became fascinated by iterated functions when | hadiergcc calculator for the rst time and repeatedly pressie
“cosine” button.

The calculator was in “radians” mode, so the angles weregnééed in radians rather than degredsit | found that no

matter what number | started with, after enough button gess the “cosine” button, the numbers seemed to approach
1739085133215

What | was doing, of course, was iterating the cosine fumctibmy starting number was, then pressing the cosine button
repeatedly was generating the following sequence of nusaber

cos(l) = :540302305868

cos(cos(1l)) = :857553215846
cos(cos(cos(1))) = :654289790498
cos(cos(cos(cos(1)))) = :793480358742
cos(cos(cos(cos(cos(1))))) 701368773623

As | continued pressing the cosine button, the numericallte&ept oscillating to values above and below, but eack tim
closer to, the nal limiting value of approximately39085133215

Of course there's nothing special about the cosine fungtag function can be iterated, but not all iterated functibave
the same nice convergence properties that the cosine dartedis. In this paper, we'll look at various forms of iteratio

2 A Simple Practical Example

Suppose you put some money (saglollars) in a bank at a xed interest rate. For example, sgprbe bank offers simple
interest atl0% per year. At the end of one year, you will have your origiralollars plus(:10)x dollars of interest, or

X + (:10)x = (1:10)x dollars. In other words, if you begin with any amount of manaye year later you will have that
amount multiplied byl:10.

10ne radian is equal to abob¥:2957795131degrees. If you've never seen it, this seems like a strangeavmeasure angles but it makes very good

sense. In a unit circle (a circle with radid$, the circumference i& , and if we measure in terms of that length instead of in terfr360 degrees, we
nd that 2 radians is360 degrees, from which the conversion above can be derived.



Suppose you'd like to know how much money you have ater 10 years. If you consider the increase in value over one
year to be a function naméd then we will have:

f(x)=(1:10)x:

The functionf will take any input value and tell you the resulting outpulinsif that input value is left in the bank for one
year. Thus if you start witlx dollars, then after one year, you will haf/éx) dollars. At the beginning of the second year
you havef (x) dollars, so at the end of the second year, you'll hgle(x)) dollars. Similar reasoning yieldqf (f (x)))
dollars after the third yeaf,(f (f (f (x)))) dollars at the end of the fourth year, and so on.

It would be nice to have an easier notation for function tierg especially if we iterat& 00 or 1000times. Some people
use an exponent, like this:

F(FCE(FOON) = F4(%);
but there's a chance that this could be confused with regijaonentiation (and it could, especially with functionelihe
cosine function, mentioned above). So we will use the falhgnotation with parentheses around the iteration number:

ECECECEOON) = @ (x):

As with standard exponentiation, we'll nd it is sometimesafiul to de ne:
fO(x)= x:
Returning to our example wheféx) represents the amount of money in your account a year aftestimgx dollars, then

the amount you'll have aftetOyears would bé @9 (x).

It is fairly easy to derive exactly the form 6f") (x) for this example. Since each year, the amount of money isiptiati
by 1:10, we can see that:
f (M (x) = (1:10)"x;

and this even works for the case whare 0.

Although this example is so simple that it is easy to give a@tbform forf (") (x), we will use that example to show how
iteration can be analyzed graphically. First, imagine ttegl off (x) = (1 :10)x versusx.
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In the graph above, two lines are plotted that pass througlotlyin. The upper line corresponds to the functjor

f (x) = (1 :10)x and the lower one, to the functign= x which forms a45 angle with thex andy axes. Now suppose we
begin with an investment §10Q To nd out how much money we have after one year, nd tt#g0on thex-axis and go

up to the linef (x). The height of that line (which will b&10) represents how much we'll have after one year. But now we
would like to put thatl10back into the functior , so we need to ndL10on thex-axis and look above that.

But what this amounts to is copying tlgevalue (the height of the line from theaxis to the lindf (x) to thex-axis. Here is
where the lingy = x suddenly becomes useful: If we begin at the p@lt0; 110)and move horizontally to the ling= x,
we will be situated exactly over the valdd0on thex-axis (since on the ling = x, they-coordinate is the same as the
x-coordinate). Since we're already exactly odi0, we can just go up from there to the lih€x) to nd the value of our
investment after two year§121

To nd the value after three years, we can do the same thinghfight of the poinf110; 121) needs to be copied to the
x-axis, so move right from that point {421; 121), putting us ovefl21 on thex-axis, and from there, we go up tq121)
to nd the amount after three year$13310.

The same process can be used for each year, and the nal hafighe zig-zagging line at the upper-rightmost point
represents the value of the origifdl00investment after six years: abdst7716.

3 General Iteration

A little thought shows us that there is nothing special atogt (x) we used in the previous section in a graphical interpre-
tation. We can see what happens with the cosine functionioresd in the introduction, by using exactly the same sort of
graph, except thdt(x) = cos(x) and we will begin our iteration witlk = 1:
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Although the picture looks different (instead of a zig-zemggline, we've got a spiral), exactly the same thing is goamgy
We begin with an input value of = 1, we go up to the lingy = cos(x) to nd the result of one press of the cosine
button. The height of that point has to be used as an input,esmave horizontally from it to the ling = x, at which
point we're above a point which is equal to the/-coordinate of the poinfl; cos(1)). Move vertically from there to the
liney = cos(x), then horizontally toy = x, and repeat as many times as desired. It should be clear Frenfiustration



that as more and more iterations are performed, the spillateviverge to the point where the lije= x meets the curve
y = cos(x), and that point will have a value of approximat€ly39085133215739085133215)

The major difference between the two examples is that it lshioe clear that in the case of bank interest, the zig-zag line
will keep going to the right and up forever, the spiralingeliior the cosine function will converge more and more closely

a limiting point. What we would like to do is examine the geamef the curved (x) that either causes them to converge
(like the cosine curve) or to diverge (like the bank intefasiction). We'd also like to know if there are other posstigk
(other than convergence or divergence). We will examinplgrally a number of examples in the next section.

4 Graphical Examples
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Every example on the previous page shows what happens fatiautar function ofx, assuming two different starting
points. All of the functions on that page are linear (strailjies) and they illustrate the convergence (or diverggnce
properties. All the examples have the lipe= f (x) crossing the lingy = x at (;5;:5). Basically, the only difference
between the different functiorisis the slope of that line. We call the point of intersectioryef f (x) andy = x a “ xed
point”, since if the input happened to have exactly that@athe output would be the same, or xed.

In the example on the upper left we have basically the same&situation we had with the bank account balance except
that in the bank balance case, the two lines mgDad). In this case, if we start a bit above the intersection, ord xe
point, the values diverge, getting larger and larger. If wgib below the intersection, the values diverge, but to lemahd
smaller values. The slope bfx) in this example id:2.

On the upper right, the slope b{x) is 0:8, and now the iterations converge to the xed point from batlections.

The example on the middle left is similar, but the slope is:lesly0:4. The convergence is the same, from above or below,
but notice how much faster it converges to the xed point.

The next three examples show what happens vil{@) has a negative slope. The example on the middle right, thpeslo
is negative, but not too steep (in fact, it i9:8). Convergence occurs from any starting point, but instéatiyezagging to
the xed point, it spirals in.

The example on the bottom left shows a very special case wiherslope of (x) is exactly 1. In this case, from any
starting point there is neither convergence nor diverggthesoutput values fall into “orbits” of two values.

Finally, in the example on the lower right, the slope is negaind steeper than1:0, and any input, except for the xed
point itself, will diverge in a spiral pattern, as shown.

The examples on the previous page pretty much cover all thgilpbties for linear function$ (x). If the slope, in absolute
value, is less thaf, iterations converge to the xed point. If the slope's ahgelvalue is greater thah it diverges, and
if the slope's value is equal tb or 1, there is a xed orbit of one or two points. (Note that the ftion with slopel is
y = f (x) = x which is identical to the ling = X, so every pointis a xed point whose orbit contains exadtlgttpoint.)

It will turn out that if the functionf is not a straight line, the resulting situation is usually tow different. Compare the
example of the cosine function with the similar example anrtfiddle right. In both cases the slopes of the (curve, ling) a
negative, but betweenl1 andO.

In the next section we will examine more complex situatioh&re the iteration results are not quite so simple.



5 More Graphical Examples
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Here are four more examples. The graph in the upper left stmatshere may be more than one xed point.

The other three illustrate limit cycles. In the exampleshia tipper right and lower left, different starting points verge
not to a point, but to a cycle. On the upper right, the cyclest step inside the limiting cycle and then spiral out. In the
lower right, one cycles in while the other cycles out.

Finally, the example in the lower right shows that there mayrany limiting cycles, and the particular cycle into which a
starting point falls depends on the position of the startiaint.
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The gure above shows another interesting example. Theedufx) is actually tangent to the lime = y, and initial values
less than the point of tangency converge to that point, whitil values larger than it diverge.

You may nd itinteresting to try to construct examples withnsbinations of xed points, cycles and sequences that giver

6 A Simple Practical Example

Suppose you want to approximate the square root of a numﬂn@xamplep 3. The following strategy works:

Make a guess, say. If x is the correct answer, theet = 3, and another way of saying that is:= 3=x. If x is not the
exact square root, thenxfis too small,3=x will be too large and vice-versa. Thus the two numbeesd3=x will lie on
both sides of the true square root, and thus their average liescloser to the true square root than either one of them.

If X is not the exact square root, then the vatye= ( x +3=x)=2is closer to the square root tharwas. We can then usg
as a new guess at the square root and repeat the procedl@egahmmy times as desired to obtain more and more accurate
approximations. The following illustrates this method twd 3, starting with an initial guess, = 1, and approximated
to 20 decimal places. The nal line displays the actual resgain accurate to 20 decimal places:
Xp = 1:00000000000000000000
X1 =(Xo +3=xp)=2 = 2:00000000000000000000
X2 = (X1 +3=x1)=2 = 1:75000000000000000000
X3 = (X2 +3=x2)=2 = 1:73214285714285714286
X4 = (X3 +3=x3)=2 = 1:73205081001472754050
X5 = (Xq4 +3=x4)=2 = 1:73205080756887729525
P 3 = 1:73205080756887729352

The fth approximation is accurate to 17 decimal places. As gan see, this method converges rather rapidly to theadksir
result. In fact, although we will not prove it here, eachaten approximately doubles the number of decimal places of
accuracy.

Obviously, what we are doing is iterating the functfofx) = ( x + 3=x)=2 and approaching the xed point which will be
the square root a3. Also, obviously, there is nothing special ab8utlf we wanted to approximate the square roohof
wheren is xed, we simply need to iterate the functidrfx) = ( x + n=x)=2.



On the following page is a graphical illustration of the cergence of the iterates 6{x) as described above, beginning
with an initial guess ok = 1. After the rst few steps, due to the atness of the curve, yaan see that the convergence is
very rapid.

3.0~ \

2.0

151

1.0

0.51

0.0 L L L L |
0.0 0.5 10 15 20 25 3.C

An interesting strategy that can be performed on almost tempted function s this: we can double the speed of the
convergence using a different function. In the example apore approximated 3 by iteratingf (x) = ( x? + 3) =(2x).
Suppose we iteratie(f (x)) ? That should go twice as fast. In this case,

x2+3 2+3
2Xx

o= — s
2 2Xx

A little algebra yields:
4 2
X*+18x°+9
f(f(X)= ——————:
(F069) 4(x3 +3x)
Iterations of that function are shown below, and it's obddliat the new function is a lot atter, so convergence willebe
lot faster.

Obviously, there is no reason we couldn't do the algebratfiad, four or more iterations in the same way. The disadganta
of course, is that the functions that we evaluate are moreptioated, so the calculation time for each step may increase
more rapidly than the time gained.

Here are three iterations to 30 decimal places of the funét{6 (x)) calculated above, beginning with a (bad) initial guess
of 4:

f(4) = 1:81907894736842105263157894737
f(f(4) = 1:73205205714701213020972696708
f(f (f (43)) = 1:73205080756887729352744640016
3 = 1:73205080756887729352744634151



7 A Simple Impractical Example

The following is not a particularly good way to do it, but itekuse a simple iterated function to converge to the value of
. Unfortunatly, to do the calculations requires that we ble &ocalculate the sine function to many decimal places whic
is at least equally dif cult as computing using standard methods.

But here's the function to iteratg(x) = x +sin(x). It's a good exercise to plot the function and see why a xethpis at
X = . Inany case, here are the results of repeatedly applyinduthetion fromxo = 1 (accurate to 50 decimal places):

Xo = 1:0000000000000000000000000000000000000000000000000
X1 = 1:8414709848078965066525023216302989996225630607984
X2 = 2:8050617093497299136094750235092172055890412289217
X3 = 3:1352763328997160003524035699574829475623914958979
X4 = 3:1415926115906531496011613183596168589038475058108
X5 = 3:1415926535897932384626310360379289800865645064638
Xe = 3:1415926535897932384626433832795028841971693993751

= 3:1415926535897932384626433832795028841971693993751

8 Newton's Method

The method of approximating a square root used in the prexdection is just a special case of a general method for nding
the zeroes of functions.
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Newton's method works as follows. (See the gure above.)hge that the curved line represents a function for which you
would like to nd the roots. In other words, you want to nd wteethe function crosses theaxis. First make a guess. In
the gure, this initial guess i = 0:2. Find the point on the curve corresponding to that guesscfwhill be (x;f (x)))

and nd the tangent line to the curve at that point. That taridi@e will intersect thex-axis at some point, and since the
tangent line is a rough approximation of the curve, it wilbpably intersect near where the curve does. In the example
above, this will be at approximateky=  0:84.

We then iterate the process, going from that intersectiamt p@the curve, nding the tangent to the curve at that poamd
following it to where it intersects the-axis again. In the gure above, the tangent line and the eane so similar that it's
almost impossible to see a difference between the curvehariihe, so the intersection of that line and ¥axis is almost
exactly the root of the function. But if not, the process cantérated as many times as desired.

In the example above, we are trying to sofv) = x* 4x?+ x +2 = 0. The initial guess ixo = 0:2, the second
isx; = 0:839252and the third ix; = 0:622312 To show thak, is very close to a root, we havé( 0:622312) =
0:0214204

To nd the equation of the tangent line requires a bit of chlsybut assume for a moment that we can do that. In fact, for
well-behaved functions, the numkei(x) represents the slope of the functibfx) at the point(x; f (x)).

If a line passes through the poifXy; yo) and has slopen at that point, the equation for that line is:

Y Yo=m(X Xo):
This is usually called the “point-slope” equation of a line.

In our case, the initial guess will bey, yo will be f (xo) andm = f9xg). (Remember thatt (x,) is the slope of the
function at(xo; f (X¢)).) The equation for the tangent line will thus be:

y f(xo)= fAxo)(X Xo):

This may look confusing, but there are only two variablesvabr andy. All the others:xg, f (o) andf qxo) are just
numbers.

We want to nd where this line crosses tReaxis, so sey = 0 and solve fox. We obtain:
f (xo) .
fAxo)’

and this equation is used to obtain successive approxinsatising Newton's method.

X = Xo

But as before, all we are doing to nd better and better apjpnaxions for the root of a function is to iterate a particular
function. The solutiox in the equation above serves as the next guess for the ré¢xpE O .

10



Let us show the graphical interpretation of the iteratioesfgrmed to use Newton's method to nd the cube root of a
number; say, the cube root of 2.

In this case, we would like to solve the equatfofx) = x3 2 = 0. If you don't know any calculus, take it on faith that
the slope function (called the “derivative” in calculusy i%x) = 3 x2.

If we start with any guessg, the next guess will be given by:

f(xo) _ x3 2 2¢+2
© fUxe) 0 &% T 32

The gure at the top of the next page represents the iteraifdhe function above (beginning with a particularly tekgib
rst guess ofxg = :5) that approaches the cube root of 2, which is approximadt@§992105
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8.1 Domains of Attraction

When you use Newton's method to approximate the roots of yeahial which has more than one root, the particular root
to which the method converges depends on your choice ofrgggrbint. Generally, if you pick a rst guess that is quite
close to a root, Newton's method will converge to that roat,dn interesting question is this: “Exactly which pointstba
line, if used as the initial guess, will converge to eachPbot

Some points may not converge at all. For example, if yourahgiuess happened to lie exactly under a local maximum or
minimum of the curve, the approximating tangent line wouddplarallel to thex-axis, and the iteration process would fail,
since that line never intersects theaxis. And there are other points where the process might $aippose your initial
guess produced a tangent line that intersected tras exactly under a local maximum or minimum. Or if the sahieg
happened after two iterations, et cetera?

And what happens if you pick a guess near where the functierahacal maximum or minimum? The tangent line could
intersect far from that initial guess, and in fact, into aioeghat converged to a root far away from the initial guess.

For any particular root, let us de ne the “domain of attractito be the set of initial guesses on thaxis that will eventually
converge to that root. As an illustration of some domaingtinéetion, consider the equatidrix) = x(x +1)(x 2)=0
which obviously has the three roots=  1;x = 0 andx = 2. We can still apply Newton's method to initial guesses, and
most of them will converge to one of these three roots. In tgre below, points on the-axis have been colored blue, red
or green, depending on whether they would converge to this ra 0 or 1, respectively.

11
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Notice that near the roots, the points are colored solidlyas we move away from the roots to the regions near where the
relative maxima an minima occur, the tangent lines will thtbe next guess into regions that converge to non-neartig.roo
An example of that is illustrated above. With a particuldtiéih guess that is a bit less thdn0, successive applications

of Newton's method are illustrated by the red line which shdhat although the initial guess is a bit closer to the root at
zero, the rst approximation takes it to a position closettte root at 1, and then out beyon? after which it converges
rapidly to the root aR. The image is not in nitely detailed, and in fact, the actahbpe of these domains of attraction can
be quite complex. In fact, in Section 13 we will see some iditrlg complex domains of attraction when Newton's method
is extended to search for roots in the complex number plane.

9 Continued Fractions and Similar

Sometimes you see mathematical objects like these:

S 1
q _—
X = 1+ 1+ 1+ 1+
1
X = 1+ I
1+l+I

1+

What do they mean? The usual interpretation is that eactession can be terminated after one, two, three, four, psste
and the terminated forms can be evaluated. If the evaluatend to a limit, then the in nite expression is interpretede
that limiting value.

12



For example, in the rst case above, we could evaluate:

= 1:000000000
1+ 1 = 1:414213562

1+ 1+ 1 = 1:553773974

1+ 1+ 1+ 1 = 1:598053182

The second case (which is called a “continued fraction”)lmaevaluated similarly.

Both, however, can be evaluated using function iteratiowels In the rst case,ﬁf we have the valug for a certain level
of iteration, the next level can be obtained by calculafifgo), wheref (x) = = 1+ x. For the continued fraction, the
corresponding value df(x) would bef (x) = 1 =(1 + x). Below are the graphical iterations. On the left is the rebstpiare
root and on the right, the continued fraction. Both begirhwait initial approximation of 1:
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Notice that there is another way to evaluate these expressagsuming that the limits exist. In the rst case, if we let
s

g
x= 1+ 1+ 1+ 1+ ;

then a copy ok appears inside the expression xoand we have:
X = P 1+x:
Squaring both sides, we obtaif = 1 + x, which has as a root the golden ratio:
p

X = 1 +2 ° =1:61803398874989484820458683437

Similarly, if x is set equal to the continued fraction, we can derive:

X =1=1+ x);

13



Which becomes? + x = 1, and has the solution:

Ps

X = = :61803398874989484820458683437

one less than the golden ratio.

10 Optimal Stopping

Thanks to Kent Morrison, from whom | stole this idea.

Suppose you want to score as high as possible, on average ywh@lay the following game. The game goesriopunds,

and you know the value of before you start. On each round, a random number unifornslyidiuted betweef and1 is
selected. After you see the number, you can decide to endathe with that number as your score, or you can play another
round. If play up to the™ round, then you get whatever number you get on that last rott is your optimal strategy?

The topic is called “optimal stopping” because you get tadiegvhen to stop playing.

As with most games, it's usually a good idea to analyze siropies rst, and the simplest of all is the “game” wher 1.
It's not really a game, since once the number is selected senue there are no more rounds, you will be stuck with that
number. Since the numbers are uniformly distributed betMdesnd1, your average score, when= 1, is 1=2.

Let us give a name to the expected value of your score for a gdathelp ton rounds a€ . From the previous paragraph,
E;=1=2.

What about ifn = 2? What isE,? On the rst round a number is chosen, and based on that nugdaecan decide to use
it as your score, or to discard it and play one more round. Uirywitial score is less thab=2, it's clear that you should play
again, since on average playing the nal round will yield,arerage, a score aE2. But if your initial score is larger than
1=2, if you discard it, you'll do worse, on average.

So the optimal strategy far = 2 is this: Look at the rst score. If it's larger thab=2, stop with it. If not, discard it, and
play the nal round. What is your expected score in this gan2f the time you will stop immediately, and since you
know your score is abovi=2 it will be uniformly picked betweei=2 andl, or in other words, will averagé=4. The other
half of the time you will be reduced to playing the game witls 1, which you already solved, and your expected score
then will be1=2. So half the time you'll averagg=4 and half the time you'll averag&=2, yielding an expected value for
n=2 of: E_13+11_5.

"2 4 22 %
What isE3? After the rst round, you have a score. If you discard thaire¢ you will be playing the game with onB
rounds left and you know that your expected score wilbb8. Thus it seems obvious that if the rst-round score is larger
than5=8 you should stick with that, and otherwise, go ahead and play = 2 game since, on average, you'll get a score
of 5=8. Thus5=8 of the time you'll play the game with = 2 and3=8 of the time you stop, with an average score midway
betweerb=8 and1, or 13=16. Expected score will be:

313, 55_ 89
8 16 8 8

Es

The same sort of analysis makes sense at every stage. Inrtteewgigh up ton rounds, look at the rst round score, and
if it's better than what you'd expect to get in a game with 1 rounds, stick with it; otherwise, play the game with 1
rounds.

14



Suppose we have laboriously worked &t E», E3, ...E, 1 and we wish to calculaté,, . If the rst score is larger than
En 1, stick with it, but otherwise, play the game with 1 rounds. What will the average score be? Well, E, ; of
the time you'll get an average score mid-way betwEgn ; andl. The othelE,, 1 of the time, you'll get an average score
Of En 1-

The number mid-way betwedty, ; andlis(1+ E, 1)=2, sothe expected value of your score in the game witbunds

IS:
1+E 1+E2
-~ =nt +E, 4 Ep = —0 L

Notice that the form does not really dependranTo get the expected score for a game with one more roundetut iis
just (1 + E?)=2, whereE is the expected score for the next smaller game. We can chaokark with the numbers we
calculated fofE 1, E, andE3. We know thatE; = 1=2, so

1+ (1 —2)2 5_ 1+ (5 —8)2 89 .
2= ———— = —;andEg= —— = —;
so we seem to have the right formula.

En=(1 En 1)

Notice that to obtain the next expected value, we simply thleeprevious one and plug it into the functiéfx) =
(1 + x?)=2, so basically we just iterate to nd successive expectedeslfor successive games with larger Here are
the rst few values:

E, = %=05mmo
5
E; = 5=0:62500
89
Es = 55 01695313
24305
1664474849
Bs = Sia7283648 /082
7382162541380960705
Be = 9223372036854775808 00370

As before, we can look at the graphical display of the itergtand it's easy to see from that that the average scoressiser
gradually up to a limiting value af:

1.0~

0.8

0.6 A

0.4

0.2

0.0 0.2 0.4 0.6 0.8 1.c
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11 Biology: Heterozygote Advantage

Some knowledge of probability is required to understansi skiction. A little biology wouldn't hurt, either.

The canonical example of this is the presence of the genedlats sickle-cell anemiain humans. Basically, if an iddizl

has this disease he/she will not live long enough to havedidnl Normally, genes like this are eliminated from the
population by natural selection, but in human populatienéfrica, the gene is maintained in the population at a rate of
about11% In this section we will see why.

The sickle-cell trait is carried on a single gene, and theeeha@o types:A, the normal type, does not cause anemia. The
sickle-cell gene is called. Every individual has two copies of each gene (one from théhercand the other from the
father), so there are three possibilities for the genotyfamondividual: AA, Aa, or aa. Suppose that at some point, there
is a proportiorp of geneA in the population and a proporti=1  p of the genea.

We will simply assume that in the next generation that theegeare thoroughly mixed, and therefore, at birth, the three
types of individuals will appear with frequencig5 (of type AA), 2pq (of typeAa) ando? (of typeaa).

But years later, when it is time for those individuals to lates| of the ones of typaa are dead. In other words, genotype
aais arecessive lethal gene.

It may also be true that the individuals of type& andAa have different chances of survival. We don't know exactlyaivh
these are, but let us just say that individuals of tye are(1 + s) times as likely to live as individuals of typ&a. As
childbearing adults then, we will n@l + s)p? individuals of typeAA for every2pqindividuals of typeAa.

We'd like to count the total number af genes in the next generation. They can only come fron2plggoroportion having
type Aa, and only half of the genes from those people willdsince the other half are of typ®. Thus there will be a
proportionpg of them. The total number of genes will BEl  s)p? + 2 pg.

The proportion ok genes after breeding will thus be:
Q= pq .
1+ s)p?+2pg

But genes are either of tygeora, sop=1 gand we have:

0_ (1 9q _ q _
1+91 0?+291 o @+ 9g+2q

q

To obtain the proportion od genes in each successive generation, we simply have to @uathe ofq into the equation
above to nd the new valugPin the next generation. To nd the proportion after ten geriens, just iterate 10 times. This
is just another iterated function problem!

Let's look at a few situations. Suppose rst that tAé individuals and théAa individuals are equally t. There is no
disadvantage to having a single copy of ¢thgene. Thers = 0, and the function we need to iterate looks like this:

0_ - 9.
a=1@= 135

Let's assume that for some reason there is a huge propottiargenes, sap0% Here is the graphical iteration in that
case:
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Notice that the xed point is at zero, so with time, the sicklell gene should be eliminated from the population. In othe
words, the probability that aa gene will appear drops to zero.

Now suppose that even having a single copy ofalyene is a disadvantage. Suppose that20 more likely that arAA
individual will live to breeding age than afa individual. This makes = :2, and the corresponding graphical iteration
looks like this:

1.0~

0.8

0.2

ook oy e
0.0 0.2 0.4 0.6 0.8 1.c

Not surprisingly, the sickle-cell gene is again driven oluth@ population, and if you compare the two graphs, you can se
that it will be driven out more rapidly (fewer generationgéaluce it the same amount) in this second case. With the same
number of iterations, the gene is about half as frequeneifih individuals have 20%advantage over thea individuals.

But in the real world, something else happens. In Africa whéere is a lot of malaria, individuals with a single copy of
the sickle-cell gene (individuals of typa) actually have an advantage over those of thge because they have a better
chance of surviving a case of malaria. We can use the samé@guaut simply makes negative. Let's look at the graph
withs = :3:
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Now notice thatjtends to a non-zero limit, in this case, a bit more tAa#t In other words, the advantage to the individuals
who have a single copy of treegene is enough that the certain deathaaindividuals is not enough to eliminate the gene.
In fact, avalue o6 = :3is not required; any negative value fowould make this occur, although a smaller advantage of
Aa would translate to a smaller limiting value qf

As in every other case we've looked at, we could nd the exewiting value by settingP = o

q )
@ 31 o+2qg

¢°=q=

If we solve that forg, we obtain:q = :23077 a bit more thar23% as we noted above.

Individuals with two copies of the same gene (likea or AA) are called homozygous, and individuals with one copy of
each type are called heterozygotes. In the case of the sieklgene in a malarial area, there is a heterozygote adgant
hence, the title of this section.

12 Markov Processes

To understand this section you will need to know somethirguaatrix multiplication and probability.

Imagine a very simple game. You have a board that is nine sguang with a marker beginning on the rst square. At
each stage, you roll a single die, and advance the markereyumber of steps shown on the die, if that is possible. The
game is over when you land on the ninth square. You cannosbuet the last square, so, for example, if you are on square
5 and roll a6 the marker stays in place because you cannot advance sigssgamther words, in order to nish, you need
to land on the last square exactly. With this game, we can asktpns like, “How likely is it that the game will have ended
after7 rolls of the die?”

Up to now we have been looking at one-dimensional iteratioi,now we will look at a multi-dimensional situation. At
every stage of the game, there are exactly 9 possible sihsatyou can be on square 1, square 2, ..., square 8. At the
beginning of the game, before the rst roll, you will be on sge 1 with probability 1. After the game begins, however, all
we can know is the probability of being on various squares.

For example, after one roll there isla6 chance of being on squares 2, 3, 4, 5, 6, and 7, and no chaneigfdn squares
1 or 8, et cetera.

We can, however, easily write down the probability of moviram square to squarg on a roll. For example, the chance
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of moving from square 1 to square 41s6. The probability of moving from square 4 to itselfds6 = 2=3, since only
rolls of 1 or 2 will advance the marker. Rolls of 3, 4, 5 or 6 requmpossible moves, beyond the end of the board. We can
arrange all those probabilities in a matrix that looks lilkist

0 1

<

1
[eNeoNoNoNoNoNeoNoNe)
[cNoNoNeoNeoNoNeNololy
[eNoNeoNeoNeoNoNol oyl
O O O O OoFoalFal-
O O O OYroroIFaIFaI-
O O oNFOIFTIFoIFTlFoI-
O oWINTIFIFoIFoIRol-ol =
O U RO RO RO RO O = O
olRoFolFoIFoIFoIR O O

o
(=Y

The number in row and columrj is the probability of moving from squareto squarg in a single roll. We have put &
in row 8, column 8, since if the game is over, it stays over.

As we stated earlier, all we can know is the probability otigetto various squares after a certain number of rolls. At an
stage there is a probability of being on square 1, 2, 3, . .Wéwill write these in a row vector, and that vector, inityafat
time zero), looks like this:

Po =(1;0;0;0;0;0; 0; 0; 0):
In other words, we are certain to be on square 1.
The nice thing about the matrix formulation is that given stritbution of probabilitied® of being on the 9 squares, if we
multiply P by M (using matrix multiplication), the result will be a ne® that shows the odds of being on each square

after a roll of the die. To calculate the probabilities ofrigeon the various squares after 10 rolls, just iterate theixat
multiplication 10 times.

To show how this works, let us call the probability distrilouis after one rolP1, after two rollsP,, and so on. Here are the
numeric results:

p1 = (0;0:1666670:1666670:1666670:166667 0:166667 0:166667 0; 0)

p2 = (0;0;0:0277780:0833330:1388890:1944440:25;0:166667 0:138889)
ps = (0;0;0;0:01851850:06481480:1388890:240741 0:25463 0:282407)
ps = (0;0;0;0:0030860:02469140:08333330:197531 0:289352 0:402006)
ps = (0;0;0;0:0005140:00874490:04629630:1502060:292567 0:501672)
ps = (0;0;0;0:0000860:00300070:02469140:1093960:2780990:584727)
pr = (0;0;0;0:0000140:00101450:01286010:0775600:2546120:653939)

If we look at the last entry ip;, we can conclude that after 7 rolls, there is a slightly vettan65% chance that the game
will be over.

Note that this game is incredibly simple, but much more cacaptd situations can be modeled this way. For example,
imagine a game where some of the squares are marked, “Gd"t@jdiGo forward 4 steps”. All that would be affected
would be the numbers in the arrly. For a board with 100 positions, the array wouldll®® 100, but the idea is basically
the same.
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Suppose you are designing a board game for very young childfeu would like to make sure that the game is over in
fewer than, say, 50 moves, so you could simply make an arraggmonding to a proposed board, iterate as above, and
make sure that the game is very likely to be over in 50 moves.

13 Final Beautiful Examples

13.1 Newton's Method for Complex Roots

In Section 8 we learned how Newton's method can be used toheddots of functions as long as we are able to calculate
the slopes of the functions at any point on the curve. In thil section, we are going to do the same thing, but instead of
restricting ourselves to the real numbers, we are goingeh smots in the complex plane.

We will use Newton's method to nd the roots af = 1 — in other words, we will nd the cube root df. On the surface
this seems silly, because isn't the cube root efqual tol? Well, it is, but it turns out that has three different cube roots.
Here's why:

x2 1=(x D2+ x+1):

If we set that equal to zero, we get a root if eitiier 1 = 0 orif x>+ x +1 = 0. The rst equation yields the obvious root
X =1, but the second can be solved using the quadratic formulbtearotwo additional roots:

B Ea- BN T |
- 2 2
wherei is the imaginaryp ~ 1. If you haven't seen this before, it's a good exercise to cobih of those results above to
verify that the result in both casesls

If you plot the three roots, they lie on an equilateral triengentered at the origin.

Since we will be working with complex numbers, we will chartbe variable names to be in termsainstead ofx. This
is not required, but it is the usual convention, and it camstaeminds us that the variables are not necessarilyicestrto
be real numbers.

As we derived in Section 8, K is an initial guess for the cube root, the next approximatigncan be obtained as follows:

S = 223+ 1
1= 2
3z

(Actually, this is not exactly the same, since we are trymgitd the cube root ofl instead of2 as we did in the previous
section, but the only difference is that the constaint that section is replaced bylahere.)

The other difference, of course, is that we want to allgvandz; to take on complex values instead of just real ones. The
calculations are a bit messy, but straightforward (see AgdpeA for details). As an example, consider performing the
iteration above when the initial value:8 + :4i:

Zo = 0:9+0:4i

z; = 0:830276+ 00115917
z; = 1:03678 0:00576866
z3 = 1:00126 0:000395117
z4 = 1:0000Q :000000993b
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It is fairly clear that the sequence above converges to thiezre 1. Let's try one more, beginning at1 + i:

Zo = 1.0+ 1:0i

z; = 0:666667 + 0833333
z, = 0:508692 + 08411

z3 = 0:49933 + 0:866269
Z; = 0:5+0:866025

Itis clear that this one convergesze ( 1+ P 3i)=2= :5+ :866025.

What makes Newton's method in the complex plane interessitizat many initial values lead to multiple interesting josn
around the plane before they converge to one of theﬁo_otsacm if we look at every point in tht}gJ plane and color it red if
it converges tdl, color it green if it converges t6 1 3)=2 and blue if it converges tp 1+ 3)=2, then the region
around the origin (1:6 x;y  1:6) would be colored as in the following illustration. These #re domains of attraction

in the complex plane for Newton's method applied to this polyial. The white dots in the red, green and blue regions
represent the three roots of the equatidn 1 = 0.
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Just because it's another pretty picture, here is anothagémwvhich corresponds in exactly the same way as the previous
one to the use of Newton's method to solve the equatfon 1 = 0. This time there are four rootd;, 1,i and i, and
the colors correspond to regions of input values that wilrdually converge to those roots.
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Finally, here's exactly the same thing, but solutiongdf 1 =0:

13.2 The Mandelbrot Set

Newton's method iteratively applies a function to attengpitbnverge on a root, but other sorts of iteration can lead to
different artistic results. One of the most famous is catlleiMandelbrot set.

The de nition of the Mandelbrot set is simple. Consider thadtion:f (z) = z? + ¢, wherez andc are complex numbers.
For any particular xedc, we consider the iterates:© (0), f M (0), f @ (0), f © (0), .... In other words, iterated the
functionf beginning with the valu®. If the absolute value of ever gets larger thaP, successive iterates bffrom then
on increase in size without bound. Another way to say thdtasthe iterates “diverge to in nity”.

Thus the series of iterates will always diverggijf> 2, but for some values afthis divergence does not occur. An obvious
example isc = 0, in which casd (") (0) = 0, but there are a lot of others. For example, if wedet 0:3 + 0:3i, then the
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rst few iterations, beginning with zero, yield:

f @) = 0:00000+0:00000
fW©) = 0:30000+0:30000
f@(©0) = 0:30000+0:48000
f&©0) = 0:15960+ 0:58800
f @ (0) 0:02027 + 0148769
f ®(0) 0:06257 + 0.28023

The sequence above wanders around for a long time, but elgntonverges t®:143533 + 0420796, which you can
check to be a solution fdr(z) = z, whenc=0:3 + 0:3i.

The Mandelbrot set is simply the set of complex numlegfier which the series of iterates 6f beginning at zero, do not
diverge. The following is an illustration of the Mandelbsdt in the complex plane, where the members of the set itself
are drawn in black. The somewhat artistic blue outline ofMandelbrot set is an indication of how quickly those points

diverge. The ones that diverge the slowest (and are, in sensesclosest to the boundary of the Mandelbrot set) aréguhin
in the brightest color.
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A lterates for Newton's Method

To iterate the function representing Newton's method ferghlution in the complex plane of the equattin

must be able to compute:

wherez, is given.

We writezg = X + yi, wherex is the real part oy andy is the imaginary part. Then we have:

The fraction above has the form:

5 = 223+ 1
1= 2
3z§

2 2(x + yi)3+1
3(x + yi)?
2 2x3+3x%yi  3xy? 3yd)+1
3(x2+2xyi  y?)
2 (2x3  Bxy2+1)+ (6 x2y 2yd)i

(3x?  3y?)+ (6 xy)i

a+ bi
c+di’

Z) =

wherea=2x° 6xy2+1,b=6x%y 2y3 c=3x? 3y?andd=6xy.We have:

, _atbi _ (a+bi(c di)
Y7 c+di ~ (c+di)c di)
5 = (ac+ bd + (bc ad)i
s (+ @)
2 ac+ bd bc ad .
2+ 2 2+ 2

1=0,we

and the nal line shows us how to calculate the real and imagiparts ofz; in terms of the real and imaginary partszgf

Let's illustrate this withzg = 1 + i which was an example in Section 13. We have 1andy = 1. We then have:

_( 2+6+1)+(6 2)i
- 3 3) 6

Z;

Soa=5,b=4,c=0andd= 6, yielding:

which is what we obtained earlier.
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