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The matrix projectionsand transformationsin standardcomputergraphicslibraries
(suchas OpenGL)provide enoughflexibility for most people,but somedevelopers
requirenon-standardmatrixoperations,andneedto know moreaboutthemathematics,
which turnsout to be(real)projectivegeometry.

The calculationsare simple, but may appearmysteriousor even somewhat magical
the first time through. What in the heck is the w coordinate?Whereon earthdid
the formula for perspective comefrom? A completede-mystificationrequiresboth
a knowledgeof the calculations(a left-brain task),andsomegoodgeometricmental
imagesfor yourright brain.Thisarticlerelatesthecalculationsto agoodmentalmodel
of projectivegeometry.

With a goodmentalpicture,it’s not hardto answerquestionslike these:� Is thereany way to discoverthelocationof theviewing-positionaftertransform-
ing thescenewith amatrix?� I setmynearclippingplaneto0.0000001andmy farclippingplaneto1000000.0.
Why aremy picturessohorrible?� How canI constructa rotationmatrixaboutanarbitraryaxis?� What’stheformulafor atransformationthatdoes2-pointperspective(theOpenGL
perspective()commandis 3-pointperspective).� I needa shearingtransformation.How do I do it?

1 Projective Geometry

Projective geometryis not the sameasEuclideangeometry, but it is closelyrelated.
Thisarticleconsiders2 and3 dimensionalprojectivegeometry. Since(asin Euclidean
geometry)it’seasierto visualizethingsin 2 dimensions,we’ll begin with 2D projective
geometry. Besides,it’smucheasierto draw thepictures.

Herearetwo postulatesfrom 2D Euclideangeometry:� Every two pointslie on a line.� Every two lines lie on a point, unlessthe linesareparallel,in which case,they
don’t.
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In 2D projectivegeometry, they arereplacedby:� Every two pointslie on a line.� Every two lineslie on apoint.

That’sbasicallythewholedifference.How canwe visualizeamodelfor sucha thing?
Themodelmustdescribeall thepoints,all thelines,whatpointsareonwhatlines,and
soon.

The easiestway is to take the pointsand lines from a standard2D Euclideanplane
andaddstuff until theprojective postulatesaresatisfied.Thefirst problemis that the
parallellinesdon’t meet. Lines thatarealmostparallelmeetway out in thedirection
of thelines,sofor parallellines,adda singlepoint for eachpossibledirectionandadd
it to all theparallellinesgoingthatway. You canthink of thesepointsasbeingpoints
at infinity—at the “ends” of the lines. Note that eachline includesa singlepoint at
infinity—the north-southline doesn’t have botha northandsouthpoint at infinity. If
you “go to infinity” to thenorthandkeepgoing,youwill find yourselfloopingaround
from thesouth.Projective linesform loops.

Now takeall thenew pointsat infinity andaddasingleline at infinity goingthroughall
of them. It, too, formsa loop thatcanbeimaginedto wraparoundthewholeoriginal
Euclideanplane.Thesepointsandlinesmakeup theprojectiveplane.

You might make a mentalpictureasfollows. For somesmall configurationof points
andlinesthatyou areconsidering,imaginea really largecircle centeredaroundthem,
solargethatthepartof thefigureof interestis likeadot in its center. Now any parallel
lines thatgo throughthat “dot” will hit the largecircle very closetogether, at a point
thatdependsonly on their direction.Justimaginethatall parallellineshit thecircle at
thatpoint. Thatis the“line at infinity”.

Checkthe postulates.Two pointsin the Euclideanplanestill determinea singlepro-
jective line. Onepoint in theplaneanda point at infinity determinetheprojective line
throughthe point andgoing in the givendirection. Finally, the line at infinity passes
throughany two pointsat infinity.

How aboutlines? Two non-parallellines in the Euclideanplanestill meetin a point,
andparallellineshave thesamedirection,someetat thepoint at infinity in thatdirec-
tion. Every line on the original planemeetsthe line at infinity at the point at infinity
correspondingto theline’sdirection.

Note:Theprojectivepostulatesdonotdistinguishbetweenpointsandlinesin thesense
thatif yousaw themwritten in a foreignlanguage:� Every two glorphslie on a smynx,� Every two smynxeslie on a glorph,

thereis no way to figureout whethera smynxis a line anda glorphis a point or vice-
versa. If you take any theoremin 2D projective geometryandreplace“point” with
“line” and“line” with “point”, it makesa new theoremthat is alsotrue. This is called
“duality”—seeany text on projectivegeometry.
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2 Homogeneous Coordinates

Sowe’ve got a nicementalpicture—how do we assigncoordinatesandcalculatewith
it? The answeris thatevery triple of real numbers

� ��� ��� �
	
except

� � � � � � � � � � � � 	
cor-

respondsto a projective point. If
�

is non-zero,
� �� ��� ��	

correspondsto the point� ��� ��� ��� �
	
in the original Euclideanplane;

� �� ��� � � � 	
correspondsto the point at in-

finity correspondingto the directionof the line passingthrough
� � � � � � � � 	

and
� �� � 	

.
Generally, if � is any non-zeronumber, the homogeneouscoordinates

� �� ��� ��	
and� � �� � ��� � ��	 representthesamepoint.

It’ sa bit disturbingthatthesameprojectivepoint canberepresentedin many different
ways. For example,

� � � � � � 	
,
� � � ��� � 	

, and
� ��� � � �
� � � ��� � 	

all refer to the Euclidean
point
� � � � 	

. Don’t panic,however; you’ve seenthesamekind of thing beforein third
grade—thefractions

� � �
,
� � �

, and � � � � � � all representthesamenumber. Justaswe
usuallyusethefractionreducedto lowestterms,weusuallyuseprojectivecoordinates
with w equalto

� � �
whenthat’spossible.

Sinceprojective pointsandlinesarein somesenseindistinguishable,it hadbetterbe
possibleto giveline coordinatesassetsof threenumbers(with at leastonenon-zero).If
thepointsarerow vectors(asin theOpenGL),thelineswill becolumnvectors(written
with a “ � ” exponentthat represents“transpose”),so

� ��� � � � 	 �
representsa line. The

point � � � �� ��� ��	 lies on the line !"� � ��� � � � 	 � if
� �$#%� �&#'� � � � . In the

Euclideanplane,thepoint
� ��� � 	

canbewritten in projective coordinatesas
� ��� ��� � � � 	

,
so the condition becomes

� �$#%� �&#'� � � —high-schoolalgebra’s equationfor a
line. Theline passingthroughall thepointsat infinity hascoordinates

� � � � � � � � � � � � 	 �
.

As with points, for any non-zero� , the line coordinates
� ��� � � � 	 �

and
� � ��� � � � � � 	 �

representthesameline.

In matrix notation,the point � lies on the line ! if andonly if �(!)� � . If we had
chosento representlinesascolumnvectorsandpointsasrow vectors,thatwouldwork
fine, too. It hasto work becausepointsandlinesaredualconcepts.

3 Projective Transformations

Projectivetransformationstransform(projective)pointsto pointsand(projective)lines
to linessuchthat incidenceis preserved. In otherwords,if � is a projective transfor-
mationandpoints � and * lie on line ! then ��+ �(, and ��+ *�, lie on ��+ !-, . Similarly,
if lines ! and . meetat point � , thenthe lines ��+ !/, and ��+ .', meetat the point��+ �(, .
The reasonprojective transformationsare so interestingis that if we usethe model
of the projective planedescribedabove wherewe’ve simply addedsomestuff to the
Euclideanplane,theprojectivetransformationsrestricedto theEuclideanplaneinclude
all rotations,translations,non-zeroscales,and shearingoperations. This would be
powerful enough,but if we don’t restrict the transformationsto the Euclideanplane,
theprojectivetransformationsalsoincludethestandardprojections,includingthevery
importantperspectiveprojection.
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Rotation,translation,scaling,shearing(andall combinationsof them)maptheline at
infinity to itself, althoughthepointsonthatline maybemappedto otherpointsat infin-
ity. For example,a rotationof 5 degreesmapseachpointat infinity correspondingto a
directionto thepointcorrespondingto thedirectionrotated5 degrees.Puretranslations
preservethedirections,soa translationmapseachpointat infinity to itself.

Thestandardperspectivetransformation(with a 0 1 2 field of view, theeyeat theorigin,
andlooking down the 3 -axis)mapstheorigin to thepointat infinity in the 3 -direction.
Theviewing trapezoidmapsto asquare.

Every non-singular46574 matrix (non-singularmeansthat the matrix hasan inverse)
representsa projective transformation,andevery projective transformationis repre-
sentedby a non-singular4�5$4 matrix. If 8 is sucha transformationmatrix and 9 is
a projectivepoint, then 9�8 is thetransformedpoint. If : is a line, 8<;�= : represents
the transformedline. It’s easyto seewhy this works: if 9 lies on : , 9�:?>"1 , so9�8'8<;�= :@>A1 , so B 9(8'C B 8<;�= :/C->A1 . Thematrix representationis not unique—as
with pointsandlines,any constantmultiple of a matrix representsthesameprojective
transformation.

Combinationsof transformationsarerepresentedby productsof matrices;a rotation
representedby matrix D followed by a translation(matrix E ) is representedby the
matrix D
E .

A (2D) projectivetransformationis completelydeterminedif youknow theimagesof 4
independentpoints(or of 4 independentlines).This is easyto see,sincea 4(5F4 matrix
hasninenumbersin it, but sinceany constantmultiple representsthesametransforma-
tion, therearebasically8 degreesof freedom.Eachpoint transformationthatyou lock
down eliminates2 degreesof freedom,sotheimagesof 4 pointscompletelydetermine
thetransformation.

Let’s look at a simpleexampleof how this canbe usedby deriving from scratchthe
rotationmatrix for a G H 2 rotationabouttheorigin. Theorigin mapsto itself, thepoints
at infinity alongthe I and 3 axesmapto pointsat infinity rotatedG H 2 , andthe pointJ K L K M

mapsto
J 1 L N O M . Seefigure4

If D is theunknown matrix:J 1 L 1 L K M DP>RQ = J 1 L 1 L K MJ K L 1 L 1 M DP>RQ S J N O L N O L 1 MJ 1 L K L 1 M DP>RQ T J U N O L N O L 1 MJ K L K L K M DP>RQ V J 1 L N O L K M
The Q = L W W W�L Q V canbe any constantssinceany multiple of a projective point’s coor-
dinatesrepresentsthe sameprojective point. 8 hasbasically8 unknowns,so those
8 plus the4 Q X ’s make 12. Eachmatrix equationrepresents3 equations,so thereis a
systemof 12 equationsand12 unknownsthat canbe solved. The computationsmay
beugly, but it’sastraight-forwardbrute-forcesolutionthatgivestherotationmatrixas
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any multiple of:

Y%Z [\^] _ ` _a] _ ` _cbd ] _ ` _ ] _ ` _cbb bfe
gh

There’s nothingspecialaboutrotation. Every projective transformationmatrix canbe
determinedin thesamebrute-forcemannerstartingfrom theimagesof 4 independent
points.

We illustratewith thedeterminationof the(2D) perspective transformation(seefigure
3). We wantto maptheshadedtrapezoidalareainto thesquarewith cornersi d e j d e k
and i e j e k . Theunknown projectionmustsatisfy:

i b j b j e k l ZRm n i b j e j b ki b j o/j e k l ZRm p i b j d e j e ki q j q j e k l ZRm r i d e j e j e ki e j b j b k l ZRm s i e j b j b k
Thesamebrute-forcecalculationgives

l
as(any multipleof):

l Z [\ e b bb d(t qFu o�v ` t q d o�v d ebw_ q o` t q d o�vxb
gh

ThreeDimensionalProjectiveSpace

3D projective spacehasa similar model. Take 3D Euclideanspace,add points at
infinity in every3-dimensionaldirection,andadda planeat infinity goingthroughthe
points. In this casetherewill alsobean infinite numberof linesat infinity aswell. In
3D, pointsandplanesaredualobjects.

Projective transformationsin 3 dimensionsareexactlyanalogous.Pointsarerepresen-
ated4-tuplerow vectors: i y j z�j {�j |
k , andplanesby columnvectors: i } j ~ j � j � k � . Any
multiple of a point’s coordinatesrepresentsthesameprojective point. A point

l
lies

on a plane� if
l � Z b . All 3D projective transformationsarerepresentedby �F�6�

non-singularmatrices.

In 3 dimensions,the imagesof 5 points(or planes)completelydeterminea projective
transformation.(A �6��� matrix has16 numbers,but 15 degreesof freedombecause
any multiple representsthe sametransformation.Eachpoint transformationthat you
nail down eliminates3 degreesof freedom,so the imagesof 5 independentpoints
completelydeterminethetransformation.)

Thebrute-forcesolutionhas20 equationsand20 unknowns(therewill be5
m �

’s in ad-
dition to the15unknowns),andalthoughthesolutionis time-consuming,it is straight-
forward.

Thecalculationcanbesimplified.Supposeyou wanta transformationthattakes
l n

to
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���
, ..., and ��� to

� � . Let � ���P� � � � � � � � �� � �P� � � � � � � � �� � �P� � � � � � � � �� � �P� � � � � � � � ��
� �P� � � � � � � � �

Find thetransformationP thattakes �� to
�
� andthetransformationQ that takes

� � to�
� . Becauseof all the zeroes,thesearemucheasierto work out. The transformation

youwantis � ��� � .
4 Using the Mental Model

Let’s concludeby takinganotherlook at thequestionsfrom thefirst section.

Perspective projectionsmap the eye point to infinity, so if you know the projection
matrix andwant to find the eye point, find the point that mapsvia the projectionto
infinity in the � -direction.

If you’re wonderingaboutthe bizarreeffectsof widely spacednearandfar clipping
planes,look athow muchstrechingoccursbetweentheorigin and.0000001.

Constructionof thethreeprojectionsis simply a matterof listing 5 independentpoints
andtheir imagesandcalculatingthematrix by bruteforce.

The morewaysyou have to look at a mathematicalconcept,the betteryou will un-
derstandit. Perhapsthe mentalimagesheremay provide you with someadditional
insight.
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