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1 A Guide for the Math Circle Leader

There is plenty of material in this document to lead a two-hour math circle for pre-university students
or teachers. In fact, there is probably far too much, but this will allow you to go in different directions,
depending on the interests of the class. If less time is available, it is easy to choose a subset that will fill
the time available.

The participants should know how to calculate with fractions and decimals (including how to do long
division) and need not know anything about irrational numbers. In fact, all the examples use fractions and
decimal expansions of positive rational numbers between zero and one.

Here is a list of the available topics, arranged in an order that will work for a math circle:

• How to introduce a session. (Section 2)
• What is a (terminating) decimal? (Section 3.1)
• What is a repeating decimal? (Section 3.2)
• How to convert a fraction to a decimal. (Section 4)
• Why do fractions always produce repeating decimals? (Section 4)
• How to convert a terminating decimal to a fraction. (Section 5)
• How to turn a repeating decimal to a fraction. (Section 5)
• What is with 1/81? (Section 7)
• Other examples of interesting decimal expansions. (Section 7)
• What is the cycle length of a fraction’s decimal expansion? (Section 8)
• Which fractions produce terminating decimals? (Section 8.1)
• Why do some fractions produce an initial non-repeating part? (Section 8.1)
• What is the decimal form of fractions that do not terminate? (Section 8.1)
• Cyclic numbers (Section 9)
• Artin’s conjecture (Section 9.1)
• Midi’s theorem (Section 9.2)
• What about non-base-10 systems? (Section 10)

If you wish to find many digits of a decimal expansion, an inexpensive way to do so is with the iOS
or Android application called “WolframAlpha.” To get 400 decimal digits of the fraction 8/997 using
WolframAlpha type in the command:

N [8/997, 400]

2 Introducing a Session

If you divide 1 by 81, you will find that 1/81 = .012345679012345679 . . .. There is a beautiful pattern,
but then instead of going “789”, it jumps directly from 7 to 9, and then starts repeating. Is this a miracle?
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Are there any other cool patterns? Can we find other fractions with interesting decimal expansions? Is
there anything special about those sorts of fractions?

It is nice to do the division above by hand (start high on the blackboard and don’t waste space since you’ll
need to go through at least ten division steps). Continue until the first two or three digits repeat.

This is a good time to point out that the decimal digits have to repeat since we are doing exactly the same
division step that we did at the beginning so the same results will have to follow.

Optional: Make copies of Appendix A which lists 100 digits of the decimal expansions of fractions
having the form 1/n, where 2 ≤ n ≤ 60. Have the students look for patterns and see what they come up
with.

Optional: Have the class do the division 1/89 (using a calculator, if they like, or using a copy of the
appendix referenced above), and see if they recognize the first few digits (which are 0, 1, 1, 2, 3, 5). These
are the first six Fibonacci numbers, but then there’s a similar problem that we obtain a 9 instead of an 8
for the next one.

Optional (more difficult): Figure out how to use a calculator (or the phone app WolframAlpha) to obtain
lots of decimal places for 1/9899. The result is again the first few examples of the Fibonacci numbers,
but taken two digits at a time. Small spaces appear in the decimal below to show the individual numbers:
.00 01 01 02 03 05 08 13 . . ..

At this point, mention some of the topics that will be covered in the session, probably mostly chosen from
the list that appears in Section 1. These ideas need to be understood before we can completely understand
how to generate interesting decimals like 1/81 or 1/9899.

It might include something like this:

• Some fractions come out even when expressed as a decimal: 1/2 = 0.5 and 1/5 = 0.2, for
example. Others repeat forever: 1/3 = 0.3333 . . . or 1/7 = .142857142857 . . . Some only repeat
after a while: 1/6 = .16666 . . .

• Why do they repeat? Do decimals have to repeat? What is meant by 1 = .9999 . . .? How can you
find the fraction corresponding to an infinite decimal or the decimal expansion of a given fraction?
How much, if any, of this is caused by the fact that we have ten fingers (work in base 10)?

• How do you convert a fraction to a decimal? A decimal to a fraction? What if the decimal is
repeating?

3 What is a Decimal Number?

The the part of a decimal number that sits to the right of the decimal point can have various forms:

• It can come out exactly, as: 1/4 = 0.25, where we could also write it as 1/4 = 0.25000 . . ., where
the (infinite) number of zeroes indicate that there is nothing more to the value1.

• It can repeat right from the decimal point, as: 1/11 = 0090909 . . ., where the “09” repeats forever.

• It can have a non-repeating part followed by a repeating part, as in: 1/6 = 0.16666 . . ., where the
“6” repeats forever.

• It can never repeat and never terminate. These are always irrational numbers (non-fractions), and
they will not be treated in this article.

1In the sciences, the number of digits printed indicate the accuracy of a measurement, as 0.25 means that the measurement is
accurate to about .01 and a measurement of 0.250 indicates that the accuracy is accurate to .001.
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3.1 Terminating Decimals

Almost everyone knows what a decimal number means, but let’s review it quickly anyway. Every decimal
number has one of the digits from 0 through 9 in each of several positions. As you move from left to
right, the digits represent smaller and smaller values.

For example, what is the meaning of the expression “134.526”? The digits to the left of the decimal point
(“134” in this case) represent the size of the integer (whole-number) part of the number. Reading digits
from the decimal point to the left, the first represents the “one’s” place, the next, the “ten’s” place, then
the “hundred’s” place, and so on. We can rewrite the whole number 134 as:

1× 100 + 3× 10 + 4× 1,

or better, as:
1× 102 + 3× 101 + 4× 100.

The second expression is better, since we can see the progression of the exponents as we work through
the digits. Thus, the original example “134.526” represents:

1× 100 + 3× 10 + 4× 1 + 5× 1

10
+ 2× 1

100
+ 6× 1

1000
,

or better, as:
1× 102 + 3× 101 + 4× 100 + 5× 10−1 + 2× 10−2 + 6× 10−3.

the progression of the exponents continues to negative integers as we pass the decimal point.

Decimals like this are said to terminate, in the sense that after a finite number of decimal places the
number is represented exactly. Most numbers cannot be exactly represented by only a finite number of
decimal places and we’ll look at those in the next section.

3.2 Non-Terminating Decimals

The explanation above is fine for decimals that terminate, but what does it mean when the decimal expan-
sion goes on “forever”, as in 1/3 = 0.333333 . . .? This is, in fact, probably the first infinite series that
most people ever encounter, even if they don’t recognize it as an infinite series. The decimal expansion of
1/3 means this:

1

3
= 3

( 1

10

)1

+ 3
( 1

10

)2

+ 3
( 1

10

)3

+ 3
( 1

10

)4

+ · · · =
∞∑
i=1

3
( 1

10

)i

. (1)

The sum above must continue forever before it is exactly equal to 1/3. If you stop after any finite number
of terms, it is not exact. Let us, in fact, look at the errors for a few approximations:

1/3− .3 = 1/3− 3/10 = 1/30

1/3− .3333 = 1/3− 3333/10000 = 1/30000

1/3− .3333333333 = 1/3− 3333333333/10000000000 = 1/30000000000.

It is clear that the approximations are better and better, the last one above having an error of only one part
in thirty billion, but no finite approximation is exact. For a proof that the infinite decimal expansion in
Equation 1 is exactly equal to 1/3, see section 5.

A mathematician would say that the limit of the sequence:

.3, .33, .333, .3333, .33333, .333333, . . .

3



is 1/3. This means that given any error, no matter how small, after a certain point the terms in the sequence
above will all be closer to 1/3 than that specified error.

In a sense, one reason that there are common misunderstandings about infinite decimal expansions of
numbers is that to understand them completely, one needs to understand the mathematical concept of a
limit, which is usually introduced in a first-year calculus course. With that understanding, the fact that
0.999 . . . = 1 becomes clear, as well as the fact that every decimal number that terminates (“comes
out even”) in fact has two decimal expansions. For example, 1/4 = 0.25 = 0.24999 . . ., or 0.123 =
0.12999 . . ..

In fact, sometimes it is useful to think of the terminating decimals as non-terminating, but where all the
digits past a given point are zero. For example:

1/4 = 0.25 = 0.250000 . . . ,

where the repeating part is 0.

4 How to Convert a Fraction to a Decimal

To convert a fraction of the form i/j to a decimal, where i and j are whole numbers, all you need to do
is a long division where you write the numerator followed by a decimal point and as many zeroes as you
want. For example, to convert the fraction 7/27 into a decimal, begin with the long division displayed
below:

. 2 5 9 2 5

2 7 7 . 0 0 0 0 0
5 4
1 6 0
1 3 5

2 5 0
2 4 3

7 0
5 4
1 6 0
1 3 5
2 5

At each stage in the long division, the remainder will have to be less than 27, so in this case there are only
27 possible remainders: 0, 1, . . . , 26. If the remainder were 27 or more, you could have divided at least
one more 27 into it.

In the case above, the remainders are 16, 25, 7, 16, and 25. But once we are doing the division in the
part of the fraction where all the decimals in the numerator are zero, if a remainder is repeated, the entire
sequence of remainders will repeat from that point on, forever. In the case above, as soon as we hit the
remainder of 16, the next one will have to be 25 and then the next one will have to be 7, and then 16, 25,
7, 16, and so on, forever. Thus, the infinite decimal expansion becomes:

7/27 = .259259259259 . . .

Optional: Try to do the long division above, but instead of using 27 in the denominator, use 26.99999 . . ..
You had better get the same answer!

Every fraction will eventually go into a cycle like this. The example above cycles all of its digits. Other
fractions may have a non-repeating part followed by a part that repeats forever. For example, the fraction
1/6 = .1666666 . . .
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It is also interesting to note that the repeating part of any decimal expansion of a fraction has to be shorter
than the denominator. As we saw above, for example, if the denominator is 27, there are only 26 possible
remainders in the long division: 1 through 26. A remainder of 0 means it came out even, and all the
remainders have to be strictly less than 27.

In the two examples above it is pretty obvious from the “. . . ” what part repeats, but if you wish to be
mathematically precise, you can indicate the repeating part with a bar over the part that repeats. Hence:

7/27 = .259

1/6 = .16

It is interesting to make a table of the decimal expansions for the fractions with small denominators.
Here’s the list of the fractions of the form 1/n:

1/2 .5 1/12 .083 1/22 .045

1/3 .3 1/13 .076923 1/23 .0434782608695652173913

1/4 .25 1/14 .0714285 1/24 .0416

1/5 .2 1/15 .06 1/25 .04

1/6 .16 1/16 .0625 1/26 .0384615

1/7 .142857 1/17 .0588235294117647 1/27 .037

1/8 .125 1/18 .05 1/28 .03571428

1/9 .1 1/19 .052631578947368421 1/29 .0344827586206896551724137931

1/10 .1 1/20 .05 1/30 .03

1/11 .09 1/21 .047619 1/31 .032258064516129032258064516129

There are some interesting patterns to note, even with such a small table. First, the decimals terminate
(end with an infinite sequence of zeroes) exactly when the denominator is a multiple of a power of 2 and
a power of 5, such as 2 = 21, 4 = 22, 5 = 51, 8 = 23, 10 = 2151, 16 = 24 and 20 = 2251. If you
want more data, Appendix B contains the cycle lengths for fractions with denominators up to 900 and
Appendix A contains the actual initial digits for the fractions from 1/2 to 1/60.

Fractions with prime numbers as the denominator tend to have longer expansions, many of them having
length p − 1 where the denominator is the prime number p. In fact, it is also true that if n is not a prime
number then 1/n will have a repeating part that is strictly less than n− 1.

5 Converting Decimals to Fractions

If the decimal terminates, the conversion is trivial: Just divide the terminating part by an appropriate
power of 10:

.378 = 378/1000 = 189/500

.00245 = 245/100000 = 49/20000

although of course the result may not be reduced to lowest form. The appropriate power of 10 is a 1
followed by the same number of zeroes as there are in the terminating decimal expansion, including
leading zeroes.

Repeating decimals are a bit more complicated. Let’s begin with the familiar expansion:

1
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The example above (and all repeating decimals will be similar) is a geometric series. A geometric series
is one in which every term after the first is just a constant multiple of the previous term. The first term in
the expansion of 1/3 is 3/10 and each successive term is obtained by multiplying the previous term by
1/10.

If the repeating part has more than one digit, the difference is that the multiplier is no longer 1/10. For
example, the number:

.345 = .345345345 . . . = 345
( 1

1000

)
+ 345

( 1

1000

)2

+ 345
( 1

1000

)3

+ · · ·

The general form for a geometric series whose first term is a and whose ratio between terms is r is this:

S = a+ ar + ar2 + ar3 + ar4 + · · · =
∞∑
i=0

ari. (2)

if |r| < 1 then the series converges. The usual trick to find the sum S is to multiply Equation 2 by r and
then to subtract it from the original series to obtain:

S = a+ ar + ar2 + ar3 + ar4 + · · ·
−rS = −(ar + ar2 + ar3 + ar4 + · · · )

S − rS = a.

Thus S(1− r) = a, or S = a/(1− r).

In the case of the fraction 1/3 above, a = 3/10 and r = 1/10 so:

S =
3/10

(1− 1/10)
=

3/10

9/10
=

3

9
=

1

3
.

In the case of the decimal .345, we have a = 345/1000 and r = 1/1000, so:

S =
345/1000

1− 1/1000
=

345/1000

999/1000
=

345

999
=

115

333
.

Exactly the same idea can be applied to decimals that repeat after an initial non-repeating part except that
we need to treat the non-repeating and repeating parts differently. For example, to show that the decimal
0.166666 . . . is 1/6, notice that we have

.1666 . . . = .1 + .0666 . . . =
1

10
+

6

100
+

6

100

( 1

10

)
+

6

100

( 1

10

)2

+
6

100

( 1

10

)3

+ · · · .

Thus it is the sum of 1/10 and a geometric series with a = 6/100 and r = 1/10:

.1666 . . . =
1

10
+

6/100

1− 1/10
=

1

10
+

2

30
=

5

30
=

1

6
.

A very similar trick can be used to convert any non-terminating decimal to a fraction. For example, what
is the fractional form for

.345752375237523 . . . = .3457523 ?
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The arithmetic is a bit ugly, but this is just:

.3457523 =
345

1000
+

7523

10000000
+

7523

10000000

( 1

10000

)1

+
7523

10000000

( 1

10000

)2

+
7523

10000000

( 1

10000

)3

+ · · ·

=
345

1000
+

(7523/10000000)

(1− 1/10000)
= 1728589/4999500.

You may have noticed that there is a trick that can be used with any decimal that repeats from the decimal
point. To obtain the fraction, take the repeating part and divide it by a number with the same number of
digits, but all of which are 9. For example, to convert .123 to a fraction, the repeating part is three digits
long, so the fraction is 123/999 = 41/333. Can you see why this always works?

6 Why is .99999 . . . = 1?

Many people are disturbed by the fact that the repeating decimal .9 = .99999 . . . is equal to 1. According
to our conversion trick, the repeating part is just 9, so the decimal should be equal to 9/9 = 1.

It is also clear that the sum of the infinite series:

9

10
+

9

100
+

9

1000
+

9

10000
+ · · ·

is 1, since from Equation 2 we obtain a = 9/10 and r = 1/10, so a/(1− r) = 1.

The ugly truth is that decimal expansions in our base-10 system are not unique. There are sometimes two
different ways to represent the same fraction with different decimal expansions. There is nothing unique
about the apparent problem that .999 . . . = 1. The same thing occurs infinitely often: .3499999 . . . = .35,
.11199999 . . . = .112, et cetera. On the other hand, the only time this occurs is when one of the two
versions of the decimal expansion terminates.

If you think about the series .999 . . . as the limit of the series:

.9, .99, .999, .9999, .99999, . . .

it is easy to see errors that differ between these numbers and 1 are:

.1, .01, .001, .0001, .00001, . . .

which obviously get as close to zero as did the errors from 1/3 as we looked at more and more 3’s in the
expansion .333 . . ..

This problem is not unique to base 10; if you are working in base 8, the number 1 has two “octal”
expansions: 1.0000 . . . and 0.7777 . . ., et cetera.

7 What’s with 1/81 = .012345679 . . . ?

We will examine the title question later. Let us begin with a couple of easier examples.

We learned in Section 5 how to sum a geometric series and we can use that trick to make a couple of other
interesting fractions. As the first example, consider the decimal expansion that begins like this:

D = .010204081632
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If you look at each pair of digits, each is the double of the previous set of two. But we can also write it as
a geometric series:

D =
1

100
+

1

100

( 2

100

)1

+
1

100

( 2

100

)2

+
1

100

( 2

100

)3

+ · · ·

In this series the first term, a = 1/100 and the ratio r = 2/100. Thus the sum should be:

D =
a

1− r
=

1/100

1− 2/100
=

1

98
.

And sure enough, if we divide out 1/98, we obtain:

1

98
= .0102040816326530612244897959183673469387755

The doubling pattern seems to fail immediately after the 32: we have a 65 rather than a 64 in the pattern.
But it’s easy to see why, since the next term, 128, has more than two digits, so the 1 carries over into the
next column to the left, turning 64 into 65.

You can go further with the following fraction:

1

998
= .0010020040080160320641282565130260 . . .

We’ve just written “. . . ” since this one doesn’t repeat for a while—its repeating cycle is 498 digits long.

Both the examples above are based on the fact that we know how to add up the terms in the geometric
series:

S = a+ ar + ar2 + ar3 + · · · = a

1− r
. (3)

The examples use values of r that have some power of 10 in the denominator and (usually) small integers
in the numerator. If you understand this, it should be easy to find the fraction that corresponds to this
decimal expansion:

.000100030009002700810243 . . . ,

where the numbers in the expansion start out looking like powers of 3. (The answer here is 1/9997. It may
be interesting to note a pattern and look at expansions of numbers like 1/9996, 1/9999997, et cetera.)

But there are other series we know how to add. For example2:

r + 2r2 + 3r3 + 4r4 + · · · = r

(1− r)2
. (4)

If r = 1/10, this formula gives:

.1 + .02 + .003 + · · · = .123 . . . = 10/81.

If you divide by ten, you obtain 1/81 = .012345679 . . . The decimal jumps from 7 to 9 because of carries
that occur when the terms with 10 and above are added in.

Another way to see what is going on is to note that 1/81 = 1/9 · 1/9. We know the decimal expansion of
1/9: 1/9 = .11111 . . .. Try using standard longhand multiplication of 1/9 by itself using the following
decimal approximation: 0.111111111111. (It is not hard, and it makes the result obvious.)

2This formula can be obtained from the formula for the geometric series (Equation 3) by setting a = 1 and then taking the
derivative of both sides with respect to r and multiplying the result by r. We can begin with this result and do the same sort of thing
to obtain Equation 5. But even without calculus, we can sum it. If S = r+ r2 + r3 + · · · = r/(1− r), then the sum in Equation 4
is equal to S + rS + r2S + · · · = S(1 + r + r2 + · · · ) = S/(1− r) = r/(1− r)2.
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More formulas like that above are not too hard to derive if you know a little calculus. For example:

r + 4r2 + 9r3 + 16r4 + 25r5 + · · · = r(1 + r)

(1− r)3
(5)

from which we can obtain:

100010000

999700029999
= .000100040009001600250036 . . .

As one final example, consider the Fibonacci numbers, defined as follows: F0 = 0, F1 = 1, Fn =
Fn−1 + Fn−2, if n > 1. The first few Fibonacci numbers are: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, . . ..

1

9899
= .00010102030508132134 . . .

Can you find a fraction whose value is .000001001002003005 . . .?

Here are a couple of other fractions whose decimal expansions are interesting: 1/97 and 1/243.

8 Cycle Lengths

In the rest of this paper, we will assume that the fractions we consider have been reduced to lowest terms.
In other words, the numerator and denominator have no common factors. The fraction 6/9 is not reduced
to lowest terms, since both 6 and 9 have a common factor of 3. The equivalent fraction 2/3 is reduced to
lowest terms. This reduction is easy for small numerators and denominators, but it can be a bit messy with
large numerators and denominators. There is a simple algorithm to reduce fractions, and it is explained in
Appendix D.

A very interesting question is the following. Given a fraction p/q that is reduced to lowest terms, what is
the length of the non-repeating part and what is the length of the cycle? Before reading on, you may wish
to look at the data in the table in Appendix B and look for patterns. If you do see patterns, try to prove
them.

We will show later that if p/q is reduced to lowest terms, it will have the same length non-repeating
part and repeating part as 1/q. You may wish to check this with a few examples, like 1/7 = .142857,
2/7 = .285714, 3/7 = .428571, et cetera. All have no non-repeating part and a repeating part of 6 digits.

Another example is 1/6 = .16 and 5/6 = .83. Both have a single non-repeating digit followed by a
single-digit repeating cycle.

We will prove this in Section 8.2, but this is the reason that the table in Appendix B only contains the data
for fractions of the form 1/N .

8.1 The Non-Repeating Part

The next thing to notice is the set of fractions in the list that terminate. It’s clear that at least in the
examples in Appendix B all and only those fractions with denominators of the form 2i5j terminate. This
is related to the fact that we have ten fingers and therefore work in base 10 = 2 · 5. In fact, if you look
at any terminating fraction with denominator 2i5j , the number of digits before the fraction terminates is
exactly equal to the larger of i and j.

This should be clear, since any decimal that terminates in 1, 2, or 3 places has, by definition, a denominator
of 10, 100, 1000, et cetera. So if we look, for example, at decimals that terminate after 3 places, the
fraction has the form N/1000 (or a reduced form of that), where N is a three-digit number. If N contains

9



both a factor of 5 and of 2, we could divide numerator and denominator by 10 and make it terminate in 2
digits. Thus N may have factors of 2 or may have factors of 5, but not both.

Thus 7/160 = 7/(25 · 5) should terminate after exactly 5 terms, and it does: 7/160 = .04375000 . . .

Now consider decimals with a repeating and a non-repeating part. Let’s just consider an example, and it
should be clear how to do a formal proof from the example. What is the fraction that has the expansion:
.2176543? Write it like this:

.2176543 =
217

1000
+

1

1000
· 6543
9999

.

In this case it’s obvious that there will be a denominator of the final fraction with at least three 2s or three
5s. But with an appropriate selection of non-repeating and cycle parts, could we have some cancellation?
For example, how about .250750? This would be:

.250750 =
250

1000
+

1

1000
· 750
999

.

We can divide 10 out of the numerator and denominator of both parts, and only have a fraction of 100,
guaranteeing a non-repeating part of only two digits. What’s wrong?

Well, here’s what’s wrong: we did not write the original decimal in its simplest form:

.250750 = .25075,

so it really has only a two-digit non-repeating part.

In any case, with a little thought it should be clear that any decimal that repeats after an initial non-
repeating part of k digits must contain at least 2k or 5k in the denominator, and no powers of 2 or 5
greater than k.

Optional: There is an easy way to convert fractions that have a non-repeating as well as a repeating part.
Depending on the strength of the members of the circle, either ask them to find the underlying pattern, or
to provide a formal proof. Here are a few examples:

.137 = (137− 1)/990 = 136/990

.12372 = (12372− 123)/99000 = 12249/99000

.1235 = (1235− 123)/9000 = 1112/9000

.13472 = (13472− 13)/99900 = 13459/99900

.112357166 = (112357166− 1123)/999990000 = 112356043/999990000.

Here is the pattern, and a formal proof of the pattern:

Let the repeating decimal have this form where there are f fixed digits and r repeating digits. The di and
Di stand for a digit each:

x = 0.d1d2 . . . dfD1D2 . . . Dr.

The pattern is this:

x =
d1d2 . . . dfD1D2 . . . Dr − d1d2 . . . df

99 . . . 900 . . . 0
,

where there are r 9’s and f 0’s in the denominator. Here is a more formal way to write it:

x =
(d1d2 . . . df )10

r +D1D2 . . . Dr − d1d2 . . . df
(10r − 1)10f

=
(10r − 1)(d1d2 . . . df ) +D1D2 . . . Dr

(10r − 1)10f
.
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Using our standard method (breaking up the decimal into a repeating and non-repeating part and adding
the fractions corresponding to those) we obtain:

x =
d1d2 . . . df

10f
+

1

10f
· D1D2 . . . Dr

10r − 1

=
(d1d2 . . . df )(10

r − 1)

10f (10r − 1)
+

D1D2 . . . Dr

10f (10r − 1)

=
(10r − 1)(d1d2 . . . df ) +D1D2 . . . Dr

(10r − 1)10f
,

which is exactly the same as the result above.

8.2 Repeating Cycle Length

If we look over a bunch of examples in Appendix B, we can find still more patterns. Since we know how
to deal with factors of 2 and 5 in the denominators, let’s ignore those and look only at denominators that
are prime numbers or products of primes other than 2 and 5. Here are a few interesting patterns:

1. Many fractions whose denominator is a prime number p have cycles of length p− 1.

2. All fractions whose denominator m is not a prime have cycles of length strictly less than m− 1.

3. All fractions whose denominator is a prime number p have cycles whose length divides p− 1.

4. There seems to be some sort of relationship between the lengths of the cycles of the prime factors
of the denominator and the length of the cycle of the denominator, but it is hard to say what that is,
exactly.

Let’s look at a concrete example: the decimal expansion of i/13:

1/13 .076923 4/13 .307692 7/13 .538461 10/13 .769230

2/13 .153846 5/13 .384615 8/13 .615384 11/13 .846153

3/13 .230769 6/13 .461538 9/13 .692307 12/13 .923076

The first thing we notice is that the fractions with numerators 1, 3, 4, 9, 10 and 12 have the same series of
digits in the cycle, but rotated by different amounts. Similarly for the ones with numerators 2, 5, 6, 7, 8
and 11.

Now look at all the values of 10 (mod 13), 102 (mod 13), 103 (mod 13), and of 2 · 10 (mod 13),
2 · 102( mod 13) et cetera. (See Appendix C if you are unfamiliar with the “mod” function.)

100 (mod 13) 1 2 · 100 (mod 13) 2

101 (mod 13) 10 2 · 101 (mod 13) 7

102 (mod 13) 9 2 · 102 (mod 13) 5

103 (mod 13) 12 2 · 103 (mod 13) 11

104 (mod 13) 3 2 · 104 (mod 13) 6

105 (mod 13) 4 2 · 105 (mod 13) 8

106 (mod 13) 1 2 · 106 (mod 13) 2

Finally, consider the two long divisions that produce the decimal expansions of 1/13 and 2/13. The
remainders in the division of 1 by 13 are: 1, 10, 9, 12, 3, 4, and finally, 1, where the cycle begins again.
These are exactly the values of 10i mod 13 in the previous table. A similar result holds for the remainders
when 2 is divided by 13. Do you see why this must be true?
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. 0 7 6 9 2 3

1 3 1 . 0 0 0 0 0 0
0

1 0 0
9 1
9 0
7 8
1 2 0
1 1 7

3 0
2 6
4 0
3 9
1

. 1 5 3 8 4 6

1 3 2 . 0 0 0 0 0 0
1 3

7 0
6 5
5 0
3 9
1 1 0
1 0 4

6 0
5 2
8 0
7 8
2

In the argument that follows, we’ll be considering a denominator N which contains no factors of 2 or 5,
but if you refer to the examples above with N = 13, the argument may be easier to follow.

What we wish to prove is that if k/N is reduced to lowest terms, its cycle length is the same as the cycle
length for 1/N .

Consider the n distinct remainders 1 = r0, r1, . . . , rn−1, where rn = r0 = 1 obtained during the long
division of 1/N . If n = N − 1 then all the remainders from 1 to N − 1 must appear somewhere in the
cycle, so the long division of k/N will simply begin in the cycle at the point where ri = k and continue
with exactly the same cycle elements around a cycle of exactly the same length n = N − 1.

If n < N −1 then some of the remainders are omitted. If m is an omitted remainder and m/N is reduced
to lowest terms, then in the long division of m/N , we must obtain remainders mr0,mr1,mr2, ...,mrn−1,
all taken (mod N). Clearly the cycle repeats at this point, since mrn = m (mod N). It cannot repeat
earlier. If it did, and mr0 = mrj for j < n− 1, then r0 = rj (mod N) because GCD(m,N) = 1. This
cannot occur since rn−1 is the first time the remainders rj return to 1 (mod N). Thus every irreducible
fraction k/N has the same cycle length as the fraction 1/N .

Finally, note that if N is prime, all the fractions k/N are irreducible, so all the remainders fall into
equivalence classes determined by which cycle they are in. But all these cycles have the same length, so
the cycle lengths must divide N − 1. This is only true if N is prime, however. The cycle length of 1/14,
for example, is 6, which does not divide 13.

8.3 The General Problem

In general, what we would like to do is given a reduced fraction k/n, find the length of the non-repeating
and repeating part of its decimal expansion. In the examples below, the primes we consider do not include
2 and 5.

We know how to find the non-repeating length: if 2i and 5j are the largest powers of 2 and 5 that divide n,
then the non-repeating part has a length which is the maximum of i and j. Unfortunately, nobody knows
an easy way to find the length of the repeating part, even when n is a prime number.

Here are some partial results, where we’ll assume that the denominator of k/n is not divisible by 2 or 5,
and that k/n is reduced to lowest terms. In what follows, we’ll denote by λ(n) the length of the cycle of
the fraction k/n.

1. λ(n) = i if i > 0 is the smallest integer such that 10i = 1 mod n.

2. If p is a prime, and 0 < k < p, and the cycle length of k/p is even, then if the first half of
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the cycle is added to the last half as integers, the result is 10λ(p)/2 − 1. For example, 1/7 =
.142857, and 142 + 857 = 999 = 103 − 1. Another example: 1/17 = .0588235294117647, and
05882352 + 94117647 = 99999999 = 108 − 1.

To show this, assume that the cycle length is 2m, where m is an integer. Since the cycle length is
2m that means that 102m = 1( mod p). Then the decimal representation of k/p is:

k

p
= .d1d2 . . . d2md1d2 . . . d2md1d2 . . .

Then
10m

k

p
= d1d2 . . . dm + .dm+1dm+2 . . . d2md1d2 . . . d2md1d2 . . . ,

where N = d1d2 . . . dm is a whole number. If we add the two expressions above, we obtain:

(10m + 1)
k

p
= N + .e1e2 . . . e2me1e2 . . . e2me1e2 . . . ,

where the ei are the decimal digits obtained by adding the first and last halves of the digits in the
decimal expansion of k/p. If all the ei are equal to 9 then the sum on the right is a whole number
as well.

This will be true if (10m + 1) is a multiple of p. But we know that 102m = 1 (mod p), so
102m − 1 = (10m + 1)(10m − 1) = 0 (mod p). So p must divide (10m + 1) or (10m − 1). Note
that (10m − 1) is a series of 9’s, and if p divided that, there would be a decimal representation of
k/p with half the repeat length. Thus p divides (10m + 1) and we are done.

3. If p is prime, then the length of the cycle divides p− 1.

Suppose that the cycle length is m. Then m is the smallest positive integer such that 10m =
1 (mod p). If k is any integer such that 10k = 1 (mod p) then k must be a multiple of m. Fermat’s
little theorem tells us that 10p−1 = 1 (mod p), so m must divide p− 1.

4. If 10 is a primitive root of n, then λ(n) = ϕ(n), where ϕ is the Euler totient function. See
Appendix E for properties of the totient function, and Appendix F for the properties of primitive
roots. For example, 10 is a primitive root (mod 49) and ϕ(49) = 42 so the cycle length of 1/49 is
42.

5. λ(n) divides ϕ(n).

9 Cyclic Numbers

This section is not really about fractions and decimals, but as you will see, it is closely related.

A cyclic number is an integer of length n such that if you multiply it by all the numbers from 1 to n − 1
you get the same sequence of numbers, but rotated by some amount. (This definition can be made in any
base, but we will stick to base-10 here. Also, we will allow the n-digit number to begin with any number
of zeroes, except for all of them.)
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The simplest non-trivial cyclic number is 142857:

1× 142857 = 142857

2× 142857 = 285714

3× 142857 = 428571

4× 142857 = 571428

5× 142857 = 714285

6× 142857 = 857142

The number 142857 is the repeating part of the decimal expansion of 1/7. It turns out that if p is a prime
number other than 2 or 5, and if the repeating part of the decimal expansion of 1/p has p− 1 digits, then
that repeating part, expressed as an integer, will the a cyclic number.

It turns out that the only way to get a cyclic number is if it has length p − 1, where p is some prime
number. Not all primes work, however. Consider p = 13:

1× 076923 = 076923

2× 076923 = 153846

3× 076923 = 230769

4× 076923 = 307692

5× 076923 = 384615

6× 076923 = 461538

7× 076923 = 538461

8× 076923 = 615384

9× 076923 = 692307

10× 076923 = 769230

11× 076923 = 846153

12× 076923 = 923076

Here there are two 6-digit sequences, all of whose rotations appear. In general, this is what will happen:
the length of the repeating sequence will divide p− 1 and it will form a cyclic number only if its length is
exactly p− 1.

This will happen exactly when all the remainders of 10i ( mod p) are different for 1 ≤ i ≤ p− 1. This
is easy to see, since dividing p into 10k is effectively what we are doing when we do long division.

Let’s look at 1/17 whose repeating part is 0588235294117647.

1× 0588235294117647 = 0588235294117647

2× 0588235294117647 = 1176470588235294

3× 0588235294117647 = 1764705882352941

4× 0588235294117647 = 2352941176470588

5× 0588235294117647 = 2941176470588235

6× 0588235294117647 = 3529411764705882

7× 0588235294117647 = 4117647058823529

8× 0588235294117647 = 4705882352941176

9× 0588235294117647 = 5294117647058823

10× 0588235294117647 = 5882352941176470

11× 0588235294117647 = 6470588235294117

12× 0588235294117647 = 7058823529411764

13× 0588235294117647 = 7647058823529411

14× 0588235294117647 = 8235294117647058

15× 0588235294117647 = 8823529411764705

16× 0588235294117647 = 9411764705882352

This does form the longest possible cycle.

Here is one more thing to notice which should be obvious if we consider what we have already learned
about decimal expansions:

7× 142857 = 999999

13× 076923 = 999999

17× 0588235294117647 = 9999999999999999
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9.1 Artin’s Conjecture

Some primes p work (can be used to make a cyclic number) and some don’t here are the first few primes
that work:

7, 17, 19, 23, 29, 47, 59, 61, 97, 109.

What proportion of the primes have this property? The answer is that nobody knows, and in fact, there
may only be a finite number of cyclic numbers. However there is a lot of empirical evidence that there are
an infinite number and, in fact, that the proportion of primes that generate a cyclic number is, in the limit,
0.3739558136 . . . or about thirty seven percent. This is a pretty big gap between evidence and conjecture.
The evidence indicates that these numbers are very common, but on the other hand, there may be only a
fixed number of them. That this limit holds is called “Artin’s Conjecture.”

9.2 Midy’s Theorem

We noticed earlier that if we have a cyclic number of length p− 1 that if we divide it into two halves and
add them together, we get a number made of all 9’s. For p = 7 the cyclic number is 142857. Add the
half numbers: 142 + 857 = 999. For p = 17: 0588235294117647 becomes 05882352 + 94117647 =
99999999.

But look at this:
14 + 28 + 57 = 99.

Or this:
0588 + 2352 + 9411 + 7647 = 19998 = 2× 9999.

Or this:
05 + 88 + 23 + 52 + 94 + 11 + 76 + 47 = 396 = 4× 99.

Midy’s theorem states that if we have a cyclic number generated by a prime p, then if k divides p− 1, we
can divide the number into groups of digits that are (p− 1)/k long and we will obtain a number that is an
integer multiple of the number made of a series of (p− 1)/k copies of 9.

10 Other Bases

Everything in this document has been calculated in base-10. Similar things can be said if we are using
other bases. We won’t do much here except to show what the situation looks like in another base: base-7.
In what follows, we will indicate numbers written in base-7 with a subscript of 7. Thus, 23 = 327 means
23 in base-10 is the same as 32 in base-7.

Seven is prime, so with this base, the only fractions that come out “even” are those whose denominator is
a power of 7. (In base-10 fractions with denominators which are a product of powers of 2 and 5 come out
even.)

Similarly, if the denominator is a product of 7k and other primes, the expansion will have k digits followed
by the repeating part.

Here are some expansions of fractions in base-7. Note that the fractions and the expansions are in base-7.
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1/27 .37 1/157 .047 1/317 .02140645267

1/37 .27 1/167 .0352456314217 1/327 .02062511343646041553237

1/47 .157 1/207 .037 1/337 .027

1/57 .12547 1/217 .03167 1/347 .01657

1/67 .17 1/227 .037 1/357 .0161226505447

1/107 .17 1/237 .02611434640552327 1/367 .154632410154632417

1/117 .067 1/247 .0257 1/407 .0157

1/127 .0537 1/257 .0247 1/417 .01455367

1/137 .04627 1/267 .02317 1/427 .01437

1/147 .04311623557 1/307 .027 1/437 .0140310621543427

Referring to the previous section, we can see the repeating parts of the following expansions of numbers
are cyclic in base-7:

1/57, 1/147, 1/167, 1/237, 1/327,

so the first few cyclic numbers in base-7 are:

12547, 04311623557, 0352456314217, 02611434640552327, 02062511343646041553237.

We can show that Midy’s theorem also seems to hold in this base using 0352456314217:

0352457 + 6314217 = 6666667

03527 + 45637 + 14217 = 66667

0357 + 2457 + 6317 + 4217 = 16657 = 2× 6667

037 + 527 + 457 + 637 + 147 + 217 = 2647 = 3× 667.
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A Decimal Expansions for 1/n for 2 ≤ n ≤ 60

There are 101 decimal places for each fraction. The numbers are truncated; not rounded.
1/2 0.50000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/3 0.33333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333
1/4 0.25000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/5 0.20000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/6 0.16666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666
1/7 0.14285714285714285714285714285714285714285714285714285714285714285714285714285714285714285714285714285
1/8 0.12500000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/9 0.11111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111
1/10 0.10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/11 0.09090909090909090909090909090909090909090909090909090909090909090909090909090909090909090909090909090
1/12 0.08333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333
1/13 0.07692307692307692307692307692307692307692307692307692307692307692307692307692307692307692307692307692
1/14 0.07142857142857142857142857142857142857142857142857142857142857142857142857142857142857142857142857142
1/15 0.06666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666
1/16 0.06250000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/17 0.05882352941176470588235294117647058823529411764705882352941176470588235294117647058823529411764705882
1/18 0.05555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555
1/19 0.05263157894736842105263157894736842105263157894736842105263157894736842105263157894736842105263157894
1/20 0.05000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/21 0.04761904761904761904761904761904761904761904761904761904761904761904761904761904761904761904761904761
1/22 0.04545454545454545454545454545454545454545454545454545454545454545454545454545454545454545454545454545
1/23 0.04347826086956521739130434782608695652173913043478260869565217391304347826086956521739130434782608695
1/24 0.04166666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666
1/25 0.04000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/26 0.03846153846153846153846153846153846153846153846153846153846153846153846153846153846153846153846153846
1/27 0.03703703703703703703703703703703703703703703703703703703703703703703703703703703703703703703703703703
1/28 0.03571428571428571428571428571428571428571428571428571428571428571428571428571428571428571428571428571
1/29 0.03448275862068965517241379310344827586206896551724137931034482758620689655172413793103448275862068965
1/30 0.03333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333
1/31 0.03225806451612903225806451612903225806451612903225806451612903225806451612903225806451612903225806451
1/32 0.03125000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/33 0.03030303030303030303030303030303030303030303030303030303030303030303030303030303030303030303030303030
1/34 0.02941176470588235294117647058823529411764705882352941176470588235294117647058823529411764705882352941
1/35 0.02857142857142857142857142857142857142857142857142857142857142857142857142857142857142857142857142857
1/36 0.02777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777
1/37 0.02702702702702702702702702702702702702702702702702702702702702702702702702702702702702702702702702702
1/38 0.02631578947368421052631578947368421052631578947368421052631578947368421052631578947368421052631578947
1/39 0.02564102564102564102564102564102564102564102564102564102564102564102564102564102564102564102564102564
1/40 0.02500000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/41 0.02439024390243902439024390243902439024390243902439024390243902439024390243902439024390243902439024390
1/42 0.02380952380952380952380952380952380952380952380952380952380952380952380952380952380952380952380952380
1/43 0.02325581395348837209302325581395348837209302325581395348837209302325581395348837209302325581395348837
1/44 0.02272727272727272727272727272727272727272727272727272727272727272727272727272727272727272727272727272
1/45 0.02222222222222222222222222222222222222222222222222222222222222222222222222222222222222222222222222222
1/46 0.02173913043478260869565217391304347826086956521739130434782608695652173913043478260869565217391304347
1/47 0.02127659574468085106382978723404255319148936170212765957446808510638297872340425531914893617021276595
1/48 0.02083333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333
1/49 0.02040816326530612244897959183673469387755102040816326530612244897959183673469387755102040816326530612
1/50 0.02000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
1/51 0.01960784313725490196078431372549019607843137254901960784313725490196078431372549019607843137254901960
1/52 0.01923076923076923076923076923076923076923076923076923076923076923076923076923076923076923076923076923
1/53 0.01886792452830188679245283018867924528301886792452830188679245283018867924528301886792452830188679245
1/54 0.01851851851851851851851851851851851851851851851851851851851851851851851851851851851851851851851851851
1/55 0.01818181818181818181818181818181818181818181818181818181818181818181818181818181818181818181818181818
1/56 0.01785714285714285714285714285714285714285714285714285714285714285714285714285714285714285714285714285
1/57 0.01754385964912280701754385964912280701754385964912280701754385964912280701754385964912280701754385964
1/58 0.01724137931034482758620689655172413793103448275862068965517241379310344827586206896551724137931034482
1/59 0.01694915254237288135593220338983050847457627118644067796610169491525423728813559322033898305084745762
1/60 0.01666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666
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B Cycle Length Table for 1/1 to 1/900

Pattern: ∥Denominator|Non-repeat|Repeat∥. Example: 1/12 = .08333 . . .. Denominator is 12, the “08”
does not repeat, length is 2, the “3” repeats, length is 1. “•” signifies a terminating decimal.

1 0 • 51 0 16 101 0 4 151 0 75 201 0 33 251 0 50
2 1 • 52 2 6 102 1 16 152 3 18 202 1 4 252 2 6
3 0 1 53 0 13 103 0 34 153 0 16 203 0 84 253 0 22
4 2 • 54 1 3 104 3 6 154 1 6 204 2 16 254 1 42
5 1 • 55 1 2 105 1 6 155 1 15 205 1 5 255 1 16
6 1 1 56 3 6 106 1 13 156 2 6 206 1 34 256 8 •
7 0 6 57 0 18 107 0 53 157 0 78 207 0 22 257 0 256
8 3 • 58 1 28 108 2 3 158 1 13 208 4 6 258 1 21
9 0 1 59 0 58 109 0 108 159 0 13 209 0 18 259 0 6
10 1 • 60 2 1 110 1 2 160 5 • 210 1 6 260 2 6
11 0 2 61 0 60 111 0 3 161 0 66 211 0 30 261 0 28
12 2 1 62 1 15 112 4 6 162 1 9 212 2 13 262 1 130
13 0 6 63 0 6 113 0 112 163 0 81 213 0 35 263 0 262
14 1 6 64 6 • 114 1 18 164 2 5 214 1 53 264 3 2
15 1 1 65 1 6 115 1 22 165 1 2 215 1 21 265 1 13
16 4 • 66 1 2 116 2 28 166 1 41 216 3 3 266 1 18
17 0 16 67 0 33 117 0 6 167 0 166 217 0 30 267 0 44
18 1 1 68 2 16 118 1 58 168 3 6 218 1 108 268 2 33
19 0 18 69 0 22 119 0 48 169 0 78 219 0 8 269 0 268
20 2 • 70 1 6 120 3 1 170 1 16 220 2 2 270 1 3
21 0 6 71 0 35 121 0 22 171 0 18 221 0 48 271 0 5
22 1 2 72 3 1 122 1 60 172 2 21 222 1 3 272 4 16
23 0 22 73 0 8 123 0 5 173 0 43 223 0 222 273 0 6
24 3 1 74 1 3 124 2 15 174 1 28 224 5 6 274 1 8
25 2 • 75 2 1 125 3 • 175 2 6 225 2 1 275 2 2
26 1 6 76 2 18 126 1 6 176 4 2 226 1 112 276 2 22
27 0 3 77 0 6 127 0 42 177 0 58 227 0 113 277 0 69
28 2 6 78 1 6 128 7 • 178 1 44 228 2 18 278 1 46
29 0 28 79 0 13 129 0 21 179 0 178 229 0 228 279 0 15
30 1 1 80 4 • 130 1 6 180 2 1 230 1 22 280 3 6
31 0 15 81 0 9 131 0 130 181 0 180 231 0 6 281 0 28
32 5 • 82 1 5 132 2 2 182 1 6 232 3 28 282 1 46
33 0 2 83 0 41 133 0 18 183 0 60 233 0 232 283 0 141
34 1 16 84 2 6 134 1 33 184 3 22 234 1 6 284 2 35
35 1 6 85 1 16 135 1 3 185 1 3 235 1 46 285 1 18
36 2 1 86 1 21 136 3 16 186 1 15 236 2 58 286 1 6
37 0 3 87 0 28 137 0 8 187 0 16 237 0 13 287 0 30
38 1 18 88 3 2 138 1 22 188 2 46 238 1 48 288 5 1
39 0 6 89 0 44 139 0 46 189 0 6 239 0 7 289 0 272
40 3 • 90 1 1 140 2 6 190 1 18 240 4 1 290 1 28
41 0 5 91 0 6 141 0 46 191 0 95 241 0 30 291 0 96
42 1 6 92 2 22 142 1 35 192 6 1 242 1 22 292 2 8
43 0 21 93 0 15 143 0 6 193 0 192 243 0 27 293 0 146
44 2 2 94 1 46 144 4 1 194 1 96 244 2 60 294 1 42
45 1 1 95 1 18 145 1 28 195 1 6 245 1 42 295 1 58
46 1 22 96 5 1 146 1 8 196 2 42 246 1 5 296 3 3
47 0 46 97 0 96 147 0 42 197 0 98 247 0 18 297 0 6
48 4 1 98 1 42 148 2 3 198 1 2 248 3 15 298 1 148
49 0 42 99 0 2 149 0 148 199 0 99 249 0 41 299 0 66
50 2 • 100 2 • 150 2 1 200 3 • 250 3 • 300 2 1
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301 0 42 351 0 6 401 0 200 451 0 10 501 0 166 551 0 252
302 1 75 352 5 2 402 1 33 452 2 112 502 1 50 552 3 22
303 0 4 353 0 32 403 0 30 453 0 75 503 0 502 553 0 78
304 4 18 354 1 58 404 2 4 454 1 113 504 3 6 554 1 69
305 1 60 355 1 35 405 1 9 455 1 6 505 1 4 555 1 3
306 1 16 356 2 44 406 1 84 456 3 18 506 1 22 556 2 46
307 0 153 357 0 48 407 0 6 457 0 152 507 0 78 557 0 278
308 2 6 358 1 178 408 3 16 458 1 228 508 2 42 558 1 15
309 0 34 359 0 179 409 0 204 459 0 48 509 0 508 559 0 42
310 1 15 360 3 1 410 1 5 460 2 22 510 1 16 560 4 6
311 0 155 361 0 342 411 0 8 461 0 460 511 0 24 561 0 16
312 3 6 362 1 180 412 2 34 462 1 6 512 9 • 562 1 28
313 0 312 363 0 22 413 0 174 463 0 154 513 0 18 563 0 281
314 1 78 364 2 6 414 1 22 464 4 28 514 1 256 564 2 46
315 1 6 365 1 8 415 1 41 465 1 15 515 1 34 565 1 112
316 2 13 366 1 60 416 5 6 466 1 232 516 2 21 566 1 141
317 0 79 367 0 366 417 0 46 467 0 233 517 0 46 567 0 18
318 1 13 368 4 22 418 1 18 468 2 6 518 1 6 568 3 35
319 0 28 369 0 5 419 0 418 469 0 66 519 0 43 569 0 284
320 6 • 370 1 3 420 2 6 470 1 46 520 3 6 570 1 18
321 0 53 371 0 78 421 0 140 471 0 78 521 0 52 571 0 570
322 1 66 372 2 15 422 1 30 472 3 58 522 1 28 572 2 6
323 0 144 373 0 186 423 0 46 473 0 42 523 0 261 573 0 95
324 2 9 374 1 16 424 3 13 474 1 13 524 2 130 574 1 30
325 2 6 375 3 1 425 2 16 475 2 18 525 2 6 575 2 22
326 1 81 376 3 46 426 1 35 476 2 48 526 1 262 576 6 1
327 0 108 377 0 84 427 0 60 477 0 13 527 0 240 577 0 576
328 3 5 378 1 6 428 2 53 478 1 7 528 4 2 578 1 272
329 0 138 379 0 378 429 0 6 479 0 239 529 0 506 579 0 192
330 1 2 380 2 18 430 1 21 480 5 1 530 1 13 580 2 28
331 0 110 381 0 42 431 0 215 481 0 6 531 0 58 581 0 246
332 2 41 382 1 95 432 4 3 482 1 30 532 2 18 582 1 96
333 0 3 383 0 382 433 0 432 483 0 66 533 0 30 583 0 26
334 1 166 384 7 1 434 1 30 484 2 22 534 1 44 584 3 8
335 1 33 385 1 6 435 1 28 485 1 96 535 1 53 585 1 6
336 4 6 386 1 192 436 2 108 486 1 27 536 3 33 586 1 146
337 0 336 387 0 21 437 0 198 487 0 486 537 0 178 587 0 293
338 1 78 388 2 96 438 1 8 488 3 60 538 1 268 588 2 42
339 0 112 389 0 388 439 0 219 489 0 81 539 0 42 589 0 90
340 2 16 390 1 6 440 3 2 490 1 42 540 2 3 590 1 58
341 0 30 391 0 176 441 0 42 491 0 490 541 0 540 591 0 98
342 1 18 392 3 42 442 1 48 492 2 5 542 1 5 592 4 3
343 0 294 393 0 130 443 0 221 493 0 112 543 0 180 593 0 592
344 3 21 394 1 98 444 2 3 494 1 18 544 5 16 594 1 6
345 1 22 395 1 13 445 1 44 495 1 2 545 1 108 595 1 48
346 1 43 396 2 2 446 1 222 496 4 15 546 1 6 596 2 148
347 0 173 397 0 99 447 0 148 497 0 210 547 0 91 597 0 99
348 2 28 398 1 99 448 6 6 498 1 41 548 2 8 598 1 66
349 0 116 399 0 18 449 0 32 499 0 498 549 0 60 599 0 299
350 2 6 400 4 • 450 2 1 500 3 • 550 2 2 600 3 1
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601 0 300 651 0 30 701 0 700 751 0 125 801 0 44 851 0 66
602 1 42 652 2 81 702 1 6 752 4 46 802 1 200 852 2 35
603 0 33 653 0 326 703 0 18 753 0 50 803 0 8 853 0 213
604 2 75 654 1 108 704 6 2 754 1 84 804 2 33 854 1 60
605 1 22 655 1 130 705 1 46 755 1 75 805 1 66 855 1 18
606 1 4 656 4 5 706 1 32 756 2 6 806 1 30 856 3 53
607 0 202 657 0 8 707 0 12 757 0 27 807 0 268 857 0 856
608 5 18 658 1 138 708 2 58 758 1 378 808 3 4 858 1 6
609 0 84 659 0 658 709 0 708 759 0 22 809 0 202 859 0 26
610 1 60 660 2 2 710 1 35 760 3 18 810 1 9 860 2 21
611 0 138 661 0 220 711 0 13 761 0 380 811 0 810 861 0 30
612 2 16 662 1 110 712 3 44 762 1 42 812 2 84 862 1 215
613 0 51 663 0 48 713 0 330 763 0 108 813 0 5 863 0 862
614 1 153 664 3 41 714 1 48 764 2 95 814 1 6 864 5 3
615 1 5 665 1 18 715 1 6 765 1 16 815 1 81 865 1 43
616 3 6 666 1 3 716 2 178 766 1 382 816 4 16 866 1 432
617 0 88 667 0 308 717 0 7 767 0 174 817 0 126 867 0 272
618 1 34 668 2 166 718 1 179 768 8 1 818 1 204 868 2 30
619 0 618 669 0 222 719 0 359 769 0 192 819 0 6 869 0 26
620 2 15 670 1 33 720 4 1 770 1 6 820 2 5 870 1 28
621 0 66 671 0 60 721 0 102 771 0 256 821 0 820 871 0 66
622 1 155 672 5 6 722 1 342 772 2 192 822 1 8 872 3 108
623 0 132 673 0 224 723 0 30 773 0 193 823 0 822 873 0 96
624 4 6 674 1 336 724 2 180 774 1 21 824 3 34 874 1 198
625 4 • 675 2 3 725 2 28 775 2 15 825 2 2 875 3 6
626 1 312 676 2 78 726 1 22 776 3 96 826 1 174 876 2 8
627 0 18 677 0 338 727 0 726 777 0 6 827 0 413 877 0 438
628 2 78 678 1 112 728 3 6 778 1 388 828 2 22 878 1 219
629 0 48 679 0 96 729 0 81 779 0 90 829 0 276 879 0 146
630 1 6 680 3 16 730 1 8 780 2 6 830 1 41 880 4 2
631 0 315 681 0 113 731 0 336 781 0 70 831 0 69 881 0 440
632 3 13 682 1 30 732 2 60 782 1 176 832 6 6 882 1 42
633 0 30 683 0 341 733 0 61 783 0 84 833 0 336 883 0 441
634 1 79 684 2 18 734 1 366 784 4 42 834 1 46 884 2 48
635 1 42 685 1 8 735 1 42 785 1 78 835 1 166 885 1 58
636 2 13 686 1 294 736 5 22 786 1 130 836 2 18 886 1 221
637 0 42 687 0 228 737 0 66 787 0 393 837 0 15 887 0 886
638 1 28 688 4 21 738 1 5 788 2 98 838 1 418 888 3 3
639 0 35 689 0 78 739 0 246 789 0 262 839 0 419 889 0 42
640 7 • 690 1 22 740 2 3 790 1 13 840 3 6 890 1 44
641 0 32 691 0 230 741 0 18 791 0 336 841 0 812 891 0 18
642 1 53 692 2 43 742 1 78 792 3 2 842 1 140 892 2 222
643 0 107 693 0 6 743 0 742 793 0 60 843 0 28 893 0 414
644 2 66 694 1 173 744 3 15 794 1 99 844 2 30 894 1 148
645 1 21 695 1 46 745 1 148 795 1 13 845 1 78 895 1 178
646 1 144 696 3 28 746 1 186 796 2 99 846 1 46 896 7 6
647 0 646 697 0 80 747 0 41 797 0 199 847 0 66 897 0 66
648 3 9 698 1 116 748 2 16 798 1 18 848 4 13 898 1 32
649 0 58 699 0 232 749 0 318 799 0 368 849 0 141 899 0 420
650 2 6 700 2 6 750 3 1 800 5 • 850 2 16 900 2 1
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C The mod Function

In this appendix, we assume that we are dealing only with integers, although the concept is easy to extend
to real numbers in some cases. The definition of m (mod n) is the remainder obtained if m is divided by
n. Thus 5 (mod 3) = 2, 15 (mod 5) = 0, and 17 (mod 20) = 17. The value of m (mod n) is always
between 0 and n− 1, inclusive.

We sometimes write m ≡ n (mod k) to mean m (mod k) = n (mod k). In English, we say that “m is
equivalent to n, mod k”. In this case the “mod” is a congruence relation.

The word “mod” is short for “modulo,” so sometimes you hear something like, “m is equivalent to n,
modulo k.”

Here are some easily proved properties of the mod congruence relation. Some of them involve the function
GCD, or “greatest common divisor” that is dealt with in Appendix D

a ≡ b (mod n) and c ≡ d (mod n) =⇒ a+ c ≡ b+ d (mod n)
a ≡ b (mod n) and c ≡ d (mod n) =⇒ a− c ≡ b− d (mod n)
a ≡ b (mod n) and c ≡ d (mod n) =⇒ ac ≡ bd (mod n)
a ≡ b (mod n) and m ≥ 0 =⇒ am ≡ bm (mod n)
ac ≡ bc (mod n) and GCD(c, n) = 0 =⇒ a ≡ b (mod n)
ac ≡ bc (mod nc) and c ̸= 0 =⇒ a ≡ b (mod n)
a ≡ b (mod mn) and GCD(m,n) = 0 =⇒ a ≡ b (mod m) and a ≡ b (mod n)

D The GCD and Reducing Fractions

If you are given a fraction in the form m/n, where m and n are integers, it is usually far easier to work
with if it is reduced to lowest terms. For example, 1/2 = 2/4 = 3/6 = 4/8, but the form 1/2 is usually
best, especially for the sorts of analyses done in this paper.

To reduce the fraction m/n to lowest terms, you need to find the largest integer r such that m = pr and
n = qr where p and q are integers. Then m/n = pr/qr = p/q, and p/q is the reduced form of m/n.

The value r in the previous paragraph is called the “greatest common divisor” or “GCD” of m and n.
Here is how to calculate the GCD for m,n ≥ 0:

GCD(m,n) =

{
n : m = 0

GCD(n (mod m),m) : m > 0

where n( mod m) is the remainder after dividing n by m. This recursive formula can be applied to
calculate relatively quickly the GCD of any pair of numbers.

For example, let us find the GCD(197715, 22820):

GCD(197715, 22820) = GCD(197715 (mod 22820), 22820)

= GCD(15155, 22820) = GCD(22820 (mod 15155), 15155)

= GCD(7665, 15155) = GCD(15155 (mod 15155), 7665)

= GCD(7490, 7665) = GCD(7665 (mod 7490), 7490)

= GCD(175, 7490) = GCD(7490 (mod 175), 175)

= GCD(140, 175) = GCD(175 (mod 140), 140)

= GCD(35, 140) = GCD(140 (mod 35), 35)

= GCD(0, 35) = 35
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Thus the fraction 22820/197715 reduced to lowest terms is (22820/35)/(197715/35) = 652/5649.
Usually the GCD operation does not require so many steps, but the example above illustrates how it will
grind down any two numbers, no matter how large.

E The Euler Totient Function

The function ϕ(n) is equal to the number of integers in the set {1, 2, . . . , n− 1} that are relatively prime
to n. ϕ(1) = 1, ϕ(2) = 1, ϕ(3) = 2, and so on.

Here are values of ϕ(n) for n = 1, 2, . . . , 50: 1, 1, 2, 2, 4, 2, 6, 4, 6, 4, 10, 4, 12, 6, 8, 8, 16, 6, 18, 8, 12,
10, 22, 8, 20, 12, 18, 12, 28, 8, 30, 16, 20, 16, 24, 12, 36, 18, 24, 16, 40, 12, 42, 20, 24, 22, 46, 16, 42, 20.

Obviously, if p is prime, ϕ(p) = p − 1 and ϕ(pk) = pk−1(p − 1) = pk(1 − 1/p). If m is composite,
ϕ(m) < m− 1.

In general, if the prime factorization for an integer n is given by n = pk1
1 pk2

2 · · · pkm
m , then

ϕ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pm

)
.

F Primitive Roots mod n

If n is an integer then k is a primitive root mod n if k is relatively prime to n, if k1, k2, . . . , ki = 1 mod n
are all distinct, and i = ϕ(n).

For example, 3 is a primitive root mod n since 31 = 3, 32 = 9, 33 = 7 and 34 = 1, all mod n, and in
addition, ϕ(10) = 4. There are no primitive roots mod 12. The only possibilities are in the set of numbers
relatively prime to 12: {1, 5, 7, 11}. ϕ(12) = 4, and 12 = 52 = 72 = 112 = 1 mod 12.

Here is a list of the first few integers that have a primitive root: 2, 3, 4, 5, 6, 7, 9, 10, 11, 13, 14, 17, 18,
19, 22, 23, 25, 26, 27, 29.
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