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1 Seating Mixup

ImaginethatYankeeStadiumis completelysoldout,but whentheticketholdersarrive,
they chooseseatsentirelyat random.Whatis theprobabilitythatat leastonepersonis
seatedin theseatindicatedby his ticket?

Obviously, youneedto know how many seatsarethere—iftherewereonly oneseatin
thestadium,thenthatpersonhasto bein hisseat,sotheprobabilitythatheis correctly
seatedis 1. For the purposesof this problem,assumethat thereare50000seatsin
YankeeStadium.

1.1 Experiments

It will turn out that thereis not too muchdifferencein theanswerif thereare20 seats
or 50000seats,but that’snot obviousatfirst. Oneniceway to approachtheproblemis
to do a few experimentsthatrequireonly a deckof playingcards.

Let’s run someexperimentswith a mini YankeeStadiumthat containsonly 13 seats.
Selectall of thespadesandall of theheartsfrom thedeck. Now placeall thespades,
in order, in a line like this:����� ��� ��� ��� ��	 ��
 ��� �� ��� � �������������
Now shuffle theheartsanddealthemout underneaththespades,makinga patternthat
lookslike this:����� ��� ��� ��� ��	 ��
 ��� �� ��� � �������������
 ��� ������ ��� ������� ��� ����� � � ������� �!	 �
For theparticulardealabove, the10 of heartslandsunderthe10 of spades,sothereis
amatch—thepersonwith theticket number10 woundup in seatnumber10.

Repeatthis experimentmany times. Shuffle the heartsandrepeatedlydeal themout
underthespades.After eachdeal,checkto seeif thereis a match,andkeeptrackof
the numberof timesthereis at leastonematchandthe numberof timesthereis no
match.Fromthis data,calculateanapproximateprobability, basedon theexperiment.

Now changethe experimentanddo the samething, but with only 8 cardsfrom each
suit (acethrough8 of heartsandspades).Calculateanapproximateprobabilitybased
on thissmallerdeck.
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If youcanprogramcomputers,youmight try to simulatethisexperimentfor thousands
of deals.A sampleprogramwrittenby theauthorgeneratedthefollowing resultswith
100000dealsusingdecksof cardsof size1, 2, 3, 4, 5, 10, and30. Thenumberin the
left columnis thenumberof cardsin thedeck;thenumberin the right columnis the
numberof deals(outof 100000)whereat leastoneof thecardswasin thecorrectspot.
Thecodefor thisprogram,written in C, appearsat theendof this document.

1 100000
2 49735
3 66763
4 62655
5 63341
10 63170
30 63059

This makessomesense—ifthere’s only onecard, therewill always be a match,so
therehave to be 100000matches.If therearetwo cards,thereareonly two possible
orderings.Oneof thoseorderingsswitchesthecardsandtheotherdoesn’t, sohalf the
dealsshouldmatch. The experimentalresultof 49735out of 100000is very closeto
50%.

2 Calculations for Small Decks

Let’s seeif we canwork out theexact results,at leastfor a few small decks.We can
checkour calculationsagainstthe experimentalresultsabove. We have alreadydone
this for decksof size1 and2.

For adeckof size3, thereare6 possibledealsof thecards,all equallylikely. Let’s just
call thecards1, 2, and3. Herearethepossibledeals,with a " markin thefinal column
if there’sa match:

1 2 3
1 2 3 "
1 3 2 "
2 1 3 "
2 3 1
3 1 2
3 2 1 "

Four of thesix dealshave a match,sowe expectthat roughly # $ %'&)( * * * *+( ( ( of the
handsshouldhave a match. Our experimentalresultof * * , * % $ - . . . . ./&0( * * , * % is
prettyclose.

Now let’sdo thesamething for a four carddeck:
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1 2 3 4
1 2 3 4 1
1 2 4 3 1
1 3 2 4 1
1 3 4 2 1
1 4 2 3 1
1 4 3 2 1
2 1 3 4 1
2 1 4 3
2 3 1 4 1
2 3 4 1
2 4 1 3
2 4 3 1 1
3 1 2 4 1
3 1 4 2
3 2 1 4 1
3 2 4 1 1
3 4 1 2
3 4 2 1
4 1 2 3
4 1 3 2 1
4 2 1 3 1
4 2 3 1 1
4 3 1 2
4 3 2 1

In this example,thereare15 casesout of the24 possibledealswherethereis a match.
Theprobabilityshouldbe 2 3 4 5 687:9 ; 5 3 , againnottoofarfrom ourexperimentalresult
of ; 5 ; 3 3 4 2 < < < < <=7>9 ; 5 ; 3 3 .
To doanexhaustivelist for thecaseof a5 carddeckwouldrequire120dealswhichwe
coulddo,but it wouldnotbepleasant.But look at thecaseabove—ofcourseif there’s
a 1 in thefirst slot, therewill bea match,soall 6 dealslike thatwill bematches.But
if thereis a 2 dealtfirst, thereare3 matches.Similarly, a 3 dealtfirst or a 4 dealtfirst
yield exactly thesamenumber(3) of matches.Thereforethereare ;@?�A+B A�7:2 3 deals
with at leastonematch.

For the caseof a 5 carddeck, thereare5 possiblecardsthat cancomefirst. If a 1
comesfirst, all have a match,for 24 combinations.All four otherpossibilitiesfor the
first cardaresimilar, so we merely needto count themfor a 2 in the first slot. Do
this asan exercise,andyou’ll find that thereare13, so the grandnumberof dealsin
which thereis at leastonematchis 5 68?C6�B 2 A'7ED ; . So76 out of 120dealsgivesa
probabilityof amatchof D ; 4 2 5 <�7:9 ; A A A+9 9 9 , againcloseto theexperimentalresultof; A A 6F2 4 2 < < < < <=7:9 ; A A 6F2 .
It is possibleto countlargerdecks,andif you’re interested,it is aninterestingexperi-
ence,but let’s seewhatwehavesofar:

The tablebelow hasfour columns: the sizeof the deck,the numberof dealswith at
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leastonematch,thetotal numberof possibledeals,andtheprobabilityof at leastone
match:

1 1 1 G H G=I:G
2 1 2 G H J8I:K L
3 4 6 M H N8I>K N N N+K K K
4 15 24 G L H J M8I:K N J L
5 76 120 O N H G J P�I:K N Q Q Q+K K K

Notice that the probabilitiesseemto alternate,going down, thenup, thendown, but
alsoseemingto converge.

In fact,look at thedifferencesbetweentheprobabilities: G@RSG H J8I:G H J , G H J+R/M H N8IR8G H N , M H N�RCG L H J M�I:G H J M , andfinally, G L H J M�RSO N H G J P�I:R8G H G J P .
The signsalternate,but the fractionsareall of the form T�G H UWV , where UWVWI)UWX USRG Y X U/RSJ Y[Z Z Z G .
So just looking at the datawe have, it appearsthat the probability of gettingat least
onematchfrom a randomdealof a deckof U cardsis:GG V R GJ V[\ GQ V RCZ Z Z T GUWV K
3 Counting Derangements

Now let’stakealook atarelatedproblem.Imaginethatyouhaveabunchof peoplewho
list their food preferences.For the first example,imaginethatwe just askeverybody
abouttwo foods:cake andpeanuts.Suppose10 peopledon’t like either, 5 peoplelike
cakebut not peanuts,11 peoplelike peanutsandnot cake,and14 peoplelike both.So
thereare G P \ L \ G G \ G M�ICM P totalpeople.

Anotherwayof lookingat thepeopleis this. Of the40people,19peoplelikecake(the
5 who like cake only andthe14 who like bothcake andpeanuts),and25 peoplelike
peanuts.Supposeweknow thesenumbersandthatthereare40 totalpeopleandwe try
to work out how many peopledon’t like either. Thefirst approachis to startwith the
40 andsubtractoff thepeoplewho like oneor theother: M P�R]G ^�R�J L�I_R@M . Clearly
this isn’t theright answer—we can’t have a negativenumberof peoplebut whatwent
wrong?

Theansweris thatwe subtractedoff thepeoplewho like bothcake andpeanutsmore
thanonce—onetime whenwe subtractedthecake peopleandonetime whenwe sub-
tractedthe peanutpeople. We only wantedto subtractthe cake-and-peanutpeople
once,but we subtractedthemtwice, so if we addthemin, we’ll get the right result:M P�RCG ^�RSJ L \ G M�I:G P , and10 is thecorrectnumberof peoplewho likeneither.

Now considera morecomplex example,wheretherearethreepossiblefoods: cake,
peanuts,and turnips. Every personeither likes or dislikes each,so thereare eight
differentcategoriesof people.In thechartbelow, all thepossibilitiesarelisted,together
with thenumberof peoplewho fall into eachcategory:
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C P T #
11` 5` 8` ` 2` 20` ` 15` ` 4` ` ` 7

If thereis abullet ( ` ) in acolumn,thatmeansthepersonlikesthatparticularfood. “C”,
“P”, and“T” standfor “cake”, “peanuts”,and“turnips”. Thefourth line indicatesthat
thereare2 peoplewho likepeanutsandturnips,but do not like cake,et cetera.

Everypossiblesetof likesanddislikesis listed,andthereare72 totalpeople.Of these
people,46 like cake (andperhapsotherthings).Similarly, 21 like peanuts,and29 like
turnips.

If we try our defective methodfor countingthenumberof peoplewho don’t like any
of thefoods,thefirst approximationis a b@c'd e+c/b f�c/b g�h:c+b d . But weknow what’s
wrong—many peopleweresubtractedmorethanonce.

Thereare11 peoplewho like cake andpeanuts(andmayor maynot like turnips),22
peoplewholikecakeandturnips,and9 peoplewholikepeanutsandturnips,somaybe
we’d betteraddthembackin: a b8cSd e8cCb f�cSb g8i>f f+i]b b�i]g/hjf k . This is still
wrong. The reasonis that 7 peoplelike all three. They appearin the original list of
72, but weresubtractedout 3 timesoriginally. But thenthey wereaddedin 3 times
whenwe addedthepeoplewho like at leasttwo foods. We needto subtractthemout
again,andwhenwetake the7 from 18,weget11—exactly thenumberwhodon’t like
anything.

This samegeneralschemewill work for any numberof items. To find thenumberof
peoplewho don’t like any of them,startwith the total numberof people,subtractoff
all thepeoplewho like eachof the individual items,thensubtractoff thepeoplewho
likeat leasttwo, addin thenumberwho like at least3, andsoon.

We cando exactly the samesort of thing with the YankeeStadiumproblem. If there
are l seats,thereare lSm possiblearrangements.We want to count the numberof
“derangements”—orderingswherenone of thepeopleget thecorrectseat.To do this,
begin with lSm andsubtractoff theoneswherethereis a match.

Thisis aneasyexampleof whatwejustdid—in thepreviousexamples,wehadvarying
numbersof peoplewho likeddifferentcombinationsof food,but herewe justconsider
asingleversionof eachseatingarrangement.

How many arrangementsaretherewith person1 in seat1? Well, therestof the l)cCf
peoplecanbearrangedin any of n l0c]f o m ways,sothereare n lpc]f o m sucharrange-
ments.Therearea similar numberof arrangementswith person2 in seat2, et cetera.
So we’ll subtractall thoseoff. But thenwe’ve subtractedmany arrangementsmore
thanonce.Someof thearrangementshavethecorrectpersonin bothseats1 and2, and
wesubtractedthatarrangementtwice.
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How many arrangementshaveperson1 and2 in thecorrectseats?Well, thereare qsr8t
remainingseats,andthosecanbearrangedin any of u q_r/t v w ways.Weneedto addin
all of those,thensubtractoff all thecaseswherethereareat least3 peoplein theright
seats,thenaddin thecaseswith 4, et cetera.

Sothereare x y z { waysto pick onepersonwith thecorrectseat, x y | { waysto pick two
peoplewith thecorrectseat,andsoon.

Thus,thetotal numberof derangementsis this:

qSw rE} q ~�� u q)r ~ v w �j} q t � u q)r�t v w r_} q �W� u qpr � v w �]� � �
� qSw r qSu q)r ~ v w~ w � qSu q)r

~ v u q)rSt v wt w r qSu q)r ~ v u q)r�t v u q)r � v w� w �]� � �
� qSw � ~ r ~~ w �

~
t w r
~� w �s� � � ���

But thereare qSw rearrangements,soto get theprobabilityof a derangement,we have
to divideby qSw , giving thefollowing probabilityfor aderangement:

� ~ r ~~ w �
~
t w r
~� w �s� � � � �

In the previous sectionwe were counting the oppositeof derangements—wewere
countingcaseswhereat leastone slot was correctly filled, so we needto subtract
the numberabove from 1 to get that result, and thus we obtain the guesswe made
previously: � ~~ w r

~
t w �
~� w rC� � � � �

For reasonablylarge q , thenumericalvalueof this is roughly � � � t ~ t � � � � � t � .
If you happento know theTaylor seriesfor � � , you cangeta quick approximationfor
large q : � � � ~ �S��� � |t w � �[�� w � �F�� w �]� � �
So � � z � ~� � ~ r ~ �

~
t w r
~� w �
~� w r]� � �

Fromthisit’seasyto derivetheresultwewant.Theprobabilityof at leastonematching
seatis approximatelygivenby:~ r ~� � � � � t ~ t � � � � � t �+� � �
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