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Theonly primitive geometricobjectsthatcomputergraphicshardwaretypically candraw arepoints,lines
andpolygons.Usuallytherearespecialmechanismso draw imagesjext characterset ceterabut these
arenotcommonlyconsideredgeometric”sincethey arenotusuallytransformedy geometricoperations
like rotationandperspectie projection.

Obviously it is importantthat graphicsprogramsbe ableto drav more complex geometricforms from
simplecirclesto complec surfacesin threedimensions.In real computerhardware, curvesare usually
drawn asa seriesof shortstraightline sgments andsurfacesasmeshe®f polygons,usuallytrianglesor
quadrilaterals.

A major problemin the designof graphicslibrariesis to provide a high level interfaceto the hardware
thatallows usergo draw curvesandsurfacesrom higherlevel descriptiongatherthanto requirethemto
reducecurvesandsurfaceso line segmentsandpolygonsthemseles.

In this paperwe will discusssomemethodghatareusedto drav curves;mary surfacegeneratingech-
niquesaresimilar, but needless$o say the situationthereis oftenfar morecomplicated.

1 Preiminaries

In the discussiorthatfollows, we assumehatthe readeris at leastawareof how pointsaretransformed
from their objectcoordinatesystemto screencoordinatedy meansof matrix multiplications. If not, a
fairly completeelementandescriptionof this canbefoundin:

http://www.geometer.org/mathcircles/cghomogen.pdf

In thatpapercanbe foundderivationsfor all of thetransformatiomatricesusedbelow, for example.

If you areunfamiliarwith matrix multiplicationsof pairsof matricesor of matriceswith vectors ook at:
http://www.geometer.org/mathcircles/Matrices.pdf

As aquickreview, herearethe key thingsto remember:

e Pointsarewrittenascolumnvectorswith anextracoordinate If two-dimensionapointsareconsid-
ered thecolumnvectorwill havethreeentries,usuallycalledthez, they, andthew coordinateIn
threedimensionsthe columnvectorwill have four components z, y, 2z, andw. In mostcasesthe
final w coordinates equalto 1.0 andthe othercoordinatesireunchangedrom their usualvalues
in acartesiarcoordinatesystem.

If thew coordinatds notequalto 1.0, thenthe cartesiarcoordinatesorrespondingo the column
vector (z,y, z, w)T is (z/w,y/w,z/w). (The“T” thatlooks like an exponentabose meansthe
transposef the row vectorto make a columnvector This just savesspacein the text.) In the
examplesbelow, vectorsarewritten in their transposedorms!

e Almost all of the commongeometricoperationscan be performedon thesecolumn vectorsby
meansof a premultiplicationby a matrix. In two dimensionsijt is a3 x 3 matrix, andin three

1Thissystenfor identifying pointsis called*homogeneousoordinates”andis usedn abranchof mathematicsalledprojective
geometry If we allow thew coordinateto equalzero(aswe do in projectve geometry),we have a reasonablavay to dealwith
“points atinfinity” thataretransformedo finite “vanishingpoints” by perspectie projections.



dimensionsjt will bea 4 x 4 matrix. Thesecommontransformationsnclude translation,rota-
tion, scaling,mirroring, shearingandperspectie projectionsaswell asary combinationof these
transformations.

Following are a few examplesthatillustrate typical operationsandthe correspondingnatricesin
threedimensionsTo corvertto thetwo-dimensionaforms, simply erasethethird row andcolumn
of eachmatrix (except,of coursejn the caseof the perspectie projectionwherethe eyeis looking
alongthe z-axis).

Rotationaboutthe origin in thez — y plane by anangleg:

x cosf —sind 0 O x zcosf —ysind

R y sinf cosf 0 O Y zsinf + ycosd
=0 2 0 0 1 o0f|=z|" z
1 0 0 01 1 1

Translatiorby ¢, t,, andt, in thex, y, andz directions respectiely:

T 1 0 0 ¢ T T+ 1,

y| 10 1 0 ¢, Y y+iy
Teotute [ 2= 0 0 1 | lz] |2+t

1 0 0O 1 1

Finally, hereis the matrix correspondingo a very simple perspectie projectionthat apparently
projectsthe pointsin a90° box from the origin to the planez = 1 asindicatedin Figurel. Notice
thatthisis our only examplewherethew coordinates affected:

T 1 0 00 T T
P y| [0 1 0 0 vyl y

z 0 0 11 z z+1

1 0010 1 z

o All theaboretransformationganbe combinedsimply by multiplying the correspondingnatrices.
Thusthereis asingle4 x 4 matrix thatrepresentsheresultof arotationfollowedby atranslation
followedby adifferentrotationabouta differentaxis,andfinally by a perspectie projectionandit
is equalto the productof thefour matricescorrespondingo theindividual operations.

P=(xVY.2
P =(Xzylz 1)
o 1

Figurel: A SimplePerspectie Projection

2Thesubscriptz of R indicatesthattherotationis aboutthe z-axis,whichis perpendiculato thez — y planeandpasseshrough
theorigin.



2 Parametric Curve Descriptions

Fromnow on, to simplify thingssomevhat, we will consideronly two-dimensionaturvesin thez — y
plane. In every case,theseideascanbe extendedto threedimensionsn the obvious way, simply by
describingwhathappengo the z coordinatesn the sameway aswe dothez andy coordinates.

Most peoplearefamiliar with certainsimplewaysto describespecialcurves. For example,the equation
thatdescribes circle centeredatthe point (¢, ¢y) andhaving radiusr is this:

(@—co)’ + (g =) =17

This is very nice for someapplications,but it is almostuselesgo a computer Unlessthe computer
somehav knows that this is the equationof a circle, how doesit even begin to guesswhat valuesof z

areappropriateo useto calculatethe corresponding values(of which therecanbe zero,one,or two,

depending)?And evenif it could, thereis the nastyrequirementhat a square-roobe taken for each
evaluation—aroperationthatmay slow thingsconsiderably

Theotherproblemis thatalthoughstandardormslik etheequatiorof acircle above exist for afew curves,
quite oftena graphicsprogrammemay wantsomethingcompletelynon-standardwWhat, for example,is
theform of a curve thattracesthe backboneof a dinosaurin Jurassidark VI1?

If possiblethebestway to representurveson a computelis by meansof parametricequationsin other
words, it is niceto be ableto describethe xz andy coordinate®f a curve (andthe z coordinatef you're
usingcurvesthattwist throughthreedimensiondik e the backboneof thatdinosaur)in termsof a single
parametet thatvariesover somefixedrange.

Sometimeshisis trivial. For example,if we wishto describeheparabolay = z2 fromz = —1toz =1,
we cando it asfollows:
z(t)=t, yt)=1t, -1<t<1L 1)

Notice thatthe equationdfor z(t) andy(t) satisfythe original equation:y(¢) = (z(t))?, andthatast
variesfrom —1 to 1, thenz doesaswell.

Fromthe computers point of view, this is awonderfulrepresentationlf it is desiredto approximatehe
curve as20 shortstraightline segmentsjust connecthe following pointsin order: (z(—1.0), y(—1.0)),
(z(=.9),y(-.9)),..., (z(1.0),y(1.0)). Noticethatthiswill grindoutaseriesof 21 pointsequallyspaced
alongthez axis. Thecoordinate®f eachpair areeasyto calculate Equationl givesexplicit formulasto
calculatebothz(t) andy(#).

Figure2: z(t) = y(¢) = t versuse(t) = y(t) = 2

Thereare mary waysto representhe samecurve parametrically For example,both of the following
descriptiongepresenthe samestraightline sggmentz = y fromz =0toxz = 1:

s(t) =t, yt)=t, 0<¢<1, 2)

and
() =1, y@t)=1t>, 0<t<1L ©)

Both parameterizationareillustratedwith equally-spacedaluesof ¢ in Figure2. Theresultsof plotting
Equation2 areontheleft, andthosefor Equation3 areontheright.



In thiscase Equation2 is probablybetterin everyway. Thefunctionsz(t) andy(t) areeasietto calculate,
andin addition,the pointsdescribedn Equation3 arenot equallyspaced—thg areclosertogethemear
t = 0 thanneart = 1, soif the curve is calculatedwith evenly-spacedaluesof ¢, the curve is more
accuratelyapproximatedn somepartsthanin others.

Figure3: z(t) = sin 4t,y(¢) = sin 5¢

Although the function sin ¢ is not particularly simple to calculate,someof the power of a parametric
representatioris illustratedin Figure 3, wherez(t) = sin4t andy(t) = sin5t, for 0 < ¢ < 27. By

changingthe4 and5 to otherintegers(it worksbestif theintegersyou choosearerelatively prime),very

differentcurvescanbeobtained.

It is possibleto describea circle parametrically but it is surprisinglymessy Hereis one of the best
parametriadescriptiondor the circle of radiusl centeredat the origin:
| 2t

z(t) = 211 y(t) = 211

—o0 < t < 00. (4)

Figure4: Two Circle Parameterizations

It is easyenoughto checkthatthe parameterizatioworks;simply calculate(z(t))? + (y(¢))? andverify
thatit is alwaysequalto 1:

__#-2#+1+ 4t2 ottt 41
T 42241 42241 4 4+2241 0

(@(®)* + (y(1)*

Theequationghemselesarenotparticularlynice;bothinvolve afloating-pointdivision (whichis usually
arelatively slow operationin computerhardware),and somemethodmustbe found to choosesuitable
valuesfor ¢ in thedoubly-infiniterange—oo < t < oo.

Evenwith thesemoderatelyugly equationsthereis an additionalproblem. Evenif we allow ¢ to vary
over all real numbersthe parameterizatiombove still omits one point on the circle, namely the point
(1,0) thatis approacheeitherast — —oo or ast — +00.

Theimageon the left in Figure4 shows the resultof evaluatingz in uniform stepsof length0.2 from
t = —10.0to ¢ = 10.0. Thestepsarefartoo closeon theright, andthey do notevencomecloseenough



togetherto make a reasonableircle there. The stepson the left are probablytoo far apartfor a good
circle.

Thereis onetrick we canperformthatseemsnagicalatfirst, but thoseversedn projective geometrywill
seethatit is anaturalandobviousresult,giventhatthecircleis aspeciafform of aconicsection.Sincewe
know thatthe computerhardwareis working not on two-dimensionalectors,but on three-dimensional
vectorswith anadditionalw-coordinate andsincethe denominatorsf z(¢) andy(¢) arethe samewhy
not describethe parameterizatioasfollows:

zt)=t" -1, y®)=2t, wt)=t*+1, —oo<t<o0. (5)

Sincethevaluesof z(t) andy(¢) areautomaticallydividedby thevalueof w(¢) in thecomputethardware
thiswill work perfectly Thereis still adivision, of course put thatdivision hadto bedoneanyway if the
scends viewedin perspectie.

Theproblemof having aninfinite domainfor ¢ canalsobe solvedwithouttoo muchtrouble. For example,
if we only allow ¢ to vary from —1 to 1 in Equations4 or 5, thenonly a half-circleis dravn. A similar
equationcan be written for the other half of the circle (just flip the signin the definition of z(¢)) and
the circle canbedrawn in two halves. Noticethatevenif ¢ is restrictedto this smallerrange the points
generatedirenot evenly spacedn thecircle 3 Theresultsof this doubleparameterizatioaredisplayed
in theillustration on theright in Figure4. Both the left andright sidesof the circle are evaluatedby
steppingt by 0.05 fromt = —1.0to¢ = 1.0.

Notice thatcircles(andothercurvesgeneratedn a similar way with a variablew coordinate)aretrans-
formedcorrectlyby ary of the standardransformatiommatrices.They canberotated translatedscaled,
mirrored,or putthroughperspeciie projections.Sinceary conicsection(ellipse,parabolahyperbolapor
circle)isjustaprojectionof acircle, it is clearthatany of thosecurvescanbegeneratethy someparamet-
ric equatiorwith avaryingvalueof w in thesameway asarecircles.In fact,if youknow thevaluesof the
entriesin the appropriateprojectionmatrix you canjust multiply the columnvector(t? — 1, 2¢,¢2 + 1)7
by thatmatrix to obtainthe parameterizationf ary conicsection.

3 A HardwareHack

Graphicshardwareis generallyhighly parallel, andthereare usually plenty of available addersmulti-
pliers, et cetera,availableto performsomevhat non-standareperationsassumingsomesucker canbe
talkedinto writing a bit of microcode.

Sincethe hardwareis usually built to work in threedimensionsusing4 x 4 matrices,thereis a fairly
simplehardwarehackthatcanbe donethatwill generatgpointsnot only on sggmentsof conic sections,
but on ary curve wherethe parameterizationsf z(¢), y(t), z(t), andw(t) areall cubic polynomialsof
theform at® + bt2 + ct + d, wherea, b, ¢, andd areconstantealnumbers Olviously we canleta = 0
if wewantquadraticequationspra = b = 0 for linearequationset cetera.

Parametriccurves whosecomponentsare polynomialsare usually called “splines” or “spline curves”,
especiallyif thevalueof thew componentis theconstantl.0. If w varies they areusuallycalled“rational
splines”. Commonlyusedsplinesincludethe B-spline, the Bézierspline, the cubic spline,the Hermite
spline,et cetera.

Let usbegin with afew obsenations.In the mostgenerakcasewe would lik e to generateautomaticallya
setof equationf thefollowing form:

z(t) = zstd +zot’ + it + 20
y(@) = yst® +yat® + it +yo
2(t) = 2t + 2t +ut+ 2
wt) = wst® +wet® +wit + wo,

SUsually circlesdravn this way aredivided into four quarterswhich givesbetteroverall accurag with fewer valuesof ¢ evalu-
ated.



wherezy, . . . ,ws areall constantealnumbersA bit of thoughtshavs thatthis is equivalentto:

z(t) T3 To X1 Xo 3

y@ | _ |y v n w| [ ©)
z(t) z3 29 21 2 t |

w(t) w3 we Wi Wy 1

Thus,if we have a niceway to generatehe valuesof ¢3, ¢2, andt, we canjust plug theminto the vector
on theright of Equation6 and premultiply by the matrix on the left of the t-vector Notethatit may be
importantto transformthesepointswith rotations perspeciie projections gt ceteraput thoseoperations
simply involve premultiplicationsby other4 x 4 matrices.All thesepremultiplicationscanbe combined
sosuccessie pointscanbe generatedby successiely pluggingin new valuesof the powersof ¢ into the
columnvectorandthenmultiplying it by the matrix of polynomialcoeficientsfor the cubicfunctionsto
obtainpointsthattraceoutthe curve in question.

Thisis prettygood,but we cando better!

We will simplify thingshereby assuminghatwe wantt to vary from 0 to 1, but the valuesbelow can
be adjustedsuitablyto work for ary finite rangeof valuesof ¢. We will generatesuccessie valuesof the
vector(t3,¢2,¢,1)T usingonly a seriesof additions.

Let d bethedifferencewe wantbetweersuccessie valuesof ¢. For example,if we wantto evaluatet for
10 equalstepsbetweer( to 1, we would setd = 1/10. Considetthefollowing matrix:

6d® 6d° d® 0

0 248 & 0
0 0 d 0
0 0 01

Theright columnis (0,0,0, 1), thevalueof thedesiredvector(¢3,¢2,t,1)T whent = 0. Now consider
thefollowing operationon the matrix: Add thethird columnto thefourth, thenthe secondcolumnto the
third, andfinally, thefirst columnto the second Leave thefirst columnunchangedandwe obtain:

6d 12d% 7d® d°
0 24> 3d* &
0 0 d d
0 0 0 1

Theright columnrepresentshe valueof our vector (2,2, ¢,1)T whent = d. Repeathe sameaddition
operationto obtain:
6d°> 184° 19d4° 8d°
0 24 5d® 4d?
0 0 d 2d
0 0 0 1

Theright columncorrespondso the valueof thatsamevectorwhent = 2d. Verify yourselfthatif the
operationis repeatedwo moretimesthatthe valuesfor ¢ = 3d andt = 4d areobtained. This always
works. Why?

Sonow, insteadof having to do multiplicationsto obtainvaluesof #3, ¢2 and¢, we simply have to do a
setof paralleladditions.This is nota particularlygreatsavings, sincefloating-pointadditionsareasugly
asmultiplications,but we cango onestepfurthe—we don’'t evenhave to do the matrix multiplicationin
Equation6! All we needto dois performthemultiplication:

I3 Io I To 6d3 6d3 d3 0
Ys Y2 Y1 Yo 0 28 & 0 7
Z3 22 21 & 0 0 d 0
Wz W2 W1 Wy 0 0 0 1



anditeratethatby addingthe columnsasabove, andthis will generatell the pointson the curve. It is
nothardto provethatthisis so,but let usjustwork out afew pointsonthecircle describedn Equation5
beginningatt = 0 andwith d = 0.1. We will justassumehatthe z-coordinates the constantzero.

Pluggingthevaluesof 0, .1, .2, and.3 for ¢ into Equation5, we obtain:

t=0 (-1,0,0,1)T

t=.1 (-.99,.2,0,1.01)7
t=.2 (-.96,.4,0,1.04)T
t=.3 (-.91,.6,0,1.09)"

Now let’'s seewhatwe getby doingthe matrix multiplicationin Expressiorv, where:

3 o I o 010 -1
ys y2 Y1 Yo | _ (0 O 2 0
z3 z9 z1 z0 0 0 0 0
Wy W W1 W 010 1
and
6d® 6d> d° 0 006 .006 .001 O
0 24 4> o [ 0 .02 01 0
0 0 d 0| 0 0 d 0
0 0 0 1 0 0 0 1
We obtain:
010 -1 006 .006 .001 O 0 .02 .01 -1
0 0 2 O 0 02 01 0 _ 0O 0 2 0 ®)
0 00 O 0 0 1 0 0 0 0 0
010 1 0 0 0 1 0 .02 01 1

We seemto be on theright track; the right columnof the matrix on the right of Equation8 is the value
correspondingo ¢ = 0. If we iteratethatmatrix threemoretimes,we obtain:

0 .02 03 -.99 0 .02 .05 -.96 0 .02 .07 -91
0 0 .2 2 0 0 .2 4 0 0 2 .6
0 0 0 0 ’ 0 0 0 0 ’ 0 0 0 0
0 .02 03 101 0 .02 .05 1.04 0 .02 .07 1.09

Thevaluesin theright columnsareexactly the oneswe need!

But thereis still more.We canalsopremultiply by all thetransformatiormatriceghatmightrotate,scale,
or put into perspectie the pointson the curve, andtheniteratethat. So for the costof one premulti-
plication, we cangeneratean arbitrarynumberof pointson the curve with 12 additionseach,andthose
additionscanbedonefour atatime with appropriatelydesignedarallelhardware.

Therearemoderatelysimplewaysto modify this methodto generatgpointson ary sortof rationalcubic
splinecurve, which coversperhap®9.99%of all curvesever dravn on acomputerscreen.

4 Splines

One of the easiestwvaysto drawv and control curve shapess usingsplined. Therearevarioussortsof
splines,but the shapeof eachis controlledusinga setof control points. The curve doesnot necessarily
passthroughthe control points, althoughit is requiredto for somesplines,but it is drawn toward those
points.

4Thename“spline” comesfrom aflexible pieceof wood calleda splineusedby draftsmerin the old daysto draw curwes.



Figure5: A few BézierSplines

Therearemary typesof splines,but herewe will consideronly cubic Béziersplines(sometimesalled
cubicBéziercurves).A few examplesof theseareillustratedin Figure5. In thatfigure,thecontrolpoints
arelabeledP;, P, P3, andP . Thesplinesarethecurvesbeginningat P, andendingat P .

P
op3 Q ® Pg
X o)

Figure6: Linking BézierSplines

Thedottedstraightlinesconnectinghe control pointsaredravn simply to illustratea propertyof Bézier
curves,namely thattheinitial andfinal partsof the curve aretangentto thelines P, P, and P P;. This
tangeng requirementnakesit easyto constructmorecomplex curvesthatfit togethemicely usingmul-
tiple sgmentsasshown in Figure6. Noticethataslong aspointsP;, P andP lie onthesameline and
P , P andP alsolie onaline, thecurveswill cometogethemwith matchingtangentsandwill appeato
make a smoothtransitior?.

It is quite simple to write down the parametriccurve for the cubic Bézier spline definedby the four
controlpoints P, P», P; and P . If we considerthe control pointsto be vectors(in eithertwo or three
dimensions)the parametridefinition of the Béziersplineassociateavith themis givenby:

ip 2p ’p, 3P 9)
Thefunctions 3, 2, 2 and 2 arecalledthe “B ézierbasis”for the splinecurves.
Notice thatthey arethe resultsof expandingthe expression 3. The Bézierbasisfor

control pointsis obtainedby replacingthe in the exponentby . Every otherpolynomial splinecan
be describedisingexactly the sameform asin Equation9 but with the basisfunctionsreplacedby other
polynomialsin . It is easyto seethatwhen thevaluewill be P, andwhen , thevaluewill be
P . Intermediatevaluesof generatgointsalongsomecurve connectingP; with P .

In Section3 we describeda methodto generatdor a circle a matrix that canbe iteratedin a somavhat
strangeway using  additionssuchthatits rightmostcolumnwill stepthroughpointson the curve with

5Actually, to gettrue smoothnesghe distance mustbe the sameas andsimilarly mustbe equalto
This is becaus¢he tangentvectorsatthe endpointshave magnitudeproportionalto the vectorsconnectinghe controlpoints.



eachiteration. Thereis awonderfulwayto do exactly thisfor every curve thatcanbedescribedasa cubic
splineor rationalcubicspline.

Without proof, hereis the construction.

Let for . Let varyfrom to in stepsof size . In
addition,thereis a basismatrix thatdependnly on the splinetype; for Béziersplinesthatbasis
matrix will be:

Performthefollowing matrix multiplication:

(10)

wherethematrixinvolving isthesameastheoneusedin Expressiory andit will generate matrix that
canbeiteratedto grind out successie pointson the Béziercurve definedby thecontrolpoints  ,
and with spacing . To seewhy, look atthetop row of the productof thefirst two matrices:

(11)

Recallingthatthematrixontheright effectively generatesinderiterationpointsof theform
whenmultiplied by thetop row showvn in ExpressiorL1 of the productof the two matriceson the left of
Expressior0yields:

(12)

A little algebrashovsthatExpressiorl2 is equialentto:

just asit should. The otherrows multiply outin exactly the sameway and hencethe grandproductof
thethreematricesin Expressiornl0 canbeiteratedto generatgointson the Béziercurve definedby the
controlpoints , , and



