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Theonly primitivegeometricobjectsthatcomputergraphicshardwaretypically candraw arepoints,lines
andpolygons.Usually therearespecialmechanismsto draw images,text characters,et cetera,but these
arenotcommonlyconsidered“geometric”sincethey arenotusuallytransformedby geometricoperations
like rotationandperspectiveprojection.

Obviously it is importantthat graphicsprogramsbe ableto draw morecomplex geometricforms from
simplecirclesto complex surfacesin threedimensions.In real computerhardware,curvesareusually
drawn asa seriesof shortstraightline segments,andsurfacesasmeshesof polygons,usuallytrianglesor
quadrilaterals.

A majorproblemin the designof graphicslibrariesis to provide a high level interfaceto the hardware
thatallowsusersto draw curvesandsurfacesfrom higherlevel descriptionsratherthanto requirethemto
reducecurvesandsurfacesto line segmentsandpolygonsthemselves.

In this paperwe will discusssomemethodsthatareusedto draw curves;many surfacegeneratingtech-
niquesaresimilar, but needlessto say, thesituationthereis oftenfarmorecomplicated.

1 Preliminaries

In thediscussionthat follows,we assumethat thereaderis at leastawareof how pointsaretransformed
from their objectcoordinatesystemto screencoordinatesby meansof matrix multiplications. If not, a
fairly completeelementarydescriptionof this canbefoundin:� � � ��� � � � � ��� � 	 
 ��	 � 	 
�� 
 
 ��� ��� � ��� � 
 � � 	 � � � � � 
 � 
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In thatpapercanbefoundderivationsfor all of thetransformationmatricesusedbelow, for example.

If youareunfamiliarwith matrixmultiplicationsof pairsof matricesor of matriceswith vectors,look at:� � � ��� � � � � ��� � 	 
 ��	 � 	 
�� 
 
 ��� ��� � ��� � 
 � � 	 � � � � � 
�� � 	 ��� � � �
As a quick review, herearethekey thingsto remember:

� Pointsarewrittenascolumnvectorswith anextracoordinate.If two-dimensionalpointsareconsid-
ered,thecolumnvectorwill havethreeentries,usuallycalledthe � , the � , andthe � coordinate.In
threedimensions,thecolumnvectorwill have four components: � , � , � , and � . In mostcases,the
final � coordinateis equalto � � � andtheothercoordinatesareunchangedfrom their usualvalues
in a cartesiancoordinatesystem.

If the � coordinateis not equalto � � � , thenthecartesiancoordinatescorrespondingto thecolumn
vector  ��! �"! � ! �$# % is  �"& �'! ��& �'! � & �$# . (The “ ( ” that looks like an exponentabove meansthe
transposeof the row vector to make a columnvector. This just savesspacein the text.) In the
examplesbelow, vectorsarewritten in their transposedforms.1� Almost all of the commongeometricoperationscan be performedon thesecolumn vectorsby
meansof a premultiplicationby a matrix. In two dimensions,it is a )+*,) matrix, and in three

1Thissystemfor identifyingpointsiscalled“homogeneouscoordinates”,andisusedin abranchof mathematicscalledprojective
geometry. If we allow the - coordinateto equalzero(aswe do in projective geometry),we have a reasonableway to dealwith
“pointsat infinity” thataretransformedto finite “vanishingpoints”by perspective projections.
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dimensions,it will be a .0/1. matrix. Thesecommontransformationsincludetranslation,rota-
tion, scaling,mirroring,shearing,andperspectiveprojections,aswell asany combinationof these
transformations.

Following area few examplesthat illustratetypical operationsandthe correspondingmatricesin
threedimensions.To convert to thetwo-dimensionalforms,simplyerasethethird row andcolumn
of eachmatrix (except,of course,in thecaseof theperspectiveprojectionwheretheeye is looking
alongthe 2 -axis).

Rotationabouttheorigin in the 3+405 plane2 by anangle6 :
7+8 9 :
;<<
=
3 5 2 >
? @@
ACB
;<<
=
D E F 6G4 F H I 6KJLJF H I 6 D E F 6MJLJJNJ > JJNJOJ >

? @@
A
;<<
=
3 5 2 >
? @@
ACB
;<<
=
3 D E F 6P415 F H I 63 F H I 6PQ15 D E F 62 >

? @@
ASR

Translationby T U , T V , and T 8 in the 3 , 5 , and 2 directions,respectively:

W X Y 9 X Z 9 X [
;<<
=
3 5 2 >
? @@
A B
;<<
=
> JLJ\T UJ > JLT VJKJ > T 8JKJLJ >

? @@
A
;<<
=
3 5 2 >
? @@
A B
;<<
=
3]Q^T U5_Q1T V2$Q1T 8>
? @@
A R

Finally, hereis the matrix correspondingto a very simpleperspective projectionthat apparently
projectsthepointsin a ` J a box from theorigin to theplane2 B > asindicatedin Figure1. Notice
thatthis is ouronly examplewherethe b coordinateis affected:

c
;<<
=
3 5 2 >
? @@
A B
;<<
=
> JKJLJJ > JLJJLJ >L>JLJ > J

? @@
A
;<<
=
3 5 2 >
? @@
A B
;<<
=
3 52$Q >2
? @@
A R

d All theabovetransformationscanbecombinedsimply by multiplying thecorrespondingmatrices.
Thusthereis a single .]/e. matrix thatrepresentstheresultof a rotationfollowedby a translation
followedby adifferentrotationabouta differentaxis,andfinally by aperspectiveprojectionandit
is equalto theproductof thefour matricescorrespondingto theindividualoperations.

OO 11

P = (x, y, z)P = (x, y, z)

P’ = (x/z, y/z, 1)P’ = (x/z, y/z, 1)

Figure1: A SimplePerspectiveProjection

2Thesubscriptf of g indicatesthattherotationis aboutthe f -axis,which is perpendicularto the hjilk planeandpassesthrough
theorigin.
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2 Parametric Curve Descriptions

Fromnow on, to simplify thingssomewhat,we will consideronly two-dimensionalcurvesin the men^o
plane. In every case,theseideascanbe extendedto threedimensionsin the obvious way, simply by
describingwhathappensto the p coordinatesin thesamewayaswedo the m and o coordinates.

Most peoplearefamiliar with certainsimplewaysto describespecialcurves.For example,theequation
thatdescribesa circlecenteredat thepoint q r s t r u v andhaving radiusw is this:

q m+n1r s v x�yzq o'n^r u v xP{|w x }
This is very nice for someapplications,but it is almostuselessto a computer. Unlessthe computer
somehow knows that this is the equationof a circle, how doesit even begin to guesswhat valuesof m
areappropriateto useto calculatethe correspondingo values(of which therecanbe zero,one,or two,
depending)?And even if it could, thereis the nastyrequirementthat a square-rootbe taken for each
evaluation—anoperationthatmayslow thingsconsiderably.

Theotherproblemis thatalthoughstandardformsliketheequationof acircleaboveexist for afew curves,
quiteoftena graphicsprogrammermaywantsomethingcompletelynon-standard.What,for example,is
theform of a curve thattracesthebackboneof a dinosaurin JurassicParkVII?

If possible,thebestway to representcurveson a computeris by meansof parametricequations.In other
words,it is niceto beableto describethe m and o coordinatesof a curve (andthe p coordinateif you’re
usingcurvesthat twist throughthreedimensionslike thebackboneof thatdinosaur)in termsof a single
parameter~ thatvariesoversomefixedrange.

Sometimesthis is trivial. For example,if wewishto describetheparabolao]{|m x from me{�nP� to me{�� ,
we cando it asfollows: mjq ~ v�{|~ t�o"q ~ v�{,~ x t�nP�P�,~l��� } (1)

Notice that the equationsfor m�q ~ v and o"q ~ v satisfy the original equation: o"q ~ v'{�q m�q ~ v v x , andthat as ~
variesfrom n_� to � , then m doesaswell.

Fromthecomputer’spoint of view, this is a wonderfulrepresentation.If it is desiredto approximatethe
curve as20 shortstraightline segments,just connectthefollowing pointsin order: q mjq n_� } � v t o"q nP� } � v v tq mjq n_} � v t o"q nP} � v v t } } } t q mjq � } � v t o"q � } � v v . Noticethatthiswill grindoutaseriesof � � pointsequallyspaced
alongthe m axis.Thecoordinatesof eachpairareeasyto calculate;Equation1 givesexplicit formulasto
calculateboth mjq ~ v and o"q ~ v .

Figure2: mjq ~ v�{|o"q ~ v�{,~ versusm�q ~ v�{|o"q ~ v�{|~ x
Therearemany ways to representthe samecurve parametrically. For example,both of the following
descriptionsrepresentthesamestraightline segmentme{|o from me{z� to me{�� :

m�q ~ v�{,~ t�o"q ~ v�{|~ t��'�,~���� t (2)

and m�q ~ v�{|~ x t�o"q ~ v�{|~ x t��]�^~l��� } (3)

Both parameterizationsareillustratedwith equally-spacedvaluesof ~ in Figure2. Theresultsof plotting
Equation2 areon theleft, andthosefor Equation3 areon theright.
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In thiscase,Equation2 is probablybetterin everyway. Thefunctions��� � � and�"� � � areeasierto calculate,
andin addition,thepointsdescribedin Equation3 arenot equallyspaced—they areclosertogethernear�]��� thannear �]��� , so if the curve is calculatedwith evenly-spacedvaluesof � , the curve is more
accuratelyapproximatedin somepartsthanin others.

Figure3: ��� � ���z� � �l� � � �"� � ���|� � �$� �
Although the function � � �l� is not particularly simple to calculate,someof the power of a parametric
representationis illustratedin Figure3, where �j� � �+��� � �l� � and �"� � �]��� � �$� � , for �,���+��� � . By
changingthe � and � to otherintegers(it worksbestif theintegersyouchoosearerelatively prime),very
differentcurvescanbeobtained.

It is possibleto describea circle parametrically, but it is surprisinglymessy. Here is oneof the best
parametricdescriptionsfor thecircleof radius � centeredat theorigin:

��� � ��� � �l�|�� ��  � ���"� � ��� � �� ��  � ���$¡£¢,�l¢|¡z¤ (4)

Figure4: Two Circle Parameterizations

It is easyenoughto checkthattheparameterizationworks;simply calculate� �j� � � � �   � �"� � � � � andverify
thatit is alwaysequalto 1:

� �j� � � � �   � �"� � � � � � � ¥l�^� � �   �� ¥   � � ��  �   � � �� ¥   � � ��  � � � ¥   � � �   �� ¥   � � ��  � ��� ¤
Theequationsthemselvesarenotparticularlynice;bothinvolveafloating-pointdivision(whichis usually
a relatively slow operationin computerhardware),andsomemethodmustbe found to choosesuitable
valuesfor � in thedoubly-infiniterange�$¡£¢,��¢z¡ .

Even with thesemoderatelyugly equations,thereis an additionalproblem. Even if we allow � to vary
over all real numbers,the parameterizationabove still omits onepoint on the circle, namely, the point� � � � � thatis approachedeitheras ��¦£�P¡ or as ��¦   ¡ .

The imageon the left in Figure4 shows the resultof evaluating � in uniform stepsof length � ¤ � from���S�P� � ¤ � to �l��� � ¤ � . Thestepsarefar too closeon theright, andthey do not evencomecloseenough
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togetherto make a reasonablecircle there. The stepson the left areprobablytoo far apartfor a good
circle.

Thereis onetrick wecanperformthatseemsmagicalatfirst, but thoseversedin projectivegeometrywill
seethatit is anaturalandobviousresult,giventhatthecircle is aspecialform of aconicsection.Sincewe
know that thecomputerhardwareis working not on two-dimensionalvectors,but on three-dimensional
vectorswith anadditional § -coordinate,andsincethedenominatorsof ¨�© ª « and ¬"© ª « arethesame,why
not describetheparameterizationasfollows:

¨�© ª «�­|ª ®l¯,° ±�¬"© ª «�­z² ª ±�§'© ª «�­,ª ®�³z° ±�¯$´£µ,ª�µz´z¶ (5)

Sincethevaluesof ¨�© ª « and ¬"© ª « areautomaticallydividedby thevalueof §'© ª « in thecomputerhardware
this will work perfectly. Thereis still a division,of course,but thatdivisionhadto bedoneanyway if the
sceneis viewedin perspective.

Theproblemof having aninfinite domainfor ª canalsobesolvedwithout toomuchtrouble.For example,
if we only allow ª to vary from ¯_° to ° in Equations4 or 5, thenonly a half-circle is drawn. A similar
equationcanbe written for the otherhalf of the circle (just flip the sign in the definition of ¨j© ª « ) and
thecircle canbedrawn in two halves. Notice thatevenif ª is restrictedto this smallerrange,thepoints
generatedarenot evenly spacedon thecircle.3 Theresultsof this doubleparameterizationaredisplayed
in the illustration on the right in Figure4. Both the left andright sidesof the circle areevaluatedby
steppingª by · ¶ · ¸ from ª�­�¯P° ¶ · to ª�­�° ¶ · .
Notice thatcircles(andothercurvesgeneratedin a similar way with a variable§ coordinate)aretrans-
formedcorrectlyby any of thestandardtransformationmatrices.They canberotated,translated,scaled,
mirrored,or put throughperspectiveprojections.Sinceany conicsection(ellipse,parabola,hyperbola,or
circle) is justaprojectionof acircle,it is clearthatany of thosecurvescanbegeneratedby someparamet-
ric equationwith avaryingvalueof § in thesamewayasarecircles.In fact,if youknow thevaluesof the
entriesin theappropriateprojectionmatrix you canjust multiply thecolumnvector © ª ® ¯,° ± ² ª ± ª ® ³z° « ¹
by thatmatrix to obtaintheparameterizationof any conicsection.

3 A Hardware Hack

Graphicshardwareis generallyhighly parallel,andthereareusuallyplenty of availableadders,multi-
pliers,et cetera,availableto performsomewhatnon-standardoperations,assumingsomesucker canbe
talkedinto writing a bit of microcode.

Sincethe hardwareis usuallybuilt to work in threedimensionsusing º0»1º matrices,thereis a fairly
simplehardwarehackthatcanbedonethatwill generatepointsnot only on segmentsof conicsections,
but on any curve wheretheparameterizationsof ¨�© ª « , ¬"© ª « , ¼�© ª « , and §'© ª « areall cubicpolynomialsof
theform ½ ª ¾�³,¿ ª ® ³^À ª�³,Á , where ½ , ¿ , À , and Á areconstantrealnumbers.Obviouslywe canlet ½]­�·
if we wantquadraticequations,or ½'­z¿l­z· for linearequations,et cetera.

Parametriccurveswhosecomponentsarepolynomialsareusually called “splines” or “spline curves”,
especiallyif thevalueof the § componentis theconstant° ¶ · . If § varies,they areusuallycalled“rational
splines”. Commonlyusedsplinesincludethe B-spline,the Bézierspline,the cubicspline,the Hermite
spline,et cetera.

Let usbegin with a few observations.In themostgeneralcase,wewould like to generateautomaticallya
setof equationsof thefollowing form:

¨�© ª «Â­Ã¨ ¾ ª ¾ ³1¨ ® ª ®�³1¨jÄ ªj³1¨�Å¬"© ª «Â­Ã¬ ¾ ª ¾ ³1¬ ® ª ®�³1¬ Ä ª�³1¬ Å¼�© ª «�­Æ¼ ¾ ª ¾ ³^¼ ® ª ®�³^¼ Ä ªj³,¼ Å§'© ª «Â­Ã§ ¾ ª ¾ ³1§ ® ª ®�³1§PÄ ªj³1§lÅ ±
3Usuallycirclesdrawn this way aredivided into four quarterswhich givesbetteroverall accuracy with fewer valuesof Ç evalu-

ated.
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whereÈ É Ê Ë Ë Ë Ê Ì$Í areall constantrealnumbers.A bit of thoughtshows thatthis is equivalentto:ÎÏÏ
Ð
È�Ñ Ò ÓÔ Ñ Ò ÓÕ Ñ Ò ÓÌ_Ñ Ò Ó
Ö ××
ØCÙ
ÎÏÏ
Ð
È"ÍGÈ�ÚÛÈ"ÜGÈ ÉÔ Í Ô Ú Ô Ü Ô ÉÕ Í Õ Ú Õ Ü Õ ÉÌ$ÍÂÌlÚ�Ì$ÜÂÌ�É

Ö ××
Ø
ÎÏÏ
Ð
Ò ÍÒ ÚÒÝ
Ö ××
Ø Ë (6)

Thus,if we have a niceway to generatethevaluesof Ò Í , Ò Ú , and Ò , we canjust plug theminto thevector
on the right of Equation6 andpremultiplyby thematrix on the left of the Ò -vector. Note that it maybe
importantto transformthesepointswith rotations,perspectiveprojections,et cetera,but thoseoperations
simply involvepremultiplicationsby other Þ]ßeÞ matrices.All thesepremultiplicationscanbecombined
sosuccessive pointscanbegeneratedby successively pluggingin new valuesof thepowersof Ò into the
columnvectorandthenmultiplying it by thematrix of polynomialcoefficientsfor thecubicfunctionsto
obtainpointsthattraceout thecurve in question.

This is prettygood,but wecando better!

We will simplify thingshereby assumingthat we want Ò to vary from à to
Ý
, but the valuesbelow can

beadjustedsuitablyto work for any finite rangeof valuesof Ò . We will generatesuccessive valuesof the
vector Ñ Ò Í Ê Ò Ú Ê Ò Ê Ý Ó á usingonly a seriesof additions.

Let â bethedifferencewe wantbetweensuccessivevaluesof Ò . For example,if wewantto evaluateÒ for
10 equalstepsbetweenà to

Ý
, we wouldset â Ù Ý ã Ý à . Considerthefollowing matrix:ÎÏÏ

Ð
ä â Í ä â Í â Í ààæå â Ú â Ú ààçàèâÆààçàéà Ý

Ö ××
Ø

Theright columnis Ñ à Ê à Ê à Ê Ý Ó á , thevalueof thedesiredvector Ñ Ò Í Ê Ò Ú Ê Ò Ê Ý Ó á when Ò Ù à . Now consider
thefollowing operationon thematrix: Add thethird columnto thefourth, thenthesecondcolumnto the
third, andfinally, thefirst columnto thesecond.Leave thefirst columnunchanged,andwe obtain:ÎÏÏ

Ð
ä â Í Ý å â Í�ê â Í â Íàéå â Úìë â Ú â Úàíàîâéâàíàîà Ý

Ö ××
Ø

Theright columnrepresentsthevalueof our vector Ñ Ò Í Ê Ò Ú Ê Ò Ê Ý Ó á when Ò Ù â . Repeatthesameaddition
operationto obtain: ÎÏÏ

Ð
ä â Í Ý ï â Í Ý ð â Í ï â Íàñå â Úóò â Ú Þ â Úàíàôâõå âàíàôà Ý

Ö ××
Ø

Theright columncorrespondsto thevalueof thatsamevectorwhen Ò Ù å â . Verify yourselfthat if the
operationis repeatedtwo moretimesthat the valuesfor Ò Ù ë â and Ò Ù Þ â areobtained.This always
works.Why?

Sonow, insteadof having to do multiplicationsto obtainvaluesof Ò Í , Ò Ú and Ò , we simply have to do a
setof paralleladditions.This is not aparticularlygreatsavings,sincefloating-pointadditionsareasugly
asmultiplications,but wecango onestepfurther—wedon’t evenhave to do thematrixmultiplicationin
Equation6! All we needto do is performthemultiplication:ÎÏÏ

Ð
È"ÍGÈ"ÚGÈ"ÜGÈ ÉÔ Í Ô Ú Ô Ü Ô ÉÕ Í Õ Ú Õ Ü Õ ÉÌ$ÍÂÌ$ÚÂÌ$ÜÂÌ�É

Ö ××
Ø
ÎÏÏ
Ð
ä â Í ä â Í â Í ààöå â Ú â Ú ààõàéâÃààõàéà Ý

Ö ××
Ø (7)
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anditeratethatby addingthecolumnsasabove, andthis will generateall the pointson the curve. It is
nothardto provethatthis is so,but let usjustwork out a few pointson thecircledescribedin Equation5
beginningat ÷�øzù andwith ú'øzù û ü . We will just assumethatthe ý -coordinateis theconstantzero.

Pluggingthevaluesof ù , û ü , û þ , and û ÿ for ÷ into Equation5, weobtain:

÷�øzù�� � � ü � ù � ù � ü � �÷�ø�û ü�� � � û � � � û þ � ù � ü û ù ü � �÷�ø�û þ�� � � û � 	 � û 
�� ù � ü û ù 
 � �÷�ø�û ÿ�� � � û � ü � û 	 � ù � ü û ù � � �
Now let’s seewhatwe getby doingthematrixmultiplicationin Expression7, where:�



�
���������������� ��� ��� ��� �ý � ý � ý � ý ����������������

� ��
 ø
�


�
ù ü�ù � üùLùLþ ùùLùLù ùù ü�ùóü

� ��
 

and �


�
	 ú � 	 ú � ú � ùùöþ ú � ú � ùùõùéúÃùùõùéù ü

� ��
 ø
�


�
û ù ù 	 û ù ù 	 û ù ù ü�ùùõû ù þ û ù ü ùù ùOû üóùù ù ùèü

� ��
 û

We obtain: �


�
ù ü�ù � üùLùLþ ùùLùLù ùù ü�ùMü

� ��
 
�


�
û ù ù 	 û ù ù 	 û ù ù ü�ùùõû ù þ û ù ü ùù ùOû üóùù ù ùèü

� ��
 ø
�


�
ù û ù þ û ù ü � üù ùèû þ ùù ù ù ùù û ù þ û ù ü ü

� ��
 (8)

.

We seemto beon theright track; the right columnof thematrix on the right of Equation8 is thevalue
correspondingto ÷�øzù . If we iteratethatmatrix threemoretimes,weobtain:�



�
ù û ù þ û ù ÿ � û � �ù ùèû þ û þù ù ùOùù û ù þ û ù ÿìü û ù ü

� ��
 �

�


�
ù û ù þ û ù ! � û � 	ù ù û þ û 
ù ù ùOùù û ù þ û ù !ìü û ù 


� ��
 �

�


�
ùGû ù þ û ù " � û � üù ùèû þ û 	ù ù ùOùùGû ù þ û ù " ü û ù �

� ��
 û

Thevaluesin theright columnsareexactly theoneswe need!

But thereis still more.Wecanalsopremultiplyby all thetransformationmatricesthatmightrotate,scale,
or put into perspective the pointson the curve, and then iteratethat. So for the costof onepremulti-
plication,we cangenerateanarbitrarynumberof pointson thecurve with ü þ additionseach,andthose
additionscanbedonefour ata timewith appropriatelydesignedparallelhardware.

Therearemoderatelysimplewaysto modify this methodto generatepointson any sortof rationalcubic
splinecurve,whichcoversperhaps99.99%of all curveseverdrawn on a computerscreen.

4 Splines

Oneof the easiestwaysto draw andcontrol curve shapesis usingsplines4. Therearevarioussortsof
splines,but theshapeof eachis controlledusinga setof controlpoints. Thecurve doesnot necessarily
passthroughthecontrolpoints,althoughit is requiredto for somesplines,but it is drawn toward those
points.

4Thename“spline” comesfrom aflexible pieceof woodcalledasplineusedby draftsmenin theold daysto draw curves.
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P1P1
P2P2

P3P3

P4P4 P1P1

P2P2

P3P3

P4P4P1P1

P2P2

P3P3

P4P4

Figure5: A few BézierSplines

Therearemany typesof splines,but herewe will consideronly cubicBéziersplines(sometimescalled
cubicBéziercurves).A few examplesof theseareillustratedin Figure5. In thatfigure,thecontrolpoints
arelabeled#%$ & #(' & #() & and #(* . Thesplinesarethecurvesbeginningat #+$ andendingat #(* .

P1P1

P2P2

P3P3

P4P4

P5P5

P6P6

P7P7

P8P8

P9P9

P10P10

Figure6: Linking BézierSplines

Thedottedstraightlinesconnectingthecontrolpointsaredrawn simply to illustratea propertyof Bézier
curves,namely, that the initial andfinal partsof thecurve aretangentto the lines #+$ #(' and #�* #+) . This
tangency requirementmakesit easyto constructmorecomplex curvesthatfit togethernicely usingmul-
tiple segmentsasshown in Figure6. Noticethataslong aspoints #() , #�* and #+, lie on thesameline and#(- , #(. and #+/ alsolie on a line, thecurveswill cometogetherwith matchingtangentsandwill appearto
makeasmoothtransition5.

It is quite simple to write down the parametriccurve for the cubic Bézier spline definedby the four
controlpoints #%$ , #(' , #() and #�* . If we considerthecontrolpointsto bevectors(in eithertwo or three
dimensions),theparametricdefinitionof theBéziersplineassociatedwith themis givenby:021 3 4 1 5 4 1 6 4 1 7 8 9 :%;<8 =�>?9 : ) #+$%@BA 8 =2>?9 : ' 9 #('2@BA 8 =�>C9 : 9 ' #()2@ 9 ) #(* D (9)

Thefunctions
8 =�>?9 : ) , A 8 =�>?9 : ' 9 , A 8 =�>?9 : 9 ' and

9 ) arecalledthe“Bézierbasis”for thesplinecurves.
Notice that they arethe resultsof expandingthe expression

8 8 =E>F9 : @ 9 : ) . The Bézierbasisfor GC@ =
control points is obtainedby replacingthe A in the exponentby G . Every otherpolynomialsplinecan
bedescribedusingexactly thesameform asin Equation9 but with thebasisfunctionsreplacedby other
polynomialsin

9
. It is easyto seethatwhen

9%;IH
thevaluewill be #+$ , andwhen

9%;<=
, thevaluewill be#�* . Intermediatevaluesof

9
generatepointsalongsomecurveconnecting#%$ with #�* .

In Section3 we describeda methodto generatefor a circle a matrix that canbe iteratedin a somewhat
strangeway using

= J
additionssuchthatits rightmostcolumnwill stepthroughpointson thecurvewith

5Actually, to get true smoothness,thedistanceK L K M mustbe thesameas K M K N andsimilarly K O K P mustbeequalto K P K Q .
This is becausethetangentvectorsat theendpointshave magnitudesproportionalto thevectorsconnectingthecontrolpoints.
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eachiteration.Thereis awonderfulwayto doexactly this for every curvethatcanbedescribedasacubic
splineor rationalcubicspline.

Without proof,hereis theconstruction.

Let R(SUTWV X�S Y Z X�S [ Z X�S \ Z X�S ] ^ _ for `aTWb Z c Z d Z e . Let f vary from fgTih to faTWb in stepsof size j . In
addition,thereis a elkCe basismatrix thatdependsonly on thesplinetype; for Béziersplinesthatbasis
matrix will be: mnn

o
p bqd p d�bd p�r dshp dsdthshbuhthsh

v ww
x

Performthefollowing matrixmultiplication:mnn
o
X�Y YyX�Y [zX�Y \�X�Y ]X�[ YyX�[ [zX�[ \�X�[ ]X�\ YyX�\ [zX�\ \�X�\ ]X ] YyX ] [zX ] \�X ] ]

v ww
x
mnn
o
p bqd p d�bd p�r d{hp dsd|h{hb}h|h{h

v ww
x
mnn
o
r j \ r j \ j \ hh~c j [ j [ hh�h�j�hh�huh�b

v ww
x (10)

wherethematrix involving j is thesameastheoneusedin Expression7 andit will generateamatrix that
canbeiteratedto grindoutsuccessivepointson theBéziercurvedefinedby thecontrolpoints R%Y , R([ , R+\
and R(] with spacingj . To seewhy, look at thetop row of theproductof thefirst two matrices:

V p X�Y Y%�Fd X�Y [ p d X�Y \2��X ] Z d X�Y Y pFr X�Y [2�Fd X�Y \ Z p d X�Y Y+�Fd X�Y [ Z X�Y Y ^ � (11)

Recallingthatthematrixontheright effectivelygeneratesunderiterationpointsof theform V f \ Z f [ Z f Z b ^ _ ,
whenmultiplied by thetop row shown in Expression11 of theproductof thetwo matriceson theleft of
Expression10yields:

V p X�Y Y%�Bd X�Y [ p d X�Y \%�CX�Y ] ^ f \ ��V d X�Y Y pFr X�Y [2�Fd X�Y \ ^ f [ �IV p d X�Y Y+�Bd X�Y [ ^ f X�Y Y � (12)

A little algebrashows thatExpression12 is equivalentto:

X�Y Y V b p d f(�Fd f [ p f \ ^(�CX�Y [ V d pFr f(�Fd f [ ^(��X�Y \ V p d f \ �Bd f [ ^+��X�Y ] f \T<V b p f ^ \ X�Y Y%�Fd V b p f ^ [ f X�Y [2�Fd V b p f ^ f [ X�Y \2�?f \ X�Y ] Z
just asit should. The otherrows multiply out in exactly the sameway andhencethe grandproductof
thethreematricesin Expression10 canbeiteratedto generatepointson theBéziercurve definedby the
controlpoints R+Y , R([ , R(\ and R�] .
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