
CombinatorialProblems

Tom Davis
tomrdavis@earthlink.net

http://www.geometer.org/mathcircles
October25,2000

Theproblemsbelow arearrangedroughlyin orderof difficulty, soif thefirst onesarefar too easy, jump to themiddle,or to
theend.

(1) If
�

, � , and � arecities If thereare4 roadsfrom � ����� �	� and3 from � ��� � , how many waysaretherefrom�
��� � ? (Assumethatall roadsareone-way, in thedirectionof thearrows.)

(2) If, in addition,thereare6 roadsfrom � ���� , how many waysfrom
�������

?

(3) As in theproblemabove,but 4(
�
��� � ), 3(� ��� � ), 5(

�
����
), 5(
����� � ). How many waysfrom

�
��� � ?

(4) How many wayscanyouchooseacaptainandco-captainof a football teamwith 11 members?

(5) How many waysarethereto choosea president,a vice-president,andtreasurerfrom a club of 15,assumingall threeare
differentpeople?

(6) How many waysto putawhiteandblackrookonachessboardsothatneithercanattacktheother?(Rookscanonly attack
alongrowsandcolumns– not alongthediagonals.)

(7) How many waysto put a white andblack king on a chessboardso thatneitherattacksthe other? (A king attacksonly
thosesquaresadjacentto it, soaking away from theedgeof theboardattacksthe8 adjacentsquares.)

(8) If you have an alphabetof 26 letters,how many 3-letterwordscanyou make? What if the threelettersall have to be
different?How many 5 letterwordscanyoumake, if youcanrepeatletters,but can’t have2 in a row thatarethesame?

(9) How many rearrangementscanbemadeof the lettersin thefollowing words: VECTOR,TRUST, CARAVAN, CLOSE-
NESS,MATHEMATICAL? (For example,for “VECTOR”, somepossibilitiesinclude:VECTRO,OTCEVR,andROTVEC.)

(10)How many diagonalsaretherein a convex � -gon?

(11)How many wayscanyouput 8 mutuallynon-attackingrooksona standard����� chessboard?

(12) Thereare3 roomsin a dormitory, a single,a double,anda quad. How many waysarethereto assign7 peopleto the
rooms?

(13)How many 10-digit numbershaveat least2 equaldigits?

(14) How many wayscanyou put 2 queenson a chessboardsothatthey don’t attackeachother?(Queensattackbothon the
rowsandon thediagonalsof achessboard.)

(15)How many wayscanyousplit 14 peopleinto 7 pairs?

(16)N boysandN girls arein adanceclass.How many waysarethereto pair themall up?

(17)How many waysarethereto choosea teamof 3 studentsfrom a groupof 30?

(18)Onestudenthas6 booksandanotherhas8. In how many wayscanthey exchange3 booksof thefirst studentfor 3 books
of thesecond?

(19)How many wayscanagroupof 10boysbedividedinto two basketballteamsof 5 boyseach?

(20) Tenpointsaremarkedon theplanesothatno threeof themarein a straightline. How many differenttrianglescanbe
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formedusingthese10pointsasvertices?

(21) A groupof soldierscontains3 officers,6 sergeants,and30 privates.How many wayscana teambeformedconsisting
of 1 officer, 2 sergeants,and20 privates?

(22) Tenpointsaremarkedon a straightline and11 on anotherline, parallelto thefirst. How many trianglescanbeformed
from thesepoints?How many quadrilaterals?

(23)How many wayscanyouput 10 whiteand10 blackcheckerson theblacksquaresof a checkerboard?

(24)How many 10-digit numbershave thesumof their digits equalto 1? Thesumequalto 2? To 3? To 4?

(25)To win theCalifornialottery, youmustchoose6 numberscorrectlyfrom asetof 51 numbers.How many waysarethere
to to makeyour6 choices?

(26) A personhas10 friends.Overseveraldaysheinvitessomeof themto a dinnerpartyin sucha way thathenever invites
exactly thesamegroupof people.How many dayscanhekeepthisup,assumingthatoneof thepossibilitiesis to asknobody
to dinner?

(27) Thereare7 stepsin a flight of stairs(not countingthetop andbottomof theflight). Whengoingdown, you canjump
oversomestepsif you like,perhapsevenall 7. In how many differentwayscanyougo down thestairs?

(28) The following illustration is a mapof a city, andyou would like to travel from the lower left to theupperright corner
alongtheroadsin theshortestpossibledistance.In how many wayscanyoudo this?

(29) In how many wayscan12 penniesbeput in 5 purses?Whatif noneof thepursescanbeempty?

(30) In how many wayscanyou put k identicalthingsinto n boxes,wherethe boxesarenumbered� � � � � � � ? What if you
mustput at leastonething in eachbox (so,of course,����� )?

(31)A bookbindermustbind12 identicalbooksusingred,green,or bluecovers.In how many wayscanthis bedone?

(32) A train with � passengersmustmake � stops.How many waysaretherefor thepassengersto getoff thetrain at the
stops?Whatif we only careaboutthenumberof passengersgettingoff at eachstop?

(33) How many waysarethereto arrange5 red,5 green,and5 blueballs in a row sothatno two blueballs lie next to each
other?

(34)How many waysarethereto represent100000astheproductof 3 factorsif we considerproductsthatdiffer in theorder
of factorsto bedifferent?

(35)Thereare12bookson a shelf. In how many wayscanyouchoose5 of themsothatno two of thechosenbooksarenext
to eachotheron theshelf?

(36) In how many wayscana necklacebemadeusing5 identicalredbeadsand2 identicalbluebeads?

(37)How many 6-letter“words”containat leastoneletter“A” (if any sequenceof letterscountsasa word)?

(38)Given6 verticesof a regularhexagon,in how many wayscanyoudraw a paththathits all theverticesexactly once?

(39) Within a tableof � rowsand � columnsa box is markedat theintersectionof the  th row and ! th column.How many
of therectanglesformedby theboxesof thetablecontainthemarkedbox?
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(40) A " #�$%" #�$%" # cubeis formedof smallunit cubes.A grasshoppersits in thecenter& of oneof thecornercubes.At a
givenmoment,it canjump to thecenterof any of thecubeswhich hasa commonfacewith thecubewhereit sits,aslong as
the jump increasesthedistancebetweenpoint & andthecurrentpositionof thegrasshopper. How many waysaretherefor
thegrasshopperto reachtheunit cubeat theoppositecorner?

(41)Find thenumberof integersfrom 0 to 999999thathaveno two equalneighboringdigits in their decimalrepresentation.

(42)How many waysarethereto dividea deckof 52 cardsinto two halvessuchthateachhalf containsexactly2 aces?

(43)How many waysarethereto placefour black,four white,andfour blueballsinto six differentboxes?

(44) In Lotto, 6 numbersarechosenfrom the set ' " ( ) ( * * * ( + , - . In how many wayscanthis be donesuchthat the chosen
subsethasat leastonepair of neighbors?

(45) Find thesum .�/1032 /4 5�687 / 4 9 : ; . Hint: thesumcanbe interpretedasthenumberof waysto choosea committeof at
leastonethatincludesa president,vice-president,andtreasurer(not necessarilydistinctpersons)from a setof < people.

(46) Givena setof = <�>
" objects,assumethat < areindistinguishable,andtheother ) <�>
" aredistinct. Show thatwe can
choose< objectsfrom this setin ) ? / ways.

(47) In how many wayscanyou take anoddnumberof objectsfrom a setof < objects?

(48) < personssit aroundacirculartable.How many of the <A@ arrangementsaredistinct,i.e.,donothavethesameneighboring
relations?

(49) ) < pointsarechosenon a circle. In how many wayscanyou connectthemall in pairssuchthatnoneof thesegments
overlap?

(50) In how many wayscanyou triangulatea convex < -gonusingonly theoriginal vertices?

(51) If you have a setof < pairsof parentheses,how many wayscanyou arrangethem“sensibly”. For example,if you have
3 pairs,thefollowing 5 arrangementsarepossible:((())), (())(), ()(()), (()()), ()()().

(52) Canyou arrangethenumbers" ( ) ( * * * ( , alonga circle suchthat thesumof two neighborsis never divisible by 3, 5, or
7?

(53) In how many wayscanyouchoosetwo distinctsubsetsfrom acollectionof B items?Thetwo subsetstogetherneednot
includeall B items.

(54) In how many wayscanyouselectanoddnumberof objectsfrom a collectionof B objects?

(55)How many subsetsof theset ' " ( ) ( = ( * * * ( BC- containno two successivenumbers?

(56)How many waysarethereto putsevenwhiteandtwo blackbilliard ballsinto ninepockets?Someof thepocketsmaybe
emptyandthepocketsareconsidereddistinguishable.

(57) Considera circularsetof B seats,with a differentchild sitting in each.How many wayscanyou rearrangethechildren
sothatno child movesmorethanoneseatto theright or theleft of his/heroriginalposition?

(58)Canyoufind apolyhedronwith anoddnumberof faces,whereeachfacehasanoddnumberof edges?

(59) Givenare2001distinctweights, D 6�E D ?
E�F F F�E D 6 G G G and H 6�E H ?

E�F F F�E H 6 G G 6 . Find theweightwith rank1001
usingatmost11weighings.(In otherwords,if all theweightsweremixedtogetherandsortedby weight,find themiddleone
with at most11 weighings.)

(60)Canyoupartitionthesetof positive integersinto infinitely many infinite subsetssuchthateachsubsetis generatedfrom
any otherby addingthesamepositive integerto eachelementof thesubset?

(61) Considerall ) /1I " nonemptysubsetsof the set ' " ( ) ( * * * ( <J- . For every suchsubset,we find the productof the
reciprocalsof eachof its elements.Find the sumof all theseproducts. (For example,if the setconsistsof ' " ( ) ( = - , the
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subsetsare K L M , K N M , K O M , K L P N M , K L P O M , K N P O M , and K L P N P O M . Theproductsof the reciprocalsare1, 1/2, 1/3, 1/2, 1/3, 1/6,
and1/6,respectively. Thesumof all of themis 3.

(62) How many waysarethereto group4 piecesof luggage?5 pieces?(Herearethegroupingsof 3 pieces,Q , R , and S :QTR	S , QVU R	S , R3U QTS , S�U QTR , QVU R3U S . Theverticalbarsrepresentdivisionsinto groups.)

(63) Find thenumberof pokerhandsof eachtype.For thepurposesof this problem,a pokerhandconsistsof 5 cardschosen
from astandardpackof 52(no jokers).Also for thepurposesof thisproblem,theacecanonly beahighcard.In otherwords,
thecardsequenceQ8W , N X , O X , Y Z , [ \ is not astraight,sincetheaceis a highcardonly.

Herearethedefinitionsof thehands:

Royal flush: L ] throughQ in thesamesuit.

Example: L ] Z , ^JZ , _�Z , `%Z , QaZ .

Straight flush: 5 cardsin sequencein thesamesuit,but nota Royal flush.

Example:Y X , [ X , b X , c X , d X .

Four of a kind: Fourcardsof thesamerank.

Example:_�Z , _�\ , _�X , _aW , c Z .

Full house:Threecardsof onerankandtwo of another.

Example:O Z , O X , O W , e \ , e X .

Flush: Fivecardsin thesamesuit thatarenot in sequence.

Example:O W , Y W , [ W , b W , d W .

Straight: Fivecardsin sequencethatarenot all in thesamesuit.

Example:b W , c W , d X , e Z , L ] W .

Thr eeof a kind: Threecardsof thesamerank;theothersof differentrank.

Example: ^�W , ^JX , ^JZ , c X , `C\ .

Two pairs: Two pairsof cards.

Example:[ \ , [ Z , d X , d W , QaZ .

Pair: A singlepairof cards.

Example:O W , O X , [ Z , e X , _�X .

Bust: A handwith noneof theabove.

Example:N W , Y Z , b X , d \ , L ] W .
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