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Permutations: A permutationis anarrangementof things.Thenumberof orderedwaysto choose
�

thingsfrom asetof � is��� ����� � � ���
	 ��� � � � ��� �� � � . This is becausethefirst objectcanbechosenin any of � ways,thesecondin any of �����
ways,andsoon.

Example: How many waysarethereto chooseanorderedsetof � numbersfrom asetof � ? Answer: ��� ��� 	���	 � . Suppose
thenumbersare � � 	 � � � and � . Thepossibilitiesarelistedbelow. Notethat it is very convenientto organizea list like this in
someorderto becertainyou haven’t left anything out. In this case,they’re arrangedin a sort of “alphabeticalorder”, asif� � 	 � � � � were ��� ��� ��� � in thealphabet:� 	 � � � 	 ��� � � 	 � � � ��� � � 	 � � � � � 	 � � � 	 � ��� 	 � � � 	 � � � 	 � � � 	 � � � � � 	 � � � ��� � 	 � � � 	 ��� � ��� � � � 	 � � � 	 � ��� � � � 	 � � � 	 � � � � � � � � 	 �
Combinations: Combinationsarelike permutationsexceptthatthey areunordered.In theexampleabove,thecombinations
of 4 thingstakentwo at a time wouldnot includeboth ��� and � � . To getthenumberof combinationsof � thingstaken

�
at a

time,we mustdivide thenumberof permutationsby
���

to getrid of duplicatepermutations.

Thus,thenumberof combinationsof � thingstaken
�

ata time is:��� ����� � � � �!	 ��� � � � � � �� � ���� � � ���� � � � � � � � " � � # �
This formulaworksfine for � �%$ and/or

� �%$ , aslongasyou rememberthat $ � �&� .
Example: The numberof waysto choose� numbersfrom the set ' � � 	 � � � ��� ( � ) * is + ,- .��/	 $ . The possibilitiesinclude.
Noticethatthis list is alsoin “alphabeticalorder”:� 	 � � � 	 ��� � 	 ( � � 	 ) � � � ��� � � ( � � � ) � � � ( � � � ) � � ( ) � 	 � � � 	 � ( � 	 � ) � 	 � ( � 	 � ) � 	 ( ) � � � ( � � � ) � � ( ) � � ( ) �
Relationship with Pascal’s Triangle: Hereis Pascal’s triangle,written both in the usualway, andwritten with its terms
expressedascombinations.

+ 00 . �+ 10 .2+ 11 . �3�+ 40 .5+ 41 .2+ 44 . �6	7�+ -0 .5+ -1 .2+ -4 .8+ -- . �6�3�9�+ :0 .2+ : 1 .5+ :4 .2+ :- .8+ :: . �;�<)=�>�
In otherwords,theentriesin Pascal’s triangleequalto thecorrespondingentry in thetriangleof combinationcoefficientson
theleft.

Relationshipof Pascal’sTriangle with the binomial theorem: Notethatin thefollowing expansion,thecoefficientsof the
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termscorrespondexactly to thefourth row (startingat row zero)of Pascal’sTriangle:? @�A
B C DFE&G @ H�A!I @ J B K�A�L @ M B MNA!I @ K B JNA%G B H O
Thegeneralexpansionof a binomialto a power is givenby:? @�A�B C DFE/P Q R S�@ D�ATP Q G S�@ D UVK B�AWP Q X S�@ D U�M B MNA%Y Y Y ATPZQQ�[ G S�@ B D UVK\ATP QQ S�B D�O
If you’veneverdoneit, agoodexerciseis to startwith, say, theexpansionof

? @�A!B C J
andmultiply thatby handby

? @�A
B C
to

get
? @�A�B C H

. You’ll thenseeexactly why therule for calculatingentriesin Pascal’sTrianglecorrespondsto thecombination
coefficients.

Counting Tricks: If you have no ideahow to proceed,it’s oftena goodideato countor calculate(very carefully) the first
few cases,andthentry to work from that. Here’s a simpleexampleof that,togetherwith a new techniquefor analysis.The
problemis to find a formulafor thesumof thefirst Q squares.In otherwords,find a formulafor ] ? Q C , where] ? Q CNE&G M�A X M�A�^ M�A%Y Y Y A Q M O
In this case,it’seasyto work out thefirst few cases:] ? R C�E R , ] ? G CNE_G , ] ? X C�E&G�A!I�E%` , ] ? ^ CNE_G�A!I�A
a�E&G I , andso
on. Here’sa list of thefirst few (besureto startyour row with thevaluefor Q E R ):R Gb`_G Ic^ R ` `da G�G I RcX R I X e `
Now take differencesof thenumbersin this row, forming a secondrow. Thentake differencesin thesecondrow, forming a
third, andsoon: R Gf`gG Ih^ R ` `ia GjG I RiX R I X e `GkIlamG L X `i^ LnI a3L I e G^o`qprasG GiG ^9G `tG pXcX=X<X3XuXvXRwR=R<R3RxR
If you’re lucky andthe last row is all zeroes,it’s obviousthatyou cangeneratetheentiretop row from thenumberson the
diagonal(in this case,

R y G y ^ y X
). You canwrite themon thediagonal,extendthefinal

X
forever, andfill in any othertermby

addingthetermto its left to thetermbelow andto theleft.

But there’salsoa formula. In this case,it is: R P Q R S�A%GVP Q G S�A
^�P Q X S�A X P Q ^ S
E R A�G Q A ^ Q ? Q�[ G CXzA X Q ? Q�[ G C ? Q�[ X CL EWQ ? Q A%G C ? X Q A�G CL O

Counting Mountains — Catalan Numbers: Using Q pairsof thecharacters{ and | , build asmany chainsof mountainsas
youcan.For Q E&G y X y ^ y and

I
herearethepossibilities:} ~�� { �
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� �� � � ����� � � �
� ������ � � ��� � � �� � � ������� � ��� � ��������� � � � � �
� ���� � � � � � � � � � ������������ � ����� � � ����� � � � � ��� � � �� � � � ��� ��� ����� � ��� ��� ����� � �� �� ��� ��� � ��� � � � � � � � ���� ������� � � � ��� � ����� � ����� � ��� � ��� � � � ����� � � � � � � �

Sothereare1, 2, 5, and14 waysto constructlegal mountainchainsfor 1, 2, 3, and4 pairsof theslashcharacters.How do
we countthese?

Theansweris �� ��� ��� � ��� ��n���
Theway to seethis is to imagineall possiblearrangementsof

��� �
up-strokesandonly

�
down-strokes.Fromamongthese�F�!��� ��� � �F� �

strokes,we needto choose
�

of themto beup-strokes,sothereare � � � �V��b� choices.But imagineputting
thesestrokesequencesnext to eachother. For

� �%�
, look at theexample“up down down up up updown”:� �� � � ���� � � ����� �� � � ����� �� � � ����� �� ����� �� �

All of thesewill form a sort of staircaseasabove, andall will have a lowestpoint markingthe lowestedge.Sincethe low
point canoccuratany of the

���
��� �
positions,we mustdivideby

� ��� �
.

Theseareknown asthe Catalannumbers,andthey comeup in many countingproblems.Is it obviouswhy the numberof
valid arrangementsof

�
pairsor parenthesesis alsogivenby theCatalannumbers?For

� �%�
:� � � � � ��� � � ��� ��� � ��� � ��� ��� � � ��� ��� ��� �
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