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Permutations: A permutatioris anarrangemendf things. The numberof orderedwvaysto choosek thingsfrom asetof n is
nin—1)(n—2)---(n — k + 1). Thisis becausehefirst objectcanbechoserin ary of n ways,thesecondn any of n — 1
ways,andsoon.

Example: How mary waysarethereto chooseanorderedsetof 3 numberdrom asetof 4? Answer: 4-3 -2 = 24. Suppose
thenumbersarel, 2, 3, and4. The possibilitiesarelistedbelon. Notethatit is very convenientto organizea list like thisin
someorderto be certainyou haven' left anything out. In this case they’re arrangedn a sort of “alphabeticalorder”, asif
1,2,3,4were A, B,C, D in thealphabet:

123,124,132, 134, 142,143,213, 214, 231, 234, 241,243, 312, 314, 321, 324, 341, 342, 412, 413, 421, 423,431, 432

Combinations: Combinationsarelik e permutationgxceptthatthey areunorderedIn the exampleabove, the combinations
of 4 thingstakentwo at atime would notincludeboth41 and14. To getthe numberof combinationf n thingstakenk ata
time, we mustdivide the numberof permutationdy %! to getrid of duplicatepermutations.

Thus,thenumberof combinationf n thingstakenk atatimeis:
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This formulaworksfine for n = 0 and/ork = 0, aslongasyouremembethatQ! = 1.

Example: The numberof waysto choose3 numbersfrom the set{1, 2,3,4,5,6} is (g) = 20. The possibilitiesinclude.
Noticethatthislist is alsoin “alphabeticalorder”:

123,124,125, 126, 134, 135, 136, 145, 146, 156, 234, 235, 236, 245, 246, 256, 345, 346, 356, 456.

Relationship with Pascal's Triangle: Hereis Pascals triangle, written both in the usualway, andwritten with its terms
expressedscombinations.
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In otherwords,the entriesin Pascals triangleequalto the correspondingntryin the triangleof combinationcoeficientson
theleft.

Relationship of Pascal's Triangle with the binomial theorem: Notethatin thefollowing expansionthe coeficientsof the



termscorrespondxactly to the fourth row (startingatrow zero)of Pascals Triangle:
(a+b)" = 1la’ + 4a®b' + 6ab® + 4a’b® + 1%

Thegenerakxpansionof abinomialto a poweris givenby:
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(a+1b) —(0)(1 +(1)a b+(2)a b + +(n_1)ab +(n)b.

If you've never doneit, agoodexerciseis to startwith, say theexpansiorof (a + b)® andmultiply thatby handby (a + b) to
get(a + b)*. You'll thenseeexactly why therule for calculatingentriesin Pascals Trianglecorrespondso the combination
coeficients.

Counting Tricks: If you have noideahow to proceedit’s oftena goodideato countor calculate(very carefully) the first
few casesandthentry to work from that. Here’s a simpleexampleof that, togethemwith a new techniquefor analysis.The
problemis to find aformulafor the sumof thefirst n squaresin otherwords,find aformulafor S(n), where

Sn)=12+224+3*+... +n’

In this casejt’s easyto work outthefirst few casesS(0) =0,5(1) =1,5(2)=1+4=5,53) =1+4+9 = 14, andso
on. Heresalist of thefirst few (be sureto startyour row with thevaluefor n = 0):

01 514 30 55 91 140 204 285

Now take differencesf the numbersdn this row, forming a secondrow. Thentake differencesn the secondow, forming a
third, andsoon:

01 514 30 55 91 140 204 285
1 49 16 25 36 49 64 81
3 56 7 9 11 13 15 17
2 2 2 2 2 2 2
0 0 0 0 0 0

If you'relucky andthelastrow is all zeroesit’s obviousthatyou cangeneratehe entiretop row from the numberson the
diagonal(in this case, 1, 3, 2). You canwrite themon thediagonal,extendthefinal 2 forever, andfill in any othertermby
addingthetermto its left to thetermbelow andto theleft.

But theres alsoaformula. In this caseijt is:

o(0) (1) #2(2) +2(3)
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Counting Mountains — Catalan Numbers: Usingn pairsof thecharacterg and\, build asmary chainsof mountainsas
youcan.Forn = 1,2, 3,and4 herearethe possibilities:
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Sotherearel, 2, 5, and 14 waysto constructiegal mountainchainsfor 1, 2, 3, and4 pairsof the slashcharactersHow do

we countthese?
1 2n +1
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Theway to seethisis to imagineall possiblearrangementsf n + 1 up-strolesandonly n down-strokes.Fromamongthese
n+n + 1= 2n 4+ 1 strokes,we needto choosen of themto beup-stroles,sothereare (2";1) choices Butimagineputting
thesestroke sequencesext to eachother For n = 3, look atthe example“up down down up up up down”:

Theanswelis
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All of thesewill form a sortof staircaseasabove, andall will have alowestpoint markingthe lowestedge. Sincethe low
pointcanoccuratary of then + n + 1 positionswe mustdivide by 2n + 1.

Theseareknown asthe Catalannumbersandthey comeup in mary countingproblems.ls it obviouswhy the numberof
valid arrangementsf n pairsor parentheseis alsogivenby the Catalamumbers#orn = 3:
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