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The relationshipbetweenCartesiancoordinatesandEuclideangeometryis well known. The theorems
from Euclideangeometrydon’t mentionanything aboutcoordinates,but whenyou needto apply those
theoremsto aphysicalproblem,youneedto calculatelengths,angles,etcetera,or to dogeometricproofs
usinganalyticgeometry.

Homogeneouscoordinatesandprojectivegeometrybearexactlythesamerelationship.Homogeneousco-
ordinatesprovideamethodfor doingcalculationsandprovingtheoremsin projectivegeometry, especially
whenit is usedin practicalapplications.

Although projective geometryis a perfectlygoodareaof “pure mathematics”,it is alsoquite useful in
certainreal-world applications.Theonewith which theauthoris mostfamiliar is in theareaof computer
graphics.Sinceit is almostalwayseasierto understandmathematicswhenthereareconcreteexamples
available,we’ll usecomputergraphicsin this documentasa sourcefor almostall theexamples.

The prerequisitesfor the materialcontainedhereinincludematrix algebra(how to multiply, add,and
invert matrices,andhow to multiply vectorsby matricesto obtainothervectors),a bit of vectoralgebra,
sometrigonometry, andanunderstandingof Euclideangeometry.

1 Computer Graphics Problems

We’ll begin thestudyof homogeneouscoordinatesbydescribingasetof problemsfrom three-dimensional
computergraphicsthat at first seemto have unrelatedsolutions. We will thenshow that with certain
“tricks”, all of themcanbesolvedin thesameway. Finally, we will show thatthis “sameway” is in fact
just a recastingof theoriginalproblemsin termsof projectivegeometry.

1.1 Overview

Much of computergraphicsconcernsitself with the problemof displayingthree-dimensionalobjects
realisticallyon a two-dimensionalscreen. We would like to be able to rotate,translate,andscaleour
objects,to view themfrom arbitrarypointsof view, andfinally, to beableto view themin perspective.
Wewould like to beableto displayourobjectsin coordinatesystemsthatareconvenientfor us,andto be
ableto reuseobjectdescriptionswhennecessary.

As a canonicalproblem,let’s imaginethatwe want to draw a sceneof a highway with a bunchof cars
on it. To simplify thesituation,we’ll have all thecarslook thesame,but they arein differentlocations,
moving at differentspeeds,et cetera.

We have thecoordinatesto describea tire, for example,in a convenientform wheretheaxisof thetire is
alignedwith the � -axisof our coordinatesystem,andthecenterof thetire is at

� � � � � � �
. We would like

to usethesamedescriptionto draw all thetireson a carsimply by translatingthemto thefour locations
on thebody. Our carbody, of course,is alsodefinedin a nicecoordinatesystemcenteredat

� � � � � � �
and

alignedwith the � , � , and � -axes.

Oncewe get the tires “attached”to the body, we’d like to make multiple copiesof the car in different
orientationson the road. The carsmay be pointing in differentdirections,may be moving uphill and
downhill, andtheonethatwasinvolvedin a crashmaybelying upside-down.
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Perhapswewantto view theentirescenefrom thepointof view of atraffic helicopterthatcanbeanywhere
abovethehighway in three-dimensionalspaceandtilted at any angle.

We’ll dealwith theviewing in perspective later, but thefirst threeproblemsto solvearehow to translate,
rotate,andscalethecoordinatesusedto describetheobjectsin thescene.Of coursewe want to beable
to performcombinationsof thoseoperations1.

Weassumethateveryobjectis describedin termsof three-dimensionalcartesiancoordinateslike � �
	 ��	  � ,
andwe will not worry how theactualdrawing takesplace.(In otherwords,whetherthecoordinatesare
verticesof triangles,endsof lines,or controlpointsfor splinesurfaces—it’s all thesameto us—wejust
transformthecoordinatesandassumethatthedrawing will bedraggedaroundwith them.)

Finally, except in the casesof rotationandperspective transformation,it is easierto visualizeandex-
perimentwith two-dimensionaldrawingsandtheextensionto threedimensionsis obviousandstraight-
forward.

1.2 Translation

Translationis thesimplestof theoperations.If youhaveasetof pointsdescribedin cartesiancoordinates,
andif you addthesameamountto the � -coordinateof every one,all will move by thesameamountin
the � -direction,effectively moving thedrawing by thatamount.Adding a positive amountmovesto the
right; anegativeamountto theleft.

Similarly, additionsof aconstantvalueto the � or  -coordinatecauseuniform translationsin thosedirec-
tionsaswell. Thetranslationsareindependentandcanbeperformedin any order, includingall at once.
If anobjectis movedoneunit to theright andoneunit up, that’s thesameasmoving it oneunit up and
thenoneto theright. Thenetresultis amotionof length � � unitsto theupper-right.

We candefinea generaltranslationoperator��� �
	 ��	  � asfollows:� � � � � � � � � � ��	 ��	  ����� ����� � 	 � �!� " 	 #��� $ � 	
where� � , � " , and � $ arethetranslationdistancesin thedirectionsof thethreecoordinateaxes.They may
bepositive,negative,or zero. � � � � � � � � � is afunctionmappingpointsof three-dimensionalspaceinto itself.
This � � � � � � � � � hasaninverse,�&%�'� � � � � � � � ��� % � � � % � � � % � � which simply translatesin theoppositedirections
alongeachcoordinateaxis.Clearly:� � � � � � � � � � � % � � � % � � � % � � � ��	 ��	  � ���� �)(!� �#��� � 	 �&(*� "#�!� " 	 +(*� $,�!� $ �-��� ��	 ��	  � .
1.3 Rotation about an Axis

We’ll begin by consideringa rotation in the � - � planeaboutthe origin by an angle / in the counter-
clockwisedirection. Clearly, all of the  -coordinateswill remainthe sameafter the rotation. We will
denotethis rotationby 0)$ � 1 . The  subscriptis becausetherotationis, in fact,a rotationaboutthe  -axis.

Figure1 shows how to obtainthe equationfor the rotation. We begin with a point 23�3� ��	 � � andwe
wishto find thecoordinatesof 2+45��� ��4 	 � 4 � whichresultfrom rotating2 by anangle/ counter-clockwise
aboutthe  -axis.Theequationsaremosteasilyobtainedby usingpolarcoordinates,where6&��7 ��8-�!� 8
is the distancefrom the origin to 2 (andto 2+4 ) , and 9 is the anglethe line connectingthe origin to 2
makeswith the � -axis.

As we canseein thefigure, �:�;6�< = > 9 and ���;6�> ? @#9 , while �54��;6�< = > � 9���/ � and � 45�;6�> ? @�� 9���/ � .
1Thereis one other operationthat can easily be performedcalled “shearing”, but it is not particularly useful. The general

homogeneoustransformationsthatwe’ll discover alsohandleall theshearingoperationsseamlessly.
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P = (x, y) = (r cos φ, r sin φ)P = (x, y) = (r cos φ, r sin φ)

P’ = (x’, y’) = (r cos (φ+θ), r sin (φ+θ))P’ = (x’, y’) = (r cos (φ+θ), r sin (φ+θ))

φφ
θθ

Figure1: Rotationaboutthe A -axis

Usingtheadditionformulasfor sineandcosine,we obtain:B C�D E F D GIHJB K�L M N B O�P!Q G E K�N R S�B O�P�Q G GHJB K�L M N O#L M N Q T*K�N R S#O#N R S,Q5E K�L M N O#N R S,Q+P�K
N R S#O+L M N Q GHJB C+L M N Q T!F,N R S-Q5E C+N R S,Q+P!F,L M N Q G U
Thusweobtain: V)W X Y B C�E F�E A G�H�B C+L M N Q T!F-N R S,Q5E C+N R S,Q+P!F,L M N Q E A G U (1)

As was the casewith translation,rotation in the clockwisedirection is the inverseof rotation in the
counter-clockwisedirectionandviceversa:

V:Z�[W X Y H V)W X Z Y
. It’ sagoodexerciseto checkthisby applying

equation1 andits inverseto a point
B C
E F G

.

Theequationsfor rotationaboutthe
C

and
F

axescanbeobtainedsimilarly, andfor reference,hereareall
threeequationstogether:V)\ X Y B C
E F�E A G]HJB C�E F,L M N Q T A N R S-Q5E F,N R S,Q+P A L M N Q G (2)V)^ X Y B C
E F�E A G]HJB C#L M N Q+P A N R S,Q5E�F�E�T,C#N R S,Q+P A L M N Q G (3)V)W X Y B C
E F�E A G]HJB C#L M N Q T*F,N R S,Q E C#N R S,Q+P�F,L M N Q5E A G U (4)

At first glance,it appearsthat we have madean error in the signsin equation3 for the rotationabout
the
F
-axis, sincethey arereversedfrom thosefor rotationsaboutthe

C
and A -axes. But all arecorrect.

The apparentproblemhasto do with the fact that the standardthree-dimensionalcoordinatesystemis
right-handed—ifthe

C
and

F
-axesaredrawn asusualon a pieceof paper, we mustdecidewhetherthe

positive A -axisis aboveor below thepaper. We havechosento placepositive A valuesabovethepaper.

A left-handedsystem,wherethepositive A -axisgoesdown, is perfectlyreasonable,but theusualconven-
tion is the otherway, andthe differenceis that the signsin someoperationsareswitchedaround. The
normalorientationis calleda “right-handed”coordinatesystemandtheother, “left-handed”.Evenif we
haduseda left-handedsystem,thesignswould not bethesamethroughouttheequations2-4; a different
setof signswould beflipped.

Think of the orientationof a rotationas follows: to visualizerotationaboutan axis, put your eye on
that axis in the positive directionandlook toward the origin. Thena positive rotationcorrespondsto a
counter-clockwiserotation.We’ve donethis with rotationaboutthe A -axis—youreye is above thepaper
looking down on a standard

C
-
F

coordinatesystem.But visualizethesituationlooking from thepositiveF
andpositive A directionsin a right-handedcoordinatesystem.Looking from the

C
direction,the

F
goes

to theright andthe A goesup, but looking from thepositive
F
-axis,the

C
-axisgoesto the left, while theA -axisgoesup.
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1.4 GeneralRotation

What if you want to rotateaboutanaxis thatdoesnot happento beoneof the threeprincipalaxes(the_ , ` , and a axesarecalledthe“principal axes”)?What if you wantto rotateabouta point otherthanthe
origin? It turnsout thatbothof theseproblemscanbesolvedin termsof operationsthatwealreadyknow
how to do. Let’sbegin by looking at rotationaboutnon-principalaxesthatdo passthroughtheorigin.

The strategy is this: we will do oneor two rotationsaboutthe principal axes to get the axis we want
alignedwith the _ -axis. Thenwe’ll rotateaboutthe _ -axis,andfinally, we’ll undotherotationswe did
to align your axis with the _ -axis. To do this, assumethat the axis of rotationyou want pointsalong
the vector b _
c ` c a d . We’d like to have it alonganothervectorwith its ` and a -coordinateszero. If the` -coordinateis non-zero,doarotationaboutthe _ -axisto makethe ` -coordinatezero.If the a -coordinate
is still non-zero,do a rotationaboutthe ` -axisto make the a -coordinatezero.Sincetherotationis about
the ` -axis,the ` -coordinate(which you previously rotatedto bezero)will not beaffected.Thusat most
two rotationswill align anarbitraryaxiswith the _ -axis.

So if theproblemis to rotateabouttheorigin by anangle e , but with anarbitraryaxis,whatwe needto
do is performtwo rotationsto do thealignment.For concreteness,assumethoserotationsareby f about
the _ -axisandthenby g aboutthe ` -axis. If hjijb _
c ` c a d is any point in space,thenew point h k that
resultsfrom arotationof h aboutthis oddballaxisis:h k i;l)m n o�p b l)q n o�r�b l)m n s b l)q n r
b l)m n p�b h+d d d d d t (5)

To interpretequation5 rememberthat theoperationsareperformedfrom theinnermostparenthesesout-
ward. First, rotate h aboutthe _ -axis by an angle f . Rotatethe resultingpoint aboutthe ` -axis by an
angleg . At this point, theoddballaxis is alignedwith the _ -axis,sotherotationyou wantedto do origi-
nally cannow bedonewith the l)m n s operator. Finally, thetwo outermostoperationsreturntheaxisto its
originalorientation.

Obviously, combiningfivelevelsof calculationsfrom equations2-4will resultin anightmarishsystemof
equations,but somethingthatis not difficult for a computerto dealwith.

Finally, whatif therotationis not abouttheorigin? This time thetranslationoperationsfrom Section1.2
cometo the rescuetogetherwith a similar strategy to what we usedabove for a non-standardaxis. We
simplyneedto translatethecenterof rotationto theorigin, performtherotation,andtranslateback.If we
denoteby l any sortof rotationaboutany axisthroughtheorigin (possiblyconstructedasacomposition
of five standardrotationsasillustratedin equation5 above),andwe wish to performthat rotationabout
thepoint b _�c ` c a d , hereis theequationthatrelatesanarbitrarypoint h to its position h+k afterrotation:h k i;u m n q n v b l*b u o�m n o�q n o�v b h d d d t
1.5 Scaling(Dilatation) and Reflection

Whatif we wantto make thingslargeror smaller?For example,if we have thecoordinatesthatdescribe
an automobile,what arethe coordinatesthat would describea scalemodelof an automobilethat is w x
timessmallerthantheoriginal?

It’s fairly clear that if we multiply all of our coordinatesby w y w x we will get a model that’s w y w x the
size,but noticethat if the original coordinateshaddescribeda car a mile from the origin, the resulting
miniaturecarwould beonly about w y w x mile from theorigin. Thusour strategy doesscaledown thesize
of thecar, but thescalingoccursabouttheorigin. If wewantedto scaleabouttheoriginalcaramile from
theorigin, we couldusethesametrick we did with rotations—translatethecarto theorigin, multiply all
thecoordinatesby w y w x , andfinally translatetheresultingcoordinatesbackto theoriginalposition.

Non-uniformscalingis alsoeasyto do—if we wish to make anobjecttwice aslarge in the _ -direction,
threetimes as large in the ` -direction,and to leave the a sizeunchanged,we simply multiply all the_ -coordinatesby z , all the ` -coordinatesby { , andleave the a -coordinatesunchanged(or equivalently,
multiply themall by w ).
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Thus,themostgeneralscalingoperationabouttheorigin is givenin termsof thescalefactors| } , | ~ , and| � , andtheformulafor sucha functionis:��� � � � � � � � � �
� ��� � ����� | } ��� | ~ ��� | � � � � (6)

In equation6, if the scalevaluesarelarger than � , the object’s sizeincreases;if they arelessthan � , it
decreases,andif they areequalto one,thesizeis unchanged.

Negative scalevaluescorrespondto a combinationof a size changeand a reflectionacrossthe plane
perpendicularto theaxis in questionpassingthroughtheorigin. If | } ��� � , thereis no sizechange,but
theobjectis reflectedthroughtheplane

�:���
.

Thesameideasusedpreviously canbeusedto producescalingfunctionsin directionsnot alignedwith
theprincipalaxes.If scalingis to occurabouta non-principalaxis,rotatethataxisto bethe

�
-axis,scale

in the
�

-direction,andthenrotateback.

We’ve consideredpositive andnegative scalings,but what happensif, say, | } �3�
? All

�
-valuesare

collapsedto zero,andit’s asif the entirethree-dimensionalspaceis projectedto the plane
�;�j�

. We
aregoing to needthis operation(or somethingsimilar) whenwe draw our three-dimensionalspaceon a
two-dimensionalcomputerscreen.

As long asall threevalues| } , | ~ , and | � arenon-zero,the scalefunction hasan inverse. It shouldbe
obvious that

�,���� � � � � � � � �j� � � � � � � � � � � � � � � , andthe inverseonly makessenseif all threescalevaluesare
non-zero.Fromaphysicalpointof view it’seasyto seewhy. If thescalingoperationis reallyaprojection
to a plane,thereis no way to undoit. Any point on theplanecouldhavecomefrom any of thepointson
theline throughspacethatprojectedto thatpoint.

2 Combining Rotation, Translation, and Scaling

As we have seenabove, it is oftenadvantageousto combinethevarioustransformationsto form a more
complex transformationthat doesexactly what we want. If we simply do the algebra,thingscan get
complicatedin a hurry. To illustrate the problem,considera relatively simple problem—we’d like to
rotateclockwiseby anangle� aboutanaxisparallelto the

�
-axisbut passingthroughthepoint

� � � � � � � � � .
Thecombinedtransformationof thepoint

� �
� ��� � �
to
� ��� � � � � � � �

is this:� � � � � � � � � �]��� } � � ~ � � � � � } � � � � � } � � � ~ � � � � ��� ��� � � � ��J� � �)�*� � � � �   � �;� �&�*� � �   ¡ ¢ �+£ � � �� �)�*� � �   ¡ ¢ �+£ � �&�!� � � � �   �+£ � � � � � �
andthisoneis prettystraight-forward.Imaginewhatthecombinationof ¤ rotationswould look like.

But thereis aneasymethod,andwe’ll begin by looking at how to combinerotations.It turnsout thatall
of therotationsabouttheorigin canbeeasilyexpressedin termsof matrix multiplication. If we consider
ourpoints ¥ ��� ��� ��� � � to bethree-dimensionalcolumnvectors2, everyrotationcorrespondsexactly to a
multiplicationby a certainmatrix. Hereis thematrix thatcorrespondsto a counter-clockwiserotationby
anangle� aboutthe

�
axis:

� � � ��¦§ � � �
¨© �ª¦§ � �   � �*  ¡ ¢ � �  ¡ ¢ � � �   � ��«� �

¨© ¦§ � � �
¨© �ª¦§ �+� �   � �!�,  ¡ ¢ ��+  ¡ ¢ �+£ �,� �   ��

¨© �
Theothertwo matricesareequallysimple:

2For technicalreasons,it is betterto representthevectorsascolumnvectors.Wecoulduserow vectors,but therearedisadvan-
tagesthataredifficult to explain at this point. However, to save spacein thetext, we will write thecomponentsasusual: ¬  ® ¯ ® ° ±
within paragraphswith theunderstandingthatwhenthey areexpressedasvectorsin equations,they will beturnedverticalto make
columnvectors. Whenwe talk aboutprojective lines later on, we’ll needto useactualrow vectors,andto indicatethis within a
paragraph,we’ll usethesomewhatsurprising¬  ® ¯ ® ° ± ² .
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³)´ µ ¶)·¸�¹º » ¼½3¾ª·¸�¿ À Á ÂÄÃÅÁ Æ Ç,ÂÃÉÈÊÃË Á Æ Ç-ÂÌÃÌ¿ À Á Â ¼½Í·¸�¹º » ¼½3¾ª·¸Î¹+¿ À Á Â+Ï » Á Æ Ç,ÂºË ¹+Á Æ Ç,Â+Ï » ¿ À Á Â ¼½ÑÐ
and ³)Ò µ ¶ ·¸ ¹ º » ¼½Ó¾ ·¸ ÈÔÃ«ÃÃÕ¿ À Á Â Ë Á Æ Ç,ÂÃÖÁ Æ Ç,Â×¿ À Á Â ¼½ ·¸ ¹ º » ¼½Ó¾ ·¸ ¹º ¿ À Á Â Ë » Á Æ Ç,Âº Á Æ Ç,Â+Ï » ¿ À Á Â ¼½�Ø
Thebeautifulthing aboutthematrix representationis that repeatedrotationsaboutdifferentaxescorre-
spondsto matrix multiplication. Thusif you needto rotatea million verticesthatdescribetheskin of a
dinosaurin JurassicParkVI aboutsomeweirdaxis,youdon’t needto multiply eachpointby fivedifferent
matrices;you simply multiply the five matricestogetheronceandmultiply eachdinosaurpoint by that
onematrix. It’s a savings of almostfour million matrix multiplicationswhich cantake time, even on a
fastcomputer.

Thescalingmatrix is evensimpler:

Ù�Ú Û µ Ú Ü µ Ú Ý ·¸�¹º » ¼½3¾ª·¸�Þ Ò ÃßÃÃàÞ ´ ÃÃßÃàÞ á ¼½Í·¸�¹º » ¼½3¾ª·¸�Þ Ò ¹Þ ´ ºÞ á » ¼½�Ø
It can be combinedin any combinationwith the rotation matricesabove to make still more complex
transformations.As with the rotationmatricesalone,thecombinationof operationssimply corresponds
to matrix multiplication.

Unfortunately, whenwetry to do thesamethingwith theseeminglysimplertranslationoperation,weare
dead.It just will not andcannotwork this way. It’s easyto seewhy. If you multiply thecolumnvectorâ Ã Ð Ã Ð Ã ã by any ä,å ä matrix, theresultwill be

â Ã Ð Ã Ð Ã ã . Theorigin is fixedby everymatrixmultiplication,
yet for a translation,we require thattheorigin move.

Fortunately, thereis atrick3 to getthejob done.Wewill simplyaddanartificial fourthcomponentto each
vectorandwe will alwayssetit to be È . In otherwords,thepoint we usedto referto as

â ¹ Ð º�Ð » ã , we will
now refer to as

â ¹ Ð º�Ð » Ð È ã . If you needto find theactualthree-dimensionalcoordinates,simply look at
thefirst threecomponentsandignorethe È in thefourth position4.

Of coursenoneof thematricesabovewill work either, until we adda fourth row andfourth columnwith
all theelementsequalto zeroexceptfor thebottomcorner. For example:

³ á µ ¶ ·ææ¸ ¹ º » È
¼ çç½ ¾ ·ææ¸ ¿ À Á Â Ë Á Æ Ç,ÂÌÃÕÃÁ Æ Ç-Â×¿ À Á ÂÄÃÕÃÃ«ÃèÈéÃÃ«ÃêÃÖÈ

¼ çç½ ·ææ¸ ¹ º » È
¼ çç½ ¾ ·ææ¸ ¹+¿ À Á Â Ë º Á Æ Ç,Â¹+Á Æ Ç,Â+Ï º ¿ À Á Â»

È
¼ çç½ Ø

But now, with thisartificial fourthcoordinate,it is possibleto representanarbitrarytranslationasamatrix
multiplication:

ë ì Û µ ì Ü µ ì Ý ·ææ¸ ¹ º » È
¼ çç½ ¾ ·ææ¸ ÈéÃÕÃîí ÒÃÖÈéÃÕí ´ÃÕÃÖÈéí áÃÕÃÕÃàÈ

¼ çç½ ·ææ¸ ¹ º » È
¼ çç½ ¾ ·ææ¸ ¹�Ï�í Òº Ï!í ´» Ï�í áÈ

¼ çç½ Ø
Usingthis scheme,every rotation,translation,andscalingoperationcanberepresentedby a matrix mul-
tiplication,andany combinationof theoperationsabovecorrespondsto theproductsof thecorresponding
matrices.

3Computerscientists,of course,referto a “trick” asa “hack”.
4But if it is not ï , beware.We’ll handlethis caselater, whenwerun into theproblemhead-on.For now, thingsarenice.
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3 A SimplePerspectiveTransformation

We know thatby settingoneof thescalefactorsto zero,we cancollapseall of the ð -coordinates,say, toð&ñ;ò . If we think of ourcomputerscreenashaving ó and ô -coordinatesin theusualway, we wantto do
somethinglike this to find thescreencoordinatesfor our points.

But settingthe ð scalefactorto zerosimplyprojectseachpoint in spaceto the ó -ô planein aperpendicular
direction. To modelthe real world, we’d like to imaginelooking at real three-dimensionalobjects,and
projectingthem,wherever they are, to a rectangularpieceof glass(the computerscreen)that is a few
inchesin front of oureye. Theseraysarenot projectedperpendicularto thescreen;they areall projected
at the eye, andthey shouldbe drawn on the screenwherever the ray from the objectto the eye hits the
screen.

OO 11

P = (x, y, z)P = (x, y, z)

P’ = (x/z, y/z, 1)P’ = (x/z, y/z, 1)

Figure2: A SimplePerspectiveProjection

For definiteness,imaginethat you are looking from the origin in the direction of the negative ð -axis.
Rememberthat if you look from the positive ð -axis toward the negative, the ó - ô planelooks normalto
you,with thepositive ó -axisto theright andthepositive ô -axispointingup. Imaginethatwe would like
to projectall thepointsin front of you(they will bethepointswith negative ð -coordinates)ontotheplane
oneunit in front of you (it will have ð -coordinateequalto õ+ö ). Most computergraphicsfolks don’t like
working with thesenegative coordinates,so they now switch to a left-handedcoordinatesystemsothat
thepoint ð:ñÓö is in front of them,looking into theplane. We’ll do thathere,just sowe don’t needto
messwith õ ö asthe ð -coordinateof projection.

Figure2 showshow we would like to projectanarbitrarypoint ÷Ññ�ø ó�ù ô�ù ð ú to a point ÷+û on theplane.
Similar triangleswill show you thatthecoordinatesof ÷+û are ø ó�ü ð ù ô5ü ð ù ö ú .
This is badnews—we’vegot to doadivisionby the ð -coordinate,andtheonly operationswecanperform
with matrix multiplicationsare multiplicationsand additions. How can we combinethis perspective
transformwith the rotations,translations,andscalesthat work so well with a uniform type of matrix
representation?

But with onemore“trick” (onemore“hack”, if you’reacomputerscientist),wecanperformthedivision
aswell. It seemsa shamethatwe have to dragaroundthatfinal fourth coordinatewhenit’salwaysgoing
to beequalto ö , but without it thematrix multiplicationsdon’t makesense.Hereis thebig trick: We will
considertwo setsof coordinatesto representthesamepoint if oneis a non-zeromultiple of theother. In
otherwords,thepoint ø ó
ù ô�ù ð ù ý#ú representsthesamepointasdoesø þ�ó�ù þ�ô�ù þ�ð5ù þ�ý#ú .
Normally, of course,ýÓñÓö , but this shows how we canconvert to our standardform if we get a point
whosefourth coordinatedoesnot happento be1. As long asit is non-zero,we just let þ�ñ�ö ü ý , andwe
find thatthepoints ø ó
ù ô�ù ð ù ý#ú and ø ó�ü ý ù ô5ü ý ù ð ü ý&ù ö ú areequivalent.

This mayseemweird at first, but you shouldnot feel at all uncomfortablewith it. After all, you do it all
the time with fractions.Everybodyknows that thefraction ö ü ÿ is normallywritten thatway, but certain
calculationsgive resultslike � ü � , ÿ ü � , or even ö � ü � ö . All areequivalentto ö ü ÿ .
Whenwe representour three-dimensionalpointswith four coordinates,it’s sort of like having a funny
sortof fractionwherethethreenumeratorsshareacommondenominator. And exactlyasis thecasewith
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fractions,aslongasthe“denominator”(thefourth term)is not equalto zero,we’ll haveno trouble.

Here is the matrix that performsthe perspective calculationshown in Figure 2 that takes the three-
dimensionalpoint � ��� 	
� � � to � �
 ��� 	� ��� � � :���� ����������������������������

� ���
���� � 	 � �
� �����

���� � 	 ��
� ��� �

The resultingvectorafter the multiplication is � ��� 	
� ��� � � , but rememberthat we can multiply all the
componentsby thesamenon-zeronumberandgetanequivalentpoint,andsincewe’re looking at values
of � in thehalf-spacewith negative � -coordinates,wecanmultiply all of thecoordinatesby �  � to obtain
theequivalentrepresentation:� �
 ��� 	� ��� � � � � .
Thereis oneproblemwith thismatrix: it is singular, meaningthatit doesnothaveaninverse.Thereason
is thatourcalculationeffectively projectedeverypointon theline connecting! and !#" to thesamepoint
on the plane � � � . Any function or transformationthat mapstwo pointsto the samepoint cannotbe
undone,or inverted.

At first, this seemslike a purely aestheticproblem. After all, aren’t we planningto mapall the points
alongthat line to thesamepoint on thecomputerscreen?Theproblemis thatin computergraphics,you
often want to find whereto draw themon the screenbut to avoid drawing themuntil you’ve found all
thepointsto bedrawn there,andthento draw only thepoint that’s nearesttheeye of theviewer. That’s
becausein therealworld, objectsneareryoureyeblock yourvisionof objectsbehindthem.

Wecansolvetheproblemeasily, andat thesametime,createanon-singular(invertable)matrix. Wedon’t
really carethat the � coordinateis � after transformation—allwe careaboutarethe � and 	 coordinates
thattell uswhereto paintthepointon thescreen.Here’sa betterperspectivematrix:���� ����������������������������

� ���
���� � 	 � �
� ���$�

���� � 	�&%'��
� ��� � (7)

Thistransformsourpoint � ��� 	
� ��� � � to � �
 ��� 	� ��� � %(�  � � � � (atleastafterwemultiply all thecoordinates
by �  � ). Thefinal � and 	 coordinatesarethesameasbefore—everythingonthatline from ! to !#" goes
to pointswith thesame� and 	 coordinates—but the � valuesareall different.Theorderof thepointsis
inverted,but at leastit’seasyto seefrom thetransformedcoordinateswhichoneswerecloserto theeye5.

Thematrix in 7 is non-singular;its inverseis:���� ����������������������������
� ���
)�*
�
���� �����+������+������,�������-#�

� ���
Note that sincewe aredealingwith transformationsof three-dimensionalspace,all the transformation
matricesare .0/1. . If we were working only with points on the plane(two-dimensionalspace),the
transformationmatriceswouldhavebeen23/42 . For a line, they would havebeen53/45 , et cetera.

5In standardcomputergraphicspackages,amoresophisticatedversionof theperspective matrix is generallyusedto controlthe
variousaspectratiosandto control therangeof 6 valuesthatemergeafter thecalculation.If you’re interested,look at a bookon
computergraphicsfor theexactforms,but thebasicideais identicalto thatillustratedin transformation7.
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4 HomogeneousCoordinates

Homogeneouscoordinatesprovideamethodto performcertainstandardoperationsonpointsin Euclidean
spaceby meansof matrix multiplications.As we shallsee,they provide a greatdealmore,but let’s first
review whatweknow up to this point.

Theusualcartesiancoordinatesfor a point consistof a list of 7 points,where7 is thedimensionof the
space.Thehomogeneouscoordinatescorrespondingto thesamepoint require798;: coordinates.

Normally, we adda coordinateto the endof the list, andmake it equalto : . Thusthe two-dimensional
point < =�> ? @ becomes< =�> ?
> : @ in homogeneouscoordinates,andthethree-dimensionalpoint < =A> ?
> B @ be-
comes< =A> ?
> B > : @ . To learnmore,it is oftenusefulto look at theone-dimensionalspace(pointsona line),
andit is alsousefulto rememberthat thesamemethodcanbeappliedto higher-dimensionalEuclidean
spaces.Homogeneouscoordinatesin a seven-dimensionalEuclideanspacehaveeightcoordinates.

Thefinal coordinateneednot be : . Sincethemostcommonuseof homogeneouscoordinatesis for one,
two, andthree-dimensionalEuclideanspaces,thefinal coordinateis oftencalled“ C ” sincethatwill not
interferewith the usual = , ? , and B -coordinates.In fact, two pointsareequivalentif oneis a non-zero
constantmultipleof theother. Pointscorrespondingto standardEuclideanpointsall havenon-zerovalues
in thefinal ( C ) coordinate.

5 ProjectiveGeometry

What’s really going on is, in a sense,far simpler. Homogeneouscoordinatesarenot Euclideancoordi-
nates;they arethenaturalcoordinatesof a differenttypeof geometrycalledprojectivegeometry.

Hereis the real definition of homogeneouscoordinatesin projective geometry, wherewe will consider
thetwo-dimensionalversion(with threecoordinates)for concreteness.

Everyvectorof threerealnumbers,< =A> ?
> C&@ , whereat leastoneof thenumbersis non-zero,corresponds
to a point in two-dimensionalprojectivegeometry. Thecoordinatesfor a pointarenot unique;if D is any
non-zeroreal number, thenthe coordinates< =A> ?
> C&@ and < D
=A> D�?
> D�C&@ correspondto exactly the same
point.

If the C -coordinateis non-zero,it will correspondto a Euclideanpoint,but if CFEHG (andat leastoneof= or ? is non-zero),it will correspondto a “point at infinity” (seeSection7).

Furthermore,theallowabletransformationsin (two-dimensional)projectivegeometrycorrespondto mul-
tiplicationby arbitrarynon-singularI#J(I matrices.Obviously, if two matricesarerelatedby thefactthat
oneis aconstantnon-zeromultipleof theother, they representthesametransformation.

The coordinatesare called “homogeneous”sincethey look the sameall over the space,and with the
completeflexibility of multiplication by an arbitrarynon-singularmatrix we canconvert any line to be
the line at infinity, or convert pointsat infinity to pointsin normalspace,et cetera.In fact, if you ever
took a perspectivedrawing class,the“vanishingpoints” on thehorizonarereally places,where,undera
perspective transformation,pointsat infinity wind up in normalspace.

Thereis moreto projectivegeometry, of course.Thereareequationsfor lines,for conicsections,methods
to find intersectionsof linesor for finding the lines thatpassthorougha pair of points,et cetera,but we
will get to thoselater. Let us begin by describinga nice mentalmodel for two-dimensionalprojective
geometry.

6 Euclidean and ProjectiveGeometry

Projective geometryis not thesameasEuclideangeometry, but it is closelyrelated.Thetwo have many
thingsin common.Justaswe candiscussEuclideangeometryin any finite numberof dimensions,we
cando thesamefor projective geometry. Of coursereal-world applicationsaretypically two andthree-
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dimensionalin both geometries,but we’ll sometimesfind it useful to think aboutthe one-dimensional
versionof both.

A nice way to think aboutvarioustypesof geometryis in termsof the allowable operationsand the
propertiesthatarepreservedunderthoseoperations.For example,in Euclideangeometry, we canmove
figuresaroundon theplane,rotatethem,or flip themover, andif we do thesethings,theresultingtrans-
formedfiguresremaincongruentto theoriginals. Two figuresarecongruentif all themeasurementsare
thesame—lengthsof sides,angles,etcetera.

In projective geometry, we aregoing to allow projectionasthe fundamentaloperation.It’s easyto see
whatprojectionmeansin oneandtwo dimensions,sowe’ll begin with those.

Supposeyou have a figuredrawn on a plane. You canprojectit to anotherplaneasfollows: pick some
pointof projectionthatis on neitherof theplanes.Draw straightlinesthrougheverypoint of theoriginal
figure thatpassthroughthe point of projection. The imageof eachpoint is the intersectionof that line
with theotherplane.

Note also that we canobtainprojectionsperpendicularto the planeof projectionsimply by projecting
from a “point at infinity”—seeSection7.

Noticethatwe have saidnothingabouttheorientationsof thetwo planes—they neednot beparallel,for
example.In yourmind’seye, try to imaginesomeof thesetwo-dimensionalprojections.

7 Visualizing ProjectiveGeometry

Herearetwo postulatesfrom two-dimensionalEuclideangeometry:K Every two pointslie on a line.K Every two lineslie on a point,unlessthelinesareparallel,in whichcase,they don’t.

In two-dimensionalprojectivegeometry, thesepostulatesarereplacedby:K Every two pointslie on a line.K Every two lineslie on a point.

That’s basicallythewholedifference.How canwe visualizea modelfor sucha thing? Themodelmust
describeall thepoints,all thelines,whatpointsareon whatlines,andsoon.

Theeasiestway is to take thepointsandlinesfrom a standardtwo-dimensionalEuclideanplaneandadd
stuff until the projective postulatesaresatisfied.The first problemis that the parallel lines don’t meet.
Linesthatarealmostparallelmeetway out in thedirectionof thelines,sofor parallellines,adda single
point for eachpossibledirectionandaddit to all theparallellinesgoingthatway. You canthink of these
pointsasbeingpointsat infinity—at the“ends” of thelines.Notethateachline includesa singlepointat
infinity—the north-southline doesn’t havebotha northandsouthpoint at infinity. If you “go to infinity”
to the north andkeepgoing, you will find yourself looping aroundfrom the south. Lines in projective
geometryform loops.

Now take all thenew pointsat infinity andadda singleline at infinity goingthroughall of them. It, too,
formsa loop thatcanbeimaginedto wraparoundthewholeoriginal Euclideanplane.Thesepointsand
linesmakeup theprojectiveplane.

You might make a mentalpictureasfollows. For somesmall configurationof pointsandlines thatyou
areconsidering,imaginea really largecircle centeredaroundthem,solargethat thepartof thefigureof
interestis likeadot in its center. Now any parallellinesthatgo throughthat“dot” will hit thelargecircle
very closetogether, at a point thatdependsonly on their direction.Justimaginethatall parallellineshit
thecircleat thatpoint. This largecircularline surroundingeverythingis the“line at infinity”.
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Checkthepostulates.Two pointsin theEuclideanplanestill determineasingleprojectiveline. Onepoint
in theplaneanda point at infinity determinetheprojective line throughthepoint andgoingin thegiven
direction.Finally, theline at infinity passesthroughany two pointsat infinity.

How aboutlines? Two non-parallellines in the Euclideanplanestill meetin a point (the standardEu-
clideanpoint), anddon’t meetanywhereelse.Parallel lineshave thesamedirection,someetat thepoint
at infinity in thatdirection.Everyline ontheoriginalplanemeetstheline at infinity at thepointat infinity
correspondingto theline’sdirection.

Note: Theprojective postulatesdo not distinguishbetweenpointsandlines in thesensethat if you saw
themwritten in a foreignlanguage:L Every two glorphslie on a smynx,L Every two smynxeslie ona glorph,

thereis nowayto figureoutwhetherasmynxis aline andaglorphis apointor vice-versa.If youtakeany
theoremin two-dimensionalprojectivegeometryandreplace“point” with “line” and“line” with “point”,
it makesa new theoremthatis alsotrue.This is called“duality”—seeany text on projectivegeometry.

8 Back to the HomogeneousCoordinates

Sowe’vegot anicementalpicture—how do weassigncoordinatesandcalculatewith them?Theanswer
is thateverytriple of realnumbersM N�O P
O Q#R except M S O S O S R correspondsto aprojectivepoint. If Q is non-
zero, M N�O P
O Q#R correspondsto theEuclideanpoint M N
T Q3O P�T Q#R in theoriginal Euclideanplane; M NAO P
O S R
correspondsto thepoint at infinity correspondingto thedirectionof the line passingthrough M S O S R andM N�O P R . Generally, if U is any non-zeronumber, thehomogeneouscoordinatesM NAO P
O Q&R and M U�N�O U
P
O U
Q#R
representthesamepoint.

Sinceprojective pointsand lines are in somesenseindistinguishable,it hadbetterbe possibleto give
line coordinatesassetsof threenumbers(with at leastonenon-zero).If thepointsarecolumnvectors,
the lines will be row vectors6 (written with a “ V ” exponentthat represents“transpose”),so M W�O X O Y R Z
representsa line. Thepoint []\$M NAO P
O Q&R lies on the line ^H\$M W�O X O Y R Z if W N`_;X P3_;Y Q]\aS . In the
Euclideanplane,the point M N�O P R canbe written in projective coordinatesas M NAO P
O b R , so the condition
becomesW N9_;X P(_;Y3\aS —high-schoolalgebra’s equationfor a line. The line passingthroughall the
points at infinity hascoordinatesM S O S O b R Z . As with points, for any non-zeroU , the line coordinatesM W�O X O Y R Z and M UAW�O UAX O UAY R Z representthesameline. Also, aswith points,at leastoneof W , X , or Y must
benon-zeroto havea setof valid line coordinates.

In matrixnotation,thepoint [ lieson theline ^ if andonly if ^c[H\'S . This is like thedotproductof the
vectors.Sincê is a row vectorand [ is a columnvectorof thesamelength,theproductis essentiallyab#d0b matrix,or basically, ascalar. If [F\FM N�O P
O Q#R and ^e\FM W�O X O Y R Z , then ^c[H\'W N(_1X Pf_1Y Q . If we
hadchosento representlinesascolumnvectorsandpointsasrow vectors,thatwould work fine, too. It
hasto work becausepointsandlinesaredualconcepts.

9 ProjectiveTransformations

Projective transformationstransform(projective)pointsto pointsand(projective) linesto linessuchthat
incidenceis preserved. In otherwords,if g is a projective transformationandpoints [ and h lie on line^ then g(M [#R and g(M hfR lie on g(M ^iR . (Warning: g(M ^cR —thetransformationof a line—doesnot simply
usethesamematrixasfor transformingpoints.Seelaterin thissection.)Similarly, if lines ^ and j meet
at point [ , thenthelines g(M ^iR and g(M jFR meetat thepoint g(M [fR .

6Rememberthatwe arewriting columnvectorsin thetext asrows,sowe’re goingto have to have a specialnotationto indicate
thatavectorin thetext is really a row vector. That’s whatthetransposewill beusedfor.
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The reasonprojective transformationsare so interestingis that if we usethe model of the projective
planedescribedin Section7 wherewe’ve simply addedsomestuff to theEuclideanplane,theprojective
transformationsrestrictedto theEuclideanplaneincludeall rotations,translations,non-zeroscales,and
shearingoperations.This would be powerful enough,but if we don’t restrictthe transformationsto the
Euclideanplane,theprojective transformationsalsoincludethestandardprojections,including thevery
importantperspectiveprojection.

Rotation,translation,scaling,shearing(andall combinationsof them)mapthe line at infinity to itself,
althoughthe pointson that line maybemappedto otherpointsat infinity. For example,a rotationof k
degreesmapseachpointat infinity correspondingto adirectionto thepointcorrespondingto thedirection
rotatedk degrees.Puretranslationspreserve thedirections,soa translationmapseachpoint at infinity to
itself.

Thestandardperspectivetransformation(with a l m n field of view, theeyeat theorigin, andlookingdown
the o -axis) mapsthe origin to the point at infinity in the o -direction. The viewing trapezoidmapsto a
square.

Everynon-singularpAqrp matrix(non-singularmeansthatthematrixhasaninverse)representsaprojective
transformation,andevery projective transformationis representedby a non-singularp(q4p matrix. If s
is sucha transformationmatrix and t is a projective point, then s�t is thetransformedpoint. If u is a
line, ucswv�x representsthetransformedline. It’s easyto seewhy this works: if t lies on u , uit yHm , souiswv�x s�t]yFm , so z ucswv�x { z s�tf{&yFm . Thematrix representationis not unique—aswith pointsand
lines,any constantmultiple of amatrix representsthesameprojectivetransformation.

Combinationsof transformationsarerepresentedby productsof matrices;arotationrepresentedby matrix|
followedby a translation(matrix } ) is representedby thematrix } | .

A (two-dimensional)projective transformationis completelydeterminedif you know the imagesof ~
independentpoints(or of ~ independentlines). This is easyto see. A p9q1p matrix hasnine numbers
in it, but sinceany constantmultiple representsthesametransformation,therearebasically � degreesof
freedom.Eachpoint transformationthatyou lock down eliminates� degreesof freedom,sothe images
of ~ pointscompletelydeterminethetransformation.

Let’s look at a simpleexampleof how this canbeusedby deriving from scratchtherotationmatrix for a~ k n counter-clockwiserotationabouttheorigin. Theorigin mapsto itself, thepointsat infinity alongthe� and o axesmapto pointsat infinity rotated~ k n , andthepoint z � � � { mapsto z m � � � { .
If
|

is theunknown matrix:

|��� mm �
�� y�� x �� mm �

��
| �� m �m

�� y�� � ��i� � �� �m
��

|��� �mm
�� y�� � �� � �� �m

��
| �� ���

�� y�� � �� m� ��
��

The � x � � � � � � � canbeany constantssinceany multiple of a projectivepoint’s coordinatesrepresentsthe
sameprojectivepoint. Thematrix

|
hasbasically� unknowns,sothose� plusthe ~#� � ’smake � � . Each

matrix equationrepresentsp equations,sowe have a systemof � � equationsand � � unknownsthatcan
besolved. Thecomputationsmaybe ugly, but it’s a straight-forwardbrute-forcesolutionthatgivesthe
rotationmatrix

|
asany multiple of:

| y �� � � � � � � � � ��m� � � � � � � ��mm m��
�� �

There’s nothingspecialaboutrotation. Every projective transformationmatrix canbedeterminedin the
samebrute-forcemannerstartingfrom theimagesof 4 independentpoints.
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10 Thr ee-DimensionalProjectiveSpace

Three-dimensionalprojective spacehasa similar model. Take three-dimensionalEuclideanspace,add
pointsat infinity in everythree-dimensionaldirection,andaddaplaneat infinity goingthroughthepoints.
In this casetherewill alsobean infinite numberof linesat infinity aswell. In threedimensions,points
andplanesaredualobjects.

Projective transformationsin threedimensionsareexactly analogous.Pointsarerepresentedby � -tuple
columnvectors: � �A� �
� � � �&� , andplanesby row vectors: � ��� � � � �   � ¡ . Any multiple of a point’s coordi-
natesrepresentsthesameprojectivepoint. A point ¢ liesonaplane£ if £F¢H¤'¥ . All threedimensional
projectivetransformationsarerepresentedby �(¦`� non-singularmatrices.

In threedimensions,the imagesof § independentpoints(or planes)completelydeterminea projective
transformation.(A �`¦4� matrix has ¨ © numbers,but ¨ § degreesof freedombecauseany multiple rep-
resentsthe sametransformation.Eachpoint transformationthat you nail down eliminatesª degreesof
freedom,sotheimagesof § independentpointscompletelydeterminethetransformation.)7

The brute-forcesolutionhas « ¥ equationsand « ¥ unknowns (therewill be §3¬  ’s in addition to the ¨ §
unknowns),andalthoughthesolutionis time-consuming,it is straight-forward.

Thecalculationcanbesimplified. Supposeyou wanta transformationthat takes ¢i® to ¯3® , ..., and ¢�° to¯f° . Let ± ®�¤²� ¨ � ¥ � ¥ � ¥ �± ³ ¤²� ¥ � ¨ � ¥ � ¥ �± ´ ¤²� ¥ � ¥ � ¨ � ¥ �± µ ¤²� ¥ � ¥ � ¥ � ¨ �± °�¤²� ¨ � ¨ � ¨ � ¨ �
Find thetransformation¶ thattakes ¢A to ±  andthetransformation· thattakes ¯f to ±  . Becauseof all
thezeroes,thesearemucheasierto work out. Thetransformationyouwantis ·#¸ ® ¶ .

10.1 Construction of an Arbitrary Transformation

Baseduponthe ideaabove, hereis a purelymechanicalmethodto constructa transformationfrom any
four independentpointsto any otherfour pointsin two-dimensionalprojectivegeometry. Themethodcan
obviously be extendedto any numberof dimensions,wherethe imagesof ¹4º;« pointsarerequiredto
determinethetransformation.

Supposewe seeka matrix » thatperformsthefollowing map:»�¼ � �
® � � ® � �#® �¾½¿� À`® � Á
® � Â1® �»�¼ � � ³ � � ³ � � ³ �¾½¿� À ³ � Á ³ � Â ³ �»�¼ � � ´ � � ´ � � ´ �¾½¿� À ´ � Á ´ � Â ´ �»�¼ � � µ � � µ � � µ �¾½¿� À µ � Á µ � Â µ �
We will constructthematrix » astheproduct ·r¶(¸ ® where:

7Theconceptgeneralizesto Ã -dimensionalspace.Transformationsaredenotedby Ä ÃiÅ3Æ Ç È&Ä ÃcÅ3Æ Ç matriceshaving Ä ÃiÅ3Æ Ç É
entries,but anarbitraryconstantmultiple reducesthis to Ä Ã#Å`Æ Ç ÉAÊ ÆcË4Ã É Å9Ì Ã3Ë0Ã Ä Ã&Å9Ì Ç degreesof freedom.Eachtime
you nail down theimageof an Ã -dimensionalpoint, you remove Ã degreesof freedom,sotheimagesof ÃrÅ(Ì independentpoints
arerequiredto completelydetermineaprojective transformationin projective Ã -space.
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ÍaÎ Ï Ð Ñ Ò Ñ Ò Ó¾Ô¿Ï Õ
Ö Ñ × Ö Ñ Ø#Ö ÓÍaÎ Ï Ò Ñ Ð Ñ Ò Ó¾Ô¿Ï Õ�Ù Ñ × Ù Ñ Ø&Ù ÓÍaÎ Ï Ò Ñ Ò Ñ Ð Ó¾Ô¿Ï Õ�Ú Ñ × Ú Ñ Ø&Ú ÓÍaÎ Ï Ð Ñ Ð Ñ Ð Ó¾Ô¿Ï Õ Û Ñ × Û Ñ ØrÛ Ó and

Ü Î Ï Ð Ñ Ò Ñ Ò Ó¾Ô¿Ï Ý9Ö Ñ Þ
Ö Ñ ß1Ö ÓÜ Î Ï Ò Ñ Ð Ñ Ò Ó¾Ô¿Ï Ý(Ù Ñ Þ�Ù Ñ ß0Ù ÓÜ Î Ï Ò Ñ Ò Ñ Ð Ó¾Ô¿Ï Ý(Ú Ñ Þ�Ú Ñ ß0Ú ÓÜ Î Ï Ð Ñ Ð Ñ Ð Ó¾Ô¿Ï Ý3Û Ñ Þ Û Ñ ß4Û Ó
Theconstructionof

Í
and
Ü

is obviously identical,sowewill show theconstructionof
Í

only.

We will denotetheunknown entriesin thematrix
Í

by à�á â . As usual,we will alsouseã á asthearbitrary
constantsin thatmultiply thehomogeneouscoordinatesof our result.Thematrix

Í
mustsatisfy:äå à Ö Ö à Ö Ù à Ö Úà Ù Ö à Ù Ù à Ù Úà Ú Ö à Ú Ù à Ú Ú

æçèäå Ð�Ò�Ò�ÐÒ�Ð�Ò�ÐÒ�Ò�Ð�Ð
æç�é�äå ã Ö Õ�Ö ã Ù Õ�Ù ã Ú Õ�Ú ã Û Õ Ûã Ö × Ö ã Ù × Ù ã Ú × Ú ã Û × Ûã Ö Ø#Ö ã Ù ØrÙ ã Ú ØrÚ ã Û ØcÛ

æç ê
(8)

Therearethirteenvariablesincludingthenineà�á â andthefour ã á , of whichwecanfix any one.Wechoose
to let ã Û é Ð . We canactuallyperformthematrix multiplicationon theleft of equation8 andset ã Û é Ð
to obtain: äå à Ö Ö à Ö Ù à Ö Ú à Ö Öië à Ö Ùcë à Ö Úà Ù Ö à Ù Ù à Ù Ú à Ù Öië à Ù Ùcë à Ù Úà Ú Ö à Ú Ù à Ú Ú à Ú Öië à Ú Ùcë à Ú Ú

æç�é�äå ã Ö Õ
Ö ã Ù Õ�Ù ã Ú Õ�ÚìÕ Ûã Ö × Ö ã Ù × Ù ã Ú × Úí× Ûã Ö Ø&Ö ã Ù ØrÙ ã Ú ØrÚ�ØcÛ
æç ê

(9)

Fromequation9, we canimmediatelyconcludethat à Ö â é ã â Õ â , à Ù â é ã â × â , andthat à Ú â é ã â Ø â . We
don’t yet know thevaluesof ã â exceptthat ã Û é Ð , but wecannow rewrite equation9 as:äå ã Ö Õ
Ö ã Ù Õ�Ù ã Ú Õ�Ú ã Ö Õ
Öcë ã Ù Õ
Ùcë ã Ú Õ�Úã Ö × Ö ã Ù × Ù ã Ú × Ú ã Ö × ÖAë ã Ù × Ùcë ã Ú × Úã Ö Ø&Ö ã Ù ØrÙ ã Ú ØrÚ ã Ö Ø&Öcë ã Ù Ø&Ùcë ã Ú ØrÚ

æç é äå ã Ö Õ�Ö ã Ù Õ
Ù ã Ú Õ
Ú�Õ�Ûã Ö × Ö ã Ù × Ù ã Ú × Úí× Ûã Ö Ø#Ö ã Ù Ø&Ù ã Ú Ø&ÚîØrÛ
æç ê

(10)

Thefirst threecolumnsof equation10don’t helpatall, but wecanre-writethefourthcolumnasfollows:äå Õ�Ö�Õ
Ù�Õ
Ú× Öï× Ùð× ÚØ#Ö¾Ø&ÙîØ&Ú
æçñäå ã Öã Ùã Ú

æç é äå Õ�Û× Ûò Û
æç ê

(11)

We cansolveequation11 for the ã â :äå ã Öã Ùã Ú
æç é äå Õ�Ö�Õ
Ù�Õ
Ú× Öï× Ùð× ÚØ#Ö¾Ø&ÙîØ&Ú

æç0ó Ö äå Õ Û× Ûò Û
æç ê

(12)

Usingthevaluesof the ã â obtainedfrom equation12andsubstitutingthoseinto thefirst threecolumnsof
equation9 we canfind theunknown matrix

Í
:

Í é�äå à Ö Ö à Ö Ù à Ö Úà Ù Ö à Ù Ù à Ù Úà Ú Ö à Ú Ù à Ú Ú
æç é�äå ã Ö Õ
Ö ã Ù Õ�Ù ã Ú Õ�Úã Ö × Ö ã Ù × Ù ã Ú × Úã Ö Ø&Ö ã Ù ØrÙ ã Ú ØrÚ

æç ê
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