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1 What Is a Computation?

Thereare mary waysto de ne whatis meantby the term “computation”, but most
peoplewould agreethata computatiorshouldsatisfythe following characteristics:

1. A computationshouldbe mechanicaln the sensehatthereis a uniqueway to
proceedat ary point. (Or, at leastif thereis not a uniqueapproachthenall
approacheshouldleadto the sameresult. For example,to calculatethe sum
X + y + z it doesnt matterwhetherx + y is calculatedrst, ory + z. Thebest
situation,of coursejs if thereis no ambiguitywhatsoeer.)

2. It mustbe possibleto statethe rulesfor a computationin a nite manner We
shouldnotbeableto list anin nte numberof possibleoptions.

3. Similarly, thesizeof theinputandsizeof the outputmustbe nite.

4. It shouldbe clearwhenthe processhasterminated.(lt may be that somecom-
putationsnever terminate but thoseare usually not particularly useful, except,
possibly in atheoreticakense)

Therearea numberof differentvery precisely-de nedmathematicaschemeshatsat-
isfy the rulesabove. We cande ne a Turing machinethatis a sort of mathematical
modelof a computerand seewhatit cancompute. We cande ne a setof primitve
functionsthat are obviously computableand somerulesfor combiningthe functions
thatcanobviouslybeperformedo producenew functionsandthenexaminewhatsorts
of functionscanbegeneratedWe cande ne aformallanguagewith syntaxandgram-
marandaddrulesfor manipulationof sentences the languageandlook to seewhat
sortsof sentencesanbe “proved” from a setof sentenceshatare “obviously” true.
Or evenmoresimply, we canexaminethe setsof sentencethatcanbe generatedrom

1This bringsup thefollowing considerationsupposéhereis a computationamethodthatsatis esall of
the conditionsabove, but may not terminatein all cases.In otherwords,whenyou begin the computation,
you know thatif it terminatesjt will terminatewith the correctanswer but you do not know whetherit
will terminate or have ary upperboundon theamountof time it may take to completethe calculation.Just
becausgou have beencalculatingfor amillion yearsdoesnot meanthatthecomputatiorwill notterminate;
it mayterminateon the next step.A surprisingnumberof very usefulcalculationghatareperformedall the
time have this form.



variousmathematically-de nedyrammarghatgeneratevalid sentencefrom a primi-
tive startingpoint. Thereareothermethodgo approachheideaof whatis meantby a
computatioraswell.

Whatis incredibleis thatall the methodsabove resultin exactly the samesetof com-
putations,if you interpretthe resultsof eachasencodingsof the others. Although at
rst glance,thesecomputationaskchemesnay seemwildly different,eachresultsin
exactly the samesetof answersjndicatingthatthereis somethingincredibly special

abouttheresultantsetof computations.

Thereis no spacein this articleto examineall theideasandapproachesmentionedn
the paragraphsbove, but we will be ableto take a look at onesort of computation;
namely computaionghatcanbe performedby the so-calledrecursve functions.

The rst restrictionwe will make is thatwe will consideronly mathematicafunctions
thattake naturalnumbers(one or more) asinputsandyield a naturalnumberasthe
output.In whatfollows, we will de ne thesetof naturalnumber$ asfollows:

N=1f0;123;::0:

We wantthe term “computation”to includeall of the obvious standardcalculations:
addition,subtractionmultiplication, division, factorization integer powers, et cetera,
aswell ascombinationsof those. You may never have thoughtaboutoperationdike
additionandmultiplicationasfunctionsin the sameway asyou did f (x) in youralge-
braclass,but they are. As anexample,let us shav how onemight indicatearithmetic
operationdikex y+ z (X + w).

Oneway is to replacethein x operators'+” amd“ ” by functionsof two variables:
A(x;y) representx + y andM (x;y) representx y. Thenthe expressiorx vy +
z (x + w) in thepreviousparagrapltanberepresentedith thefollowing functional
notation:

AM (x¥);M (Z,A(X; w)))

We areof courseinterestedn morecomplex operationsaswell. For example,suppose
thefunctionf (n) isde nedtobeOif n < 2andthelargestprimefactorof n otherwise.
Thusf(0) = f(1) = 0,f(2) = 2,f(38) = 3,f(4) = 2,f(5) = 5 f(6) = 3, and

soon. In normalcircumstanceshe de nition aboveis sufcient, but herewe arealso

interestedn how f (n) might be computedgivenn. The expression‘largestprime

factorof n” really doesnt tell usa mechanicavay to calculatethatnumber

Thefactthatwe restrictoursehesto the consideratiorof only functionsof the natural
numberss hardly arestrictionat all. For example,every computemprogramfalls into

this catayory, sinceall theinputsarebasicallycorvertedto binary(stringsof zerosand
ones)beforethe programoperateon them,andthe outputsare binary stringsbefore
the nal corversionto character®r colorsonthescreeror whateser elseis produced.
We canjust considetthesebinaryinputandoutputstringsto be naturalnumberssothe

computemprogramis just a functionmappingnaturalnumbergo naturalnumbers.

2Somepeopledo notincludezeroasanaturalnumber but we will dosohere.



Similarly, the oating-point numbersusedin computercomputationare only nite
approximationf the “real” realnumbers.They aresavedas32, 64, or occasionally
128 bit patternsbut thesecould equally well be consideredo be 32, 64, or 128 bit
naturalnumbers.To be sure,the calculationof 2:71828+ 3:14159 interpretedasa
purelyintegeroperationis a verystrangeone,but it canbeconsideredo beone.

2 SomeConcrete Examples

Herearesomeexamplesthatwill berecursve functions,althoughto shov themto be
sowill requiresomework.

2.1 The standard arithmetic functions

Thesuccessofunction: S(x) = x + 1.
Theconstanfunctions:(0,1, 2, 3, ...).
Addition andmultiplication: A(x; y) = x + yandM (x;y) = x .

DecrementSubtractionDivisionandRemainderx 1,x y,x=yandx mod y.
Obviously subtractiorcannotgo negative,sox yisde nedtobezeroify  x.
Similarly, division yields the whole-numberdivisor and the modulusfunction
yieldstheremaindersoy (x=y)+ x mody = Xx.

Integerpower: xY.

Obviously we wantto beableto de ne combinationf thefunctionsabove sothatwe
canperformcalculationdike (x + y)(* W) vy,

2.2 Recursive Functions

Recursion:If you know whatrecursionis, justremembethe answer
Otherwise Jocatesomeoneavho is standingcloserto DouglasHofstadter
thanyou are,andaskhim/herwhatrecursions.

Andrew Plotkin

The quotationabove providesa surprisinglynice image of how recursionworks: A
recursve calculationis onethatcanbedonefor the smallesthaturalnumber zero,and
thecalculationfor largernumbersalwaysdepend®n calculationsor smallerones.

2.2.1 The Factorial Function

Probablythe rst recursve de ntion thatmostpeopleseeis for the factorialfunction:
f(nN)=n'=n (n 1) (n 2) 32 1



f(n) = 1 : ifn=0
~ n f(n 1) : otherwise

Therecursve de nition above tellsusthatf (0) = 1, andthatto computethevalueof

f (n) if n > Oall youneedto dois lookupf (n 1) andmultiply thatby n.

Soto calculate3! we seethattheresultis 3 multiplied by 2!, but thento get2! youneed
to multiply 2 by 1!, andsoon. Thenetresultis3 2 1 1= 6. Moreformally:

3= (3) f(2)
2 f(1)
2 1 1(0)
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2.2.2 The Fibonacci Sequence

An interestingfunction generateghe Fibonaccisequencel;1;2;3;5;8;13;21;::;,
wherethe rst two entriesarel andafterthat,eachis obtainedby addingthe previous
two: _
f(n) = 1 : |fn:QOrn:1;

f(n 1)+f(n 2) : otherwise

Hereis the calculationfor f (5):

f (5)

f(4)+f(3)

= (FE+f@2)+ (f(2)+ (1)

= (f@+f@)+ (F@)+1(0) + (FQ)+ )+ 1)
= (fQ+fO)+1))+@Q+1D)+((@Q+1+1)

= (A+D+ )+ A+ D+ (1+1)+ 1)

8:

Theexampleabove deseresa coupleof commentskFirst, the calculationaspresented
is very inef cient: the valuesof f (n) for the small valuesof n are calculatedover
andover again.Secondjn the calculationabose a numberof substitutionof f (n) by
f(n 1)+ f(n 2)weremadein eachline. One of the wayswe characterized
computationin the rst sectionof this article wasasa sequenc®f operationsvhere
therewasno questionaboutwhich onewasto bedone rst. In this case,jt makesno
differenceandin addition,it would be easyto specifyexactly the orderin which the
substitutionsshouldbe made. For example,we couldjust saythatat any stageof the
calculation theleftmostpossibleexpansion/substitutiowould be done.



2.2.3 The GreatestCommon Divisor

An extremelyimportantfunctionyieldsthe greatestommondivisor of two humbers.
For example,gcd(12; 18) = 6, since6 is the largestnumberthat dividesboth 12 and
18evenly. Thereis avery nicerecursve de nition for thegcd function:

cd(m: n) = n : ifm=0;
9 77 ged(n mod m;m) : otherwise

For exampleto calculategcd(2968Q 17360) we proceedasfollows:

gcd(2968017360) = gcd(17360mod 29680 29680)= gcd(1736Q29680)
= gcd(29680mod 1736Q 17360)= gcd(1232Q 17360)
= gcd(17360mod 12320 12320)= gcd(504Q 12320)
= gcd(12320mod 504Q 5040)= gcd(224Q 5040)
= gcd(5040mod 2240 2240)= gcd(560; 2240)
= gcd(2240mod 560 560)= gcd(0; 560)
= 560

Theresult,560is correct,since29680= 53 560and17360= 31 560, and53 and
31 areobviously relatively prime. Noticethatthe rst applicationof recursionsimply
reversegheinputswhich guaranteethatafterwardsthe rst parametewill besmaller
thanthe second.After that, the recursionguaranteeghat eachsuccessie application
hassmallervaluesfor the rst parameterandsoit will eventuallygetto zero.Finally,
it is nothardto show thatat every stageof the calculation theremainingnumbershave
thesamegreatestommondivisor asthe previous pair of numbers.

2.2.4 SomeSimple Recursive Functions

Theexamplesabove areall fairly famousjet usnow considersomevery simplerecur
sive functions. Theseexamplesshaw thateventhe arithmeticoperationdik e addition
andmultiplicationthatwe considerto be“primitive” canin factbe de ned in termsof
theevenmoreprimitive operation successor

The successofunction: S(n) = n + 1 yieldsthe next largernumberabove n. With
thesuccessofunctionde ned, we cande ne theadditionfunctionA(m;n) = m+ n
recursvely asfollows:

A(m;n) = n : ?fm=0;
' Ak;S(n)) : if m= S(k):

The de nition above basicallyamountsto sayingthatif you addzeroto a number it

remainghesameandif youaddm andn, that'sthesameasaddingm 1andn+ 1.

Eventuallytherepeatedubtraction®f 1 from m will getit down to zero,andwe know

how to addzeroto any number



A slightly differentmethodcanbeusedto de ne multiplication:M (m; n) = m n,in
termsof addition: It's easyto multiply by zero,andto multiply m by n amountgo the
samethingasmultiplyingm 1 by n andaddingn:

o 0 : ifm=0¢0;
M (m;n) = A(n;M (k;n)) : if m= S(k):

Exponentiatiorfollows the samepatternasmultiplication.

Theseexamplesshav that we really neednothing morethanthe successofunction
to de ne the restof the standardarithmeticfunctions. We will now go backto the
beginning,andgive averyformal de ntion of whatis meantby a recursve function.

3 Recursive Functions: Informal and Formal De ni-
tions

Oneway to build up a classof functionsis to begin with atiny setof relatively simple
functionsandto build additionalfunctionsbasedn combinationf thesimplerones.
Thenmorefunctionsarebuilt uponthoseandsoon. As a simple,concreteexample,
let's considerthe primitive recursve functions.

Thegeneraktratgy will bethis: wewill de ne thesetby giving a setof functionsthat
belongto it, andthenwe will give two rulesthatwill allow usto build morefunctions
from functionsthatarealreadyin the set. Of courseonceyou addthosefunctionsto
the set,it may be possibleto apply the rulesfor building morefunctionsto thoseand
therebyobtaineven morefunctions,andsoon. If this process:beginningwith a few
functionsandthenapplyingthe function-kuilding rulesto all of themandaddingthe
newly-constructedunctionsto theset,is repeatedorever, theresultingsetwill contain
all the primitive recursve functions.

We will choosetheinitial functionsto be functionsthatare“obviously” easyto com-
pute: it shouldbe obviousthatany humanor computershouldbe ableto make those
computationsTherulesfor building functionsshouldalso producefunctionsthatare
obviously computable.In otherwords, they shouldhave the form sothatif you are
convincedthat the componenfunctionsare computablejt shouldbe obviousto you
thattheresultingfunctionswill alsobe.

Later, whenwe build the setof so-called“generalrecursve functions”, we will use
exactly the samestratgy. The only differencewill be thatin additionto the initial
functionsandtherulesfor primitiverecursionwe will addasingleadditionalfunction-
building rule.

3.1 An Informal Description

In thefollowing section(3.2) we will give atotally formal descriptionof the primitive
recursve functions,but it's easyto getlostin the forestof subscripts.In this section,



we'll give anintuitive descriptionof whatwe're trying to do, andthenwhenyou read
theformal de nitions in the next section,it shouldbe easyto understandhem,based
onthesimplerexampleswe presenhere.

Every functionwill take somenumberof naturalnumbersasinputsandwill returna
naturalnumberasanoutput.

3.1.1 The Initial Functions

Therewill bethreetypesof functionsthatwe'll initally addto the set,beforewe try
to make morefunctionsfrom our function-generatingules. The rst type consistsof
only asinglefunction,the successofunction: S(n) = n + 1. It takesa singlenatural
numberasan input, adds1 to it, andreturnsthe result. Hopefully, mostpeoplewill
agreethatthe successofunctionis computabldor arny naturalnumberinput.

The othertwo typesconsistof anin nite numberof functions,but again, hopefully
mostpeoplewould agreethat all of themare computable.The rst type consistsof
all the functionsthatreturnzero,no matterwhatthe inputsare. Thisis anin nite set
of functions,sincewe would like to includefunctionsof 1, 2, 3, ... variables.Now in
practicaluse,it's hardto imaginea functionthattakesa billion (or agoogle)of natural
numbersasinputs, but just to be on the safeside,we'll includeall of them. But the
computatioris quite simple:ignoreall theinputsandreturnzero! Here's whatthe list
wouldlook like:

z1(x)= 0

z2(x;y) = 0

z3(x;y;2) =0

z4(Xy;Z;w) = 0

Thesecondypeis essentiallya doubly-in nite list of functions,but again,they areall
quite simple. Eachonereturnsa particularinput with no computationrdoneonit. So
whatwe addis a seriesof functionslik e this:

p11(X) = X

P12(X;y) = X P22(X;y) =y

Pia(Xy;2) = X pas(Xy;2) =y paa(Xiyiz) = Z

P1a(X;Y;Z;W) = X Pa(X;Y;Z;W) = Y P3a(X;Y;Z;W) = Z paa(Xy;Z, W) = W

The ideais simple: we needa setof functionsfor every possiblenumberof inputs
that simply returneachof the possibleinputs. Thuswe will needa million different
functionsthat take one million inputs: onethatreturnsthe rst, onethatreturnsthe
second,andso on. Again, most peoplewould agreethat, in principle, all of these
functionsarecomputable Note thatwe only talk aboutfunctionswith a nite number
of inputs, but of every nite size. The secondsubscriptthatis part of the function
namesindicateshow mary parameterd takes,andthe rst onetells which of those
parametersvill bereturned.



Thesearecalledthe “projectionfunctions”.

Whatis truly amazing,is thatthe threefunctiontypesabove: the successofunction,
the functionsthat return zero, no matterwhat, and the functionsthat simply return
oneof theirinputs,is all thatwe needto constructalmostary functiontaking natural
numbersasinput andreturninga naturalnumberthatyou canimagine.

3.1.2 Composition: The First Construction Method

Theideais simple:if youknow how to computesomefunctions,you shouldbeableto
usethe outputsof thosefunctionsasinputsto otherfunctions.In realanalysisyou've
seenexpressiondik e sin(x?) which essentiallytakesthe valuex andfeedsit to the
squaringfunctionto obtainx?. Thenthatvalueis providedasinputto thesin function
whichreturnsits value.

The formal de nition in section3.2 may seemlike an overly-complicatedvay to ex-
presstheideaof compositionput it resultsfrom thefactthatwe needto be ableto do
this sortof compositionof functionswith differentnumbersof inputs. In otherwords,
if f(X;y), g(x;y) andh(x;y) arethreefunctionsthatwe know how to computeand
F (x;y; z) is anotherthenwe shouldbe ableto computea new function G(x; y) de-
ned asfollows:

G(x;y) = F(f (x7y);9(% ¥); h(x; y)):

In otherwords, G takestwo input valuesandinsertsthosetwo into f , g andh, which
yieldsthreeoutputvalues.ThesearethenusedasthethreeinputsthatF requires.

In the de nitons, we will requirethateachof the functionslike f , g andh have the
samenumberof parametersThis mightappeato beaproblem sinceyoucancertainly
imaginewantingto do somethingdike this: f (x; y) is a functionwith two inputs, but
g(x) andh(x) only take a singleparameterbut we'd like to de ne G asfollows:

G(x;y) = F(f (x;y);9(x); h(y)):

This is notreally a problem,sinceif we needto do somethindik e this, we cande ne
new functionsg(x; y) = g(x) andhqx;y) = h(y). Thiskind of de niton caneasily
be madewith the projectionfunctionsillustratedin section3.1.1. In fact, usingthe
notationin thatsectionwe cande ne:

h%x; y) = h(p22(X; ¥));

wheretheprojectionfunctionp,, snaggheseconcarameteof atwo-parametefunc-
tion andreturnsit. Note that the expressionabove hasthe correctform for function
compositiorthatwe've allowed.

Note thatthe projectionfunctionswill allow usto do thingslike permuteor collapse
the orderof parametersFor example,supposehat we've got aninterestingfunction
alreadyde ned: f (X; y; z) andwe wouldlike to de ne anew functiong asfollows:

a(xy) = f(y;x x):



With the projectionfunctionsiit is easy:

g(x;y) = f(p22(x;y); p12(X; ¥); pr2(X; ¥)):

3.1.3 Recursion: The SecondConstruction Method

Theexamplesof recursionwe've seenn earliersectionsessentiallytell how afunction
behaesfor the smallestinput value (zero)andif the inputis not zero, it tells how to
obtaintheresultbasedon the valueof the functionwith a smallerinput. This process
is guaranteetb terminate sincetheinputvaluecannotbe smallerthanzero,andwhen
it hits zero,we've givenan effective way to completethe computation.

Theexamplesarealmostall simplein thatthey take only asingleparameterandsurely
we'd like to allow for multiple parametersTo keepthingssimple,though,we'll only
allow recursionon oneparameterandthisis notarealrestriction. Thuswe'd like our
de nition to besomethindik e this:

If n = 0, thenf(n;Xx;y;:::;z) canbe computedas the value of somefunction

g(x;y;:::;2), whereg is somefunctionthatwe know we cancompute.Butif n > 0,
we wantto have a function h that may dependnot only on thevaluesx; y;:::;z, but
alsopossiblyonn andonf (n  1;x;y;:::;z. Thusthede nition of f will depend

ontwo functions:one,g, thatusesonefewer parametethanf , andtells whatto do if
n = 0, andonanotherfunctionh thathasonemoreparametethanf andtells how to
do the computatiorbasedon thevaluesthatf provided, but alsothe valueof f when
calledwith n 1 asits rst parameter

Notethattheresno penaltyfor requiringthath have all theseparametersit canignore
asmary asit wants.

With all of the above in mind, take a look againat section2.2.4, and seehow the
de nitions of theinitial functionsandconstrutionmethodscould be appliedto obtain
functionslik e the additionand multiplication of naturalnumbersbeginning only with
the successofunction.

Now we'll do essentiallythe samething we did overagain,but in atotally formalway.

3.2 Primiti ve Recursive Functions

The setof primitive recursve functionsis the smallestsetof functionsthat mapthe
naturalnumbersinto the naturalnumbersand include the following functions. The
rst threeentriesbelon namespeci ¢ functionsthatmustbeincluded;thelasttwo are
basically“recipes”for creatingnew primitve recursie functionsfrom thosethathave
alreadybeenshaown to be primitive recursve.

1. The successofunction. S(n) = n+ 1.
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The nal recursionconditionis very safein the sensethatit will alwaysbe possible
to evaluatefunctionsso de ned. Thevalueis de ned at zero,andbasedon that, the
valuesat 1; 2; 3;: : :, arealsode ned, eachdependingiponthe resultof a calculation
with asmallerinput.

All the so-calledprimitive recursie functionsarethusde ned for all possibleinput
values.Suchfunctionsarecalled“total functions”.

3.3 Examplesof Primiti ve Recursive Functions

The vastmajority of commonly-usedirithmeticfunctionsare primitive recursve. In
this sectionwe'll build up afew of them.In asenseit is easierto work with recursve
functionsin this way thanwith Turing machinessinceoncewe have constructeda
recursve functionandstudiedits propertieswe canjust useit asit standsin the def-
inition of a more complex recursve function. Embeddingworking Turing machines
insideotheronesrequiresattheleast,alittle morebookkeeping.

We will list a numberof examplesbelow, all in the sameformat. First, we'll describe
exactly the function to be implemented. Next, we will showv the formal derivation

using eitherthe functionslisted above or functionsthat we have derived in previous
sections.Finally, if warrantedwe will includesomediscussiorof the method.Since
the de nitions tendto build oneon the other, in this sectionwe have beencarefulto

give eachfunctiona uniquenamethatmaybe usedin alaterde nition. 3.

3.3.1 The constantfunctions

3Although the de ntions that follow may seemfairly trivial, it is a little bit tricky to getthemexactly
right. They may; in fact, not be exactly right in this text. The authorwasa bit paranoidaboutgettingthem
right, so after he wrote the rst draft of this article, he wrote a computersimulatorfor his de nitions of
primitive recursve functions.Everyoneof the original de nitions had at leasta minor error, and somehad
major errors!
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dKl)(m;"';nk) = S(qo)(nl;..:;nk))
Qﬁz)(nl;"';nk) = S(Cil)(nl;"';nk))
Cf)(nl;"';nk) = S(qZ)(nl;...;nk))

In otherwords,the successoof the functionsthatgeneratehe constanbutputzerois
theonethathasconstanbutput0, andsoon.

3.3.2 Addition of two natural numbers

ThefunctionA(m; n) = m + n is primitive recursve.

S(P (n1;n2ing))
Pil)(rh)
A1(A(n;n1);n;ny)

Aq(ng;nz;n3)
A(0;ny)
A(S(n); n1)

Addition is basedn theideathatif you addzeroto somethingtheresultis the some-
thing. To addn + 1 to somethingyou canjust addl to whatyou getwhenyou addn
to thatsamesomething.

To de ne theadditionfunctionin acompletelyrigorousway, we needrst to de ne the
“helper” function A; asabove. Thisis becausen the formal de nition of recursion,
whenwe de ne afunctionwith k parametersye needak + 1 parametefunctionto
provide therecursve partof thede nition.

This exampleis quite simple: if the rst parameteis zero,simply returnthe second
parameterlf the rst parameters the successoof n, work out the sumwith n asthe
rst parameteandthenpassthatsum,n, andthe secondparameteto the recursion-
de ning function. In thiscasetherecursion-de ningfunctionhasno usefor its second

andthird parametersit simply selectdits rst parametefusing Pf)) andreturnsthe
successoof that.

Becausgheform of de nition of primitve recursve functionsis sorigid, we will often
needto usethetrick above of de ning oneor morehelperfunctions.

3.3.3 Doubling a natural number

Thefunctionf (x) = 2x is primitive recursve.
f(n1) = AP (n1); PV (n2)

11



Obviously, sincewe have de ned additionin the previous section,multiplying by 2
is equivalentto addinga numberto itself. The only thing thatis slighty tricky in the
de ntion aboveis thatto exactly satisfythe form for the substitutionconstructionwe
mustpassfunctionsof the parameten; ratherthatthe parameteitself. This s trivial

todo: Pil) is basicallytheidentity function.

3.3.4 Multiplication of two natural numbers

ThefunctionM (x;y) = X Yy is primitiverecursve.

AP (n1;n2;n3); P (n1;n2; na))
Zy(ny)
M 1(M (n;ny);n;n1)

M 1(n1;n2;N3)
M (0;nq)
M (S(n); n1)

Multiplication is de ned recursvely in termsof additionin muchthe sameway that
additionis de ned recursvely in termsof the successofunction. Multiplication by
zeroyieldszero,andto multiply by n + 1, you simply multiply by n andthenaddan-
othercopy. Thestructureof thehelperfunctionis similarto whatwe usedfor addition.
Exponentiationwhich we'll do next, seemsalmostidentical,but we'll addonesmall
trick.

3.3.5 Exponentiation of natural numbers

ThefunctionE(x; y) = xY, whereQ® is de ned to be1 is primitive recursve.

M (P (n1:n2:13); P (n1;n2;n3))

Ex(ny;n2;n3)

EO;n) = c”(n)
Ei(S(n);n1) = E(E(n;ni);n;ng)
E(n;;ny) = E(PP (n1;n2); PP (n1;ny)

Primitive recursionis de ned for all inputs,sowe cannotsimply make the expression
0° be“unde ned”. Here,we've arbitrarily de ned it to the 1. The constructiorthethe
functionE is very similar to multiplication exceptthatan exponentof 0 yields 1. The
smalltrick hereis thatthe functionE;(x; y) = y*, notx¥Y. To obtainxy we needto
swaptheparametersandthat's whatis donein the nal line of thede nition.

3.3.6 Decrementa natural number
Thefunction ( x) = max(0;x 1) is primitive recursve. (We usethe Greekletter

delta( ) sincewe're reservingthe symbolD to standfor subtraction.Think of it as
standingfor “dif ference”.)

12



1(0; n1)
1(S(n); n1)
( n1)

Zy(ny)
P& ( 1(n;n1);n;ny)

(PP ()PP (ny)

Herewe would like to de ne the decremenfunctiondirectly asa recursve function,
but it only hasoneparameterandevery functionde ned usingrecursionaccordingto
our schememusthave at leasttwo. We getaroundthe problemby de ning a helper
function that hasan unusedparameterandthenwe de ne decremenby plugginga
“garbage’valueinto thatsecondslot.

3.3.7 Subtraction of natural numbers

ThefunctionD(x; y) = max(0;x ) is primitiverecursve.

D2(n1;n2;n3) ( Pf) (n1;N2;N3))

D:(0;n;) = PP (ny)
D1(S(n);n1) = D2(D1(n;ny1);n;ny)
D(ni;nz) = Di(P5(2)(n1;n2); P (n1;n2))

Theideahereis thatif y is zero,thenx vy isx. Otherwisesubtracty 1fromx 1.
It's alittle tricker thatit seemsandto make it work nicely, it's easierto reversethe
parameters.

3.3.8 Maximum of two natural numbers

Thefunctionmax(x; y) is primitive recursve.

H1(0;ny;np) = Péz)(rh;nz)
Hi(S(n);ni;nz) = P§Y (Hu(n;niinz);n; niing)
max(ng;ny) = H1(D(n1;n2);P£2)(n1;n2))

The max function works by subtractingthe secondparameteifrom the rst, where
the subtractionis the usualversionrestrictedto naturalnumbers.If the resultis zero,
thenthe secondelements larger (or the samesize). To performthe“if ” statementn
the previous sentencewe needa helperfunctionthatwe've calledH 1 (n; ny; ny) that
basicallylooksatn; to seeif it is zero.If n; = 0, it returnsn,; otherwisen;.

13



3.3.9 Parity of anatural number

The parity function ( x) = x mod 2 is primitive recursve.

©;n1;nz) = C&Y(niiny)
(S(n);n1;n2) = Z4( (N;ng;nz);n;ng;ng)
1(0;ng) = Zi(ny)
1(S(n);ny) = ( 12(n;ng);n;ng)
(m = (P (n);P()

A coupleof helperfunctionsmake this work. The helperfunction returnsl if the
rst inputis zeroandzerootherwise.The helperfunction 1(n; n;) returnszerofor
an = 0,and ofitself appliedton 1 otherwise.lt is a helperfunction sinceit is
recursve andhencerequiresat leasttwo parametersThe nal de niton of the parity
function simplyinventsa garbagesecondbarametefor ;.

3.3.10 Sumof valuesof a primiti verecursive function

If f (n) is aprimitive recursve function,thensois the following function:

X
£(n) = f(i):
i=0
1(n) = f(S(n))
2(n;nzing) = 1(PY (n1;nging))
s(niinzng) = APE (n1;n2nz); 2(nisnz;ing))
4(0;n1) = Zi(ny)
a(S(n);n1) = 3( a(n;yn1);n;ng)
() = 4P (n); P (n)

Thereis nothing particularlytricky going on abovze—justa lot of technicalproblems
with numbersf parameters.

Noticethatwith a coupleof trivial changesve canalsoshow that nite productsof the
sameform of primitive recursve functionsareprimitive recursve:

N
t(n)= f():
i=0
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3.4 Characteristic Functions (or Predicates)

If S N, thenthecharacteristidunctionof S, indicatedby s(n), isde nedtobelif
n 2 SandOif n 62S.

A characteristidunction canalsobe thoughtof asa predicateg(a specialfunctionthat
returnseither“true” or “f alse”)thattakesinputsfrom the naturalnumbers.The usual
corventionis thel correspond$o “true” andO to “false”. In this way you canimagine
afunctionlike prime(x) (or x > 7) thatreturnsl (true)if andonly if x is prime (or
X > 7).

We will beinterestedpf course,in which characteristidunctions(or predicatespre
primitive recursie (andlater, generakecursve) functions.

If characteristidunctionsareinterpretedas predicatesthenwe canalsoinvestigate
logical combination®f thosefunctions.In thiswaywe will beableto build predicates
likeprime(x) * (x > 7). (The™ symbolsigni es alogical “and” operation.In what
follows, _ will indicatelogical “or” and: will indicatelogical “not”.)

It turnsout thatif two predicatep andq are primitive recursve (recursve) thenthe
predicatep” g, p_ gand: pwill alsobeprimitiverecursve (recursve). Thisis easy
to see,sinceif p is a predicatethen1l p corresponds$o : p. Similarly, if p andq
arepredicatesthenpq (the productof p andq) correspondso p” g. Fromthesetwo
factsandfrom De Morganslaw: p_g=: ((: p) ® (: g)) we caninfer thatp _ qis
also primitive recursve. (All the othercommonlogical operationdik e implication,
exclusive-or, nand,nor, et ceteracanbe similarly constructedrom ” and: ).

(Noticethatif we considerthe functionsto be characteristidunctionsof subsetf N
insteadof predicatesthenthe constructionsabove yield new characteristidunctions
correspondinghe setoperations.union([ $ _), intersection\ $ *), setcomple-
ment(°$ :), etcetera.)

In this sectionwe will shav how to de ne a few interestingprimtive recursve predi-
cates.Thede nitons below will notbesoformal asthey werein the previoussection.
Hopefully the examplesthereindicatehow onemight go aboutconstructinghe abso-
lutely formal de nitions. In every casethis formalizationcanbe accomplished.

3.4.1 True and Falseare primiti ve recursive

True(x) = df’ (x)
F alse(x) Z1(x)

3.4.2 Finite sets
We will showv that the characteristidunction of ary nite setis primtive recursve.

This will be doneby induction. The characteristidunction of the empty set is:
(x) = Z1(x). We will bedoneif we canshaw thatif every characteristidunction
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of asetofn 1 elementss primitiverecursvethensois thecharacteristi¢unctionof
ary setwith n elements.

We will begin by shaving thatthe characteristidunctionof ary singletonsetis primi-
tive recursve. Hereis thede nition of ¢ o4(n):

fon) = &
f(S(n)in1) = Zs(f(n;ny);niny)
rog(n) = f (P ()P (n))
Next, supposehatwe have de ned oq(n); 1g(N); f2g(N);:i1 frkg(n) andwe

wishto de ne fy+14(n). Hereis how to proceed:

(k+1)

h, (M) = 1kg(S(n))
D ngngng) = Y (PP (ng;nging))
f(0:n) = Zi(n)
f(sy;ny) = & (F (n;ny)in;ny)
g = F(PP ()PP (n)

Now we have de ned (by induction)the characteristidunction of every singletonset.
But we know from our previousdiscussiorthatif f andg aretwo predicateghatare
primitiverecursve,thenf _ gis alsoprimitiverecursve. Butf _ g correspondso the
predicateof theunionof thevaluesfor which bothf andg aretrue,sowe canbuild up
acharacteristidunctionfor any nite collectionof naturalnumbers.

3.4.3 BoundedQuanti cation

In English,this new predicateE [ (y; n1;:::;nk) is trueif thereexists somevalueof
X < ysuchthatP (x; ny;:::;nk) istrue. The"F” superscripindicatesa nite search
Noticethatthisis justa nite product:
Y 1
EE(yinaiinink) = P(ingiiiing)
i=0

We cansimilarly testto seeif a predicateis true for all input valueslessthansome
x ednumbersince:
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Basedonthis sortof operatoywe canconstrucipredicateshattell usaboutdivisibility.
To seeif x dividesy, justform afunctionlike this:

Xjy=9n((n<y)* (M (n;x) = y)):

3.4.4 BoundedMinimization

suchthatP (x; ny;:::ny) is true. Using the resultsfrom the previous section,thatis
nottoo hardto do.

Consider

X
f(y;ng:iing) = (8v((v< x)N:P(v;ng; i) :

X<y

This sumwill basicallyadd1 eachtime thereis a value of v wherethe predicateis
falsefor it andfor all smallervalues.Oncethe predicatds truefor the rst time, all the
othertermsin the sumwill addzero. Thusthe sumwill representhe smallestvalue
wherethe predicatds truefor the rst time.

Baseduponthis, we canshow thatdivisionis primitive recursve:

xdivy= rzrliynM (y;z+ 1) > x:

Themod functioncanbede ned in termsof this:

xmody=y x(xdivy):

Also from the fact that we can representdivisibility as a primitive recursve func-
tion, the leastcommonmultiple (lcm(m; n)), greatescommondivisior (gcd(m; n)),
etceteracanbeconstructed:

lem(m;n) = pgnrri]p (mjp” njp)
gcd(m;n) = mndiv (Icm(m;n))

It is alsoeasyto de ne theprime(x) predicatethena predicatethatidenti es theit

prime,the numberof timesthei" prime dividesa givennumber andsoon. In factif

we enumerateéhe primenumbersaspy = 2;p1 = 3;p2 = 5andsoon,thengivenary
nunbem, we canwrite primitive recursve functionsthatwill yield ko; k1;::: suchthat
n=ppk::..

We canthende ne functionsthatyield the primefactorizatiorof numbersallowing us
to encodemultiple numbersor evenstringsassinglenumbers See3.5.2.
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3.5 Functionsthat are not Primiti ve Recursive

The examplesabove begin to shav thatthe numberof functionsthatare primitve re-
cursiveis vast—almosevery functionwe usein day-to-daycalcutionsseemgo t into
thatcategory. But in fact,therearefunctionsthatareobviously computabléhatarenot
primitive recursve. In this sectionwe will shov how to constructone.

The proof that thereare effectively computabletotal functionsthat are not primitive
recursveis basedn two ideas:

It is possibleto enumerateall of the primitive recursve functionsin a logical
way suchthatwe cansay F; isthei®™ primitve recursve function,andfor every
primitive recursve functiong, thereexistsak suchthatFy = g.

Oncewe have enumeratedll the primitve recursve functions,we usea diago-
nalizationargumentto producea function thatis not in thelist. Sincethe list
includesall the primitive recursve functions,this new functioncannotbe primi-
tiverecursve. Ontheotherhand ,we cancalculatehevalueof this new function
for ary input,andhenceit is effectively computable.

The descriptionabove glossesover someof the dif culties, andwe will eventually
make the argumentcompletelyrigorous,but rst let's seethegeneraidea.

Supposéghatthelist werenotall primitive recursve functions,but ratherjustthe prim-
itve recursve functionsof a singlevariable.(\We will seehow to producethis from the
originallist lateron.)

ThusF(n) is thezerothprimitive recursve functionof a singlevariable;F 1(n) is the
rst, F,(n) is thesecondandsoon. (We could have begun numberingthe functions
atl, butit is slightly simplerto seewhatis goingonif we startnumberingfrom O.

In principlewe cannow Il in atableof all the valuesof all the primitive recursve
functionsthatlookslik e this:

Fo(1) | Fo() | Fo@) | Fo(4)
F1(0) Fi(2) | Fa®) | Fa(4)
F2(0) | Fa(2) F2(3) | Fa(4)
F3(0) | Fa(1) | Fa(2) Fs(4)
Fa(0) | Fa(1) | Fa(2) | Fa(3)

Next, we will de ne anew functionG(n) thatdisagreesvith the functionF; (n) when
n = i. Thisis easyto do: G(n) = F,(n) + 1. ThisG(n) disagreesvith thefunction
Fi(n) atleastat the boxed valuesof F; in the tableabore. SinceG disagreewith

18



every primitve recursve functionfor atleastoneinputvalue,G mustnotbein thelist,
soG mustnot be primitve recursve.

On the otherhand,this G which we have constructeds obviously computablelf you
wantto nd the valuefor G(17), simply gure outwhatthe 17" primitive recursve
functionis, evaluatethatfor theinputvalueof 17, andaddoneto theresult—aperfectly
mechanicaprocedure.

3.5.1 Enumerating the Primiti ve Recursive Functions

Now for the moreinterestingpart: how canthe primitive recursve functionsbe enu-
merated?We have to be at leasta little bit careful, sinceif we begin with the most
obvious approachnhumberingthe constantfunctions,we run out of naturalnumbers
beforewe getto ary otherfunctions.

In whatfollows, we will betrying to generatea “grand list” of all primitve recursve
functions:
oo F1iFaiFsiii:

Speci cally, if we sayF is the constantzerofunction with oneargument,F , is the
constantzero function with two arguments,andin general,F, is the constantzero
functionwith n agumentsthenwe have enumeratedll the constantshut thereareno
morenaturalnumbergo assignto otherfunctions;they areall usedup.

And what shouldbe donefor the projections?For everyi > 0 andj > 0, thereis a
Pi” ). If we're not careful,we could alsouseup all the naturalnumberson the subset
Py,

Hereis thebasicidea:the rst function,F g, will bethesuccessdiunction,S(n). Next,
we will malke four lists of all thefunctionsgeneratedby thefollowing four conditions,
andwill addfunctionsto ourlist of all primitve recursve functionsby cycling through

thelists: rst itemfromthe rst list, rst itemfromthesecond,rst from thethird, rst
from thefourth, secondrom the rst list, andsoon.

Thelist of constanfunctionsis easy:

Z1(n1);Z2(N1;Nn2);Z3(N1;N2;N3); Z4(N1; N2sN3;Ng); e

Thelist of projectionds alittle trickier, but notdif cult. We simplylist all of the Pi(j )
havingi + j equalto 2, thento 3, thento 4, et cetera.Omitting the parametersthisis
whatthelist of theP ) will look like:

1D).p@.p1N).5B.pA.p1).pA.pPO).pA).p1).5O)....
P]_ 1P1 1P2 1P1 ’ 2 1P3 1P1 1 2 3 4 1P1 [EEEE]

Thelist of functionsmadeby compositionis the trickiest, sowe will discusghatlast.
Next, let's look atthelist of functionsde ned by primitive recursion.

Any pair of primitive recursve functionsf andg will de ne a new primitve recursve
functionh aslong asg hastwo moreparametershanf . By thetime we needto add
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the rst function of this sortto our grandlist, the grandlist will alreadycontainat
leastthreefunctions:S(n), Z1(n1) andPil). Eachsuccessie time we arefacedwith
addingfunctionsgeneratedy the third andfourth rule, therewill be morefunctions
onthegrandlist.

If we list all pairsof functionson the grandlist aswe did for the projectionfunctions
above,theneachtime we needto look ata compositionor recursve de nition, we can
usesetsof functionspreviously addedo thegrandlist. Hereis thelist of pairswe will
considerin the caseof functionsde ned by recursion:

(F1;F1);(F1;F2); (Fo; Fa); (Fe; Fa); (F2; F2); (Fas Fa); (Fas Fa)s e

For eachpair, we checkto seeif the numberof parametersf thetwo functionsworks
outto form avalid functionde ned by recursion.If not, we addnothingto the grand
list andcontinuein our cycle of thefour lists. If we do have a valid pair, we addthe
resultingfunctionde ned by recursiornto thegrandlist.

Finally, thetrickiestlist to construct:we needto generate linearlist of all functions
de ned by substitution. We will usethe samegeneralapproachthat we did for the
recursvely de ned functions,but this time we have to look at stringsof previously-
de ned primitively recursve functions.

This is becausd¢o make a valid substitutionwe needa functionf of k variablesfol-
lowedby k functionsg;;1 ik, eachwith thesamenumber of variables.

Whatwe will dois to generateall possible nite stringsof function namesfrom the
grandlist andeachtime we have the opportunityto adda functionde ned by substitu-
tion, we will look atthenext stringin theset. The rst functionin thestringwill have
somenumberk of variables.If thelist doesnot containk + 1 items,it is invalid and
we skipit. If it doescontaink + 1 items,thenwe examinethelastk of themto seeif

eachhasthe samenumber of parameterslf thatis alsotrue,thenwe cangeneratea
valid functionfor the grandlist de ned by substitution;if it's invalid, we skip the list

andcontinueour grandcycle of the primitive recursve functionlists.

OK, how do we male a list of all stringsof functionsthatincludesduplicationsand
eventuallylists all nite stringsfrom anin nite “alphabet”?

3.5.2 GodelNumbering
To make the problemprecise,our “alphabet”will be the list of primitive recursve
functionsonourgrandlist: Fg;F1, Fo, ....
We wantto outputalist of all nite stringsof theF; whereeachstringis assignedo a
uniguenaturalnumber Thelist shouldincludeall of thefollowing in someorder:
FoiFa;F2;Fa Faii:
FoFo;FoF1;F1Fo; FiF1; FoF2;
FoFoFo; FoFoF1;FoF1Fo; FoF1F1;FiFoFo;:::
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FoFoFoFo;FoFoFoF1; FoFoF1Fo; FoFoF1F1;:::

Thetrick we will use called“Gddelnumbering”,is basednthefactthateverynatural
numberhasa unique prime factorization. First, list the prime numbersas follows:
Po=2,p1=3,p2=5p3= 7,ps= 11, ps = 13, andsoon.

Every naturalnumbem canbewritten asthefollowing in nite product:
V:

- Ki — KoK K2 oKa oK
n= p' = PP P2" P3Py’
i=0
In every suchrepresentatiorall but a nite numberof thek; areequalto zero.

An easyway to encodea stringis usingthe exponentsof the primefactorsof anatural
number For example,supposave wish to encodethe string:

Fi,Fi,Fi, Fi,

Thefollowing numberdoesthetrick:

jo+l A+l o+l i+l .

Po " P1 pz Py

We addoneto eachexponentsincetherewill beanin nte numberof exponentsequal
to zeroin the primefactorizationof any number

This will assigna uniqguenumberto every string, but therewill be somenumberghat
donotcorrespondo ary string.

Herearethe rst dozenvalid numberstheir primefactorizationsandthe correspond-
ing strings:

2 = p; ! Fo 18 = pp; ! FoFs

4 = p2 | Fy 24 = pipl ! FiFp

6 = pips ! FoFo 30 = pipips ! FoFoFo
8 = pP ! F 32 = p} ! Fq

12 = pips ! FiFg 36 = pp5 ! FiF;

16 = pf ! F3 48 = pip; ! FsFo

Thereis nouniqguemethodof Godelnumbering—thenethodabove is justanexample.
Theterm“Goddelnumbering”just refersto theideaof encodingstringsof information
of arbitrary length usingthe fact that naturalnumberscan be factoreduniquely into
primenumbers.

3.5.3 The Fibonaccisequence evisited

Oneof the rst examplesof arecursve functionthatwe presentedh section2.2.2was
thatof the Fibonaccinumberslt seemghatit shouldbetrivial to demonstrat¢hatthis
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sequencés primitiverecursve (andit is) but it turnsoutto besurprisinglycomplicated
to show.

In fact,theusualway to do sousessomethingakinto Godelnumbering. Theconstruc-
tion methodfor recursionin de ning primitive recursve functionsonly allows theuse
off (n 1) inthecalculationof f (n). Sincethebasicrecursvede nition of Fibonacci
numberdgs: f(n) = f(n 1)+ f(n 2),thereisnosimplewaytoaccess (n 2)

duringthecalculationof f (n).

The easiestvay to getaroundthis problemis to de ne a setof helperfunctionsthat

encodeghe previoustwo valuesas exponentsof primes. The numberthatis passed
alonglookslike this: 2 (" D3 (" 2 This canbe “decoded’by primitive recursve

functions,thenthe appropriatecalculationis performed,andthe resultis re-encoded
in the sameform. The actualfunction that generateshe numbersin the Fibonacci
sequencexecuteghe recursionasdescribedabose andthendecodesandreturnsthe

exponentof 2.

In a similar way, this methodcanbe usedto de ne primitive recursve functionsthat
make useof any numberof previous values. In fact, an arbitrary setof suchvalues
canbestoredasthe exponentf primenumbersn longerandlongerGodelnumbered
encoding®f thosesequencesf values.

3.6 General Recursive Functions

In this sectionwe will introduceone additionalconstructionmechanisnto thosewe
alreadyhave for the primitve recursve functionsandthe resultingsetof functionswill

be, in a sense,complete—wewill not be able to use diagonalizationargumentsto
produceaddtionalfunctionsthatareclearly effectively computable.

Thesetof generakecursve functionsincludesall of the primitive recursve functions,
but providesoneadditionalconstructioroperation:

6. Unbounded search function. If f (n;ny;:::;nk) isin the set,thensois the
function ¢ (ny;:::;ny) thatreturnsthe smallestn suchthatf (i; nq;:::;nk)
isdenedfori < n andf(n;ny;:::;ng) = 0. If nosuchn exists, then

£ (n1;:::; ny) itselfis notde ned.

Generalrecursve functionsarenot alwaystotal functions.For any particularfunction
f , theremay not be ary combinationof input valuesthat causeit to evaluateto zero.
Somegenerakecursie functionsthatarenot primitve recursve functionsaretotal and
somearenot. We canspealkaboutthe setof total generarecursve functions,although,
aswe shall shaw, it is impossibleto determinein generalfor any speci ¢ function,
whetherit is total or not.

Therearetotal generakecursve functionsthatarenot primitive recursve. Perhapshe
mostwell-known exampleis Ackermanns function,A(x; y; z), de ned asfollows:

22



A(0;0y) =y
A@O;x+ Ly) = A@O;xy)+1
A(L;0y) = 0
A(z+20y) = 1

A(z+ Lx+ 1y)

A(z;A(z+ 1% y):Y)

This amountgo:

A@O;xy) = x+y

AlLxy) = xy

A@2;xy) = XY

AGBxy) = X  (ycopied

andsoon. At eachsuccessie stagethe previousoperations appliedy timesto x.

Thestandargroofthatthisfunctionis not primitive recursive shovsthatAckermanns
function increasesmore rapidly thanarny primitive recursve function can. It is also
clearfrom thede niton thatAckermanns functionis total.

Wewill notprovideaformalproofof thathere but thebasicreasoningjoesasfollows.
All of theprimitiverecursvefunctionsarebuilt uponthesuccessdiunctionS(n). This
is theonly functionthatcanincreaseaninputvalue.

In eachroundof primitive recursionwe canonly take a functionthathasbeenprevi-

ouslyapplied,andapplyit repeatedly Thusin onestagewe cangetto addition,then,
in the next stage we cangetto multiplication, thento exponentiationthento towers
of exponentsBut atany x edstagethereis anupperlimit to how fastthe outputscan
increasaelative to theinputs.In Ackermannsfunction,thereis nolimit. It is asortof

a diagonalizatiorprocessappliedto the fastest-graving primitive recursve functions
availableat eachstage.

In otherwords, if Ackermanns functionwere primitive recursve, it would appearat
stagen above the successofunctionfor somen, but A(n + 1) is muchbiggerthanit
couldbefor afunctionatstagen.

It turnsout that an intuitive way to look at primitive recursive and generalrecursve
functionsin termsof moderncomputedanguagess that primitive recursve functions
canall becodedup usingonly “for” loops;generakecursve functionsrequire“while”
loops. The“for” loopsareguaranteedo terminate(assuminghattheindex valueis
left unchangedhsidetheloop), but “while” loopsarenot.
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4 Computability and General Recursive Functions

Thehugedifferencebetweerprimitive recursive andgenerarecrusve functionsis that
whenwe begin a generalrecursve calculation,we do not know if it will terminate.
Thusit is possiblethatfor someinputvaluesto agenerakecursve function,theappli-
cationsof substitutiongnayneverend.

thereareanyvaluesof n suchthatf (n; ny;:::nyx) = 0. Onecan,of course begin to
plug valuesof n into the functionto testit, but evenif you've testeda million input
valueswith no successyou still have testedzeropercentof the possibleinputs. And
worse,your testsmay never terminate.

We arebasicallyfacedwith thefollowing situation:If ¢ (nq1;:::;nk) exists,we can
nd its valuein nite time. If not, we may not even be ableto prove, in ary nite
amountof time, thatit doesnot exist.

This may seenlik e aterrible situationin whichto nd ourseles,butit is really notas
badasit seems.Exactly the samesituationholdswhenyou run a computerprogram
onagiveninput. Someprogramscanbe provedalwaysto halt with anoutput,but for
ageneraprogram,it is impossibleto know. Justbecaus¢herearesomebadprograms
doesnot meanthatwe avoid themaltogetherandjust becausehereare“bad” general
recursve functionsdoesnot meanthat generalrecursve functionsshouldbe avoided
altogether

5 Effective Computations

Perhapghe easiestway to indicatewhatis meantby an effective computationis to
illustratea functionfor which no effective computatioris known.

Every naturalnumberargerthanl canbewritten asthe sumof prime numberspften
in mary differentways.Forexample:2= 2,3= 3,4= 2+ 2,5= 2+ 3,6= 3+ 3=
2+ 2+ 2, 7= 7= 2+ 2+ 3, etceteralLetf (n) bethesmalleshaturalnumberthat
requiresatleastn + 1 primesin suchasummationIf every numbercanbe expressed
asasumof fewerthann + 1 primes,thenf (n) = 0.

Thusf (0) = 2since2 = 2requiresasingleprime. We havef (1) = 4, sinced = 2+ 2
and4 is not prime, so at leasttwo primesmustaddto give 4. Similarly, f (2) = 27.
Whatis f (3)? Nobodyknows (at leastat the time this waswritten). If the Goldbach
conjecturds true,thenf (3) = f (4) = = 0. The Goldbachconjecturestateghat
everyintegergreatetthanl canbe expressedsthe sumof threeor fewer primes.The
Goldbachconjecturehasbeentestedfor all integerssmallerthan6 10 atthetime
of thiswriting.

It is easyto imaginewriting a programthatattemptdo calculatef (n) asfollows:

For eachm, look atall possiblesumsof setsof n or fewer prime numberdessthanm
andseeif they sumto m. If not, returnm; otherwiserepeathis operatiorwith thenext
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largervalueof m.

The problemis thatif Goldbachs conjectures true,the programwill neverterminate
for n > 2. Thisis hardly an effective computatiormethod,sincealthoughyou may
have waited a million yearsfor the programto terminateandit is still running, that
doesnot meanthatit might not returnwith theansweiin the next second.

6 Most Functions Ar e Not Effectively Computable

It may seemsurprisingat rst, but almostall functionsthatmapN ! N are not
effectively computableThisis becaus¢hereareonly acountablenumberof computer
programsof nite lengthandtherearean uncountablenumberof functionsmapping
N! N.

Onewayto seethatis thatevery computemprogramcanbewritten asa nite sequence
of characterslf we assumesay thatthereare 100 valid characterghat canbe used
in ary program,thenthereareat most100" sequencesf character®f lengthn, and
only atiny numberof thosesequencewill bevalid computeprogramsThusthetotal
numberof valid programsof lengthn character®r lessis smallerthan:

100" + 1007 + 100+  + 100";
whichis justa (ratherlargebut nite) naturalnumber
If weletS, bethesetof all valid programsof lengthn, thenthesetS of valid programs
is just
§

S= Sh:
n=1
SinceS is acountableunionof countablesetsiit is clearlycountable.

Thenumberof functionsmappingN to itself is, however, uncountableThis caneasily
be shavn with avariantof Cantors diagonalizatiorargument.Supposéhattherewere
only a countablenumberof suchfunctions. Thenwe could enumeratéhemasf o(n),
f1(n), f2(n), etceteraNow de ne anew functiong(n) asfollows:

g(n) = fa(n) + L

We know thatfor everyi, g cannotbe equalto f;, sincethey differ whenevaluatedat
i:g(i) = fi(i) + 16 fi(i). Thusthesetof functionscannotbe enumeratedavith the
naturalnumberssoit mustbe uncountable.

Thus,almosteveryfunctionf mappingN to N is not effectively computable.

7 InterestingFunctions

fi(x) = 1 : if arunof exactlyx 5'soccursin the decimalexpansionof
! - 0 : otherwise
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fo(x) = 1 if arunof atleastx 5'soccursin the decimalexpansionof
2 - 0 : otherwise

fa(x) = 1 if thenumberx occursin the decimalexpansionof
3 - 0 : otherwise

falx) = 1 if Goldbachs conjecturas true
4 - 0 : otherwise

Since = 3:1415926535897: ;, we know thatf 3(1) = f3(141) = f3(159265)= 1.
It is unknovn whetherthereexistsanx suchthatf 3(x) = 0.

26



