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1 What Is a Computation?

Therearemany ways to de�ne what is meantby the term “computation”,but most
peoplewouldagreethata computationshouldsatisfythefollowing characteristics:

1. A computationshouldbemechanicalin thesensethat thereis a uniqueway to
proceedat any point. (Or, at leastif thereis not a uniqueapproach,then all
approachesshouldleadto the sameresult. For example,to calculatethe sum
x + y + z it doesn't matterwhetherx + y is calculated�rst, or y + z. Thebest
situation,of course,is if thereis noambiguitywhatsoever.)

2. It mustbe possibleto statethe rulesfor a computationin a �nite manner. We
shouldnotbeableto list anin�nte numberof possibleoptions.

3. Similarly, thesizeof theinputandsizeof theoutputmustbe�nite.

4. It shouldbeclearwhentheprocesshasterminated.(It maybe thatsomecom-
putationsnever terminate,but thoseareusuallynot particularlyuseful,except,
possibly, in a theoreticalsense.)1

Therearea numberof differentveryprecisely-de�nedmathematicalschemesthatsat-
isfy the rulesabove. We cande�ne a Turing machinethat is a sort of mathematical
modelof a computerandseewhat it cancompute. We cande�ne a setof primitve
functionsthat areobviously computableandsomerulesfor combiningthe functions
thatcanobviouslybeperformedto producenew functionsandthenexaminewhatsorts
of functionscanbegenerated.We cande�ne a formal languagewith syntaxandgram-
marandaddrulesfor manipulationof sentencesin thelanguageandlook to seewhat
sortsof sentencescanbe “proved” from a setof sentencesthat are“obviously” true.
Or evenmoresimply, wecanexaminethesetsof sentencesthatcanbegeneratedfrom

1This bringsup thefollowing consideration:supposethereis acomputationalmethodthatsatis�esall of
theconditionsabove, but maynot terminatein all cases.In otherwords,whenyou begin thecomputation,
you know that if it terminates,it will terminatewith the correctanswer, but you do not know whetherit
will terminate,or have any upperboundon theamountof time it maytake to completethecalculation.Just
becauseyouhavebeencalculatingfor amillion yearsdoesnotmeanthatthecomputationwill not terminate;
it mayterminateon thenext step.A surprisingnumberof veryusefulcalculationsthatareperformedall the
timehave this form.
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variousmathematically-de�nedgrammarsthatgeneratevalid sentencesfrom a primi-
tivestartingpoint. Thereareothermethodsto approachtheideaof whatis meantby a
computationaswell.

What is incredibleis thatall themethodsabove resultin exactly thesamesetof com-
putations,if you interpretthe resultsof eachasencodingsof theothers.Althoughat
�rst glance,thesecomputationalschemesmay seemwildly different,eachresultsin
exactly the samesetof answers,indicatingthat thereis somethingincrediblyspecial
abouttheresultantsetof computations.

Thereis no spacein this articleto examineall theideasandapproachesmentionedin
the paragraphsabove, but we will be ableto take a look at onesort of computation;
namely, computaionsthatcanbeperformedby theso-calledrecursivefunctions.

The�rst restrictionwe will make is thatwe will consideronly mathematicalfunctions
that take naturalnumbers(oneor more)as inputsandyield a naturalnumberas the
output.In whatfollows,we will de�ne thesetof naturalnumbers2 asfollows:

N = f 0; 1; 2; 3; : : :g:

We want the term “computation”to includeall of the obvious standardcalculations:
addition,subtraction,multiplication,division, factorization,integerpowers,et cetera,
aswell ascombinationsof those.You may never have thoughtaboutoperationslike
additionandmultiplicationasfunctionsin thesamewayasyoudid f (x) in youralge-
braclass,but they are.As anexample,let usshow how onemight indicatearithmetic
operationslike x � y + z � (x + w).

Oneway is to replacethe in�x operators“+ ” amd“ �” by functionsof two variables:
A(x; y) representsx + y andM (x; y) representsx � y. Thentheexpressionx � y +
z � (x + w) in thepreviousparagraphcanberepresentedwith thefollowing functional
notation:

A(M (x; y); M (z; A(x; w))) :

Weareof courseinterestedin morecomplex operationsaswell. For example,suppose
thefunctionf (n) is de�nedto be0 if n < 2 andthelargestprimefactorof n otherwise.
Thusf (0) = f (1) = 0, f (2) = 2, f (3) = 3, f (4) = 2, f (5) = 5, f (6) = 3, and
soon. In normalcircumstances,thede�nition above is suf�cient, but herewe arealso
interestedin how f (n) might be computed,given n. The expression“largestprime
factorof n” reallydoesn't tell usamechanicalway to calculatethatnumber.

Thefactthatwe restrictourselvesto theconsiderationof only functionsof thenatural
numbersis hardlya restrictionat all. For example,every computerprogramfalls into
thiscategory, sinceall theinputsarebasicallyconvertedto binary(stringsof zerosand
ones)beforetheprogramoperateson them,andtheoutputsarebinarystringsbefore
the�nal conversionto charactersor colorson thescreenor whateverelseis produced.
Wecanjustconsiderthesebinaryinputandoutputstringsto benaturalnumberssothe
computerprogramis just a functionmappingnaturalnumbersto naturalnumbers.

2Somepeopledonot includezeroasanaturalnumber, but wewill dosohere.
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Similarly, the �oating-point numbersusedin computercomputationare only �nite
approximationsof the “real” realnumbers.They aresavedas32, 64, or occasionally
128 bit patterns,but thesecould equallywell be consideredto be 32, 64, or 128 bit
naturalnumbers.To be sure,the calculationof 2:71828+ 3:14159, interpretedasa
purelyintegeroperationis a verystrangeone,but it canbeconsideredto beone.

2 SomeConcreteExamples

Herearesomeexamplesthatwill berecursive functions,althoughto show themto be
sowill requiresomework.

2.1 The standard arithmetic functions

� Thesuccessorfunction: S(x) = x + 1.

� Theconstantfunctions:(0, 1, 2, 3, . . . ).

� Addition andmultiplication: A(x; y) = x + y andM (x; y) = x � y.

� Decrement,Subtraction,DivisionandRemainder:x� 1, x� y, x=y andx mod y.
Obviouslysubtractioncannotgonegative,sox � y is de�nedto bezeroif y � x.
Similarly, division yields the whole-numberdivisor and the modulusfunction
yieldstheremainder, soy � (x=y) + x mod y = x.

� Integerpower: xy .

Obviouslywewantto beableto de�ne combinationsof thefunctionsabovesothatwe
canperformcalculationslike (x + y)(zx � w ) � y.

2.2 RecursiveFunctions

Recursion:If you know whatrecursionis, just remembertheanswer.
Otherwise,locatesomeonewho is standingcloserto DouglasHofstadter
thanyouare,andaskhim/herwhatrecursionis.

Andrew Plotkin

The quotationabove providesa surprisinglynice imageof how recursionworks: A
recursivecalculationis onethatcanbedonefor thesmallestnaturalnumber, zero,and
thecalculationfor largernumbersalwaysdependsoncalculationsfor smallerones.

2.2.1 The Factorial Function

Probablythe�rst recursive de�ntion thatmostpeopleseeis for thefactorialfunction:
f (n) = n! = n � (n � 1) � (n � 2) � � � 3 � 2 � 1:
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f (n) =
�

1 : if n = 0;
n � f (n � 1) : otherwise:

Therecursivede�nition above tells usthatf (0) = 1, andthatto computethevalueof
f (n) if n > 0 all youneedto do is look up f (n � 1) andmultiply thatby n.

Soto calculate3! weseethattheresultis 3 multipliedby 2!, but thento get2! youneed
to multiply 2 by 1!, andsoon. Thenetresultis 3 � 2 � 1 � 1 = 6. More formally:

3! = f (3) = 3 � f (2)

= 3 � 2 � f (1)

= 3 � 2 � 1 � f (0)

= 3 � 2 � 1 � 1

= 6:

2.2.2 The FibonacciSequence

An interestingfunction generatesthe Fibonaccisequence,1; 1; 2; 3; 5; 8; 13; 21; : : :,
wherethe�rst two entriesare1 andafterthat,eachis obtainedby addingtheprevious
two:

f (n) =
�

1 : if n = 0 or n = 1;
f (n � 1) + f (n � 2) : otherwise:

Hereis thecalculationfor f (5):

f (5) = f (4) + f (3)

= (f (3) + f (2)) + (f (2) + f (1))

= (( f (2) + f (1)) + (f (1) + f (0))) + (( f (1) + f (0)) + 1)

= ((( f (1) + f (0)) + 1)) + (1 + 1) + ((1 + 1) + 1)

= (((1 + 1) + 1)) + (1 + 1) + ((1 + 1) + 1)

= 8:

Theexampleabovedeservesa coupleof comments.First, thecalculationaspresented
is very inef�cient: the valuesof f (n) for the small valuesof n are calculatedover
andoveragain.Second,in thecalculationabovea numberof substitutionsof f (n) by
f (n � 1) + f (n � 2) weremadein eachline. Oneof the wayswe characterizeda
computationin the �rst sectionof this article wasasa sequenceof operationswhere
therewasno questionaboutwhich onewasto bedone�rst. In this case,it makesno
difference,andin addition,it would beeasyto specifyexactly theorderin which the
substitutionsshouldbemade.For example,we could just saythatat any stageof the
calculation,theleftmostpossibleexpansion/substitutionwould bedone.
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2.2.3 The GreatestCommon Divisor

An extremelyimportantfunctionyieldsthegreatestcommondivisor of two numbers.
For example,gcd(12; 18) = 6, since6 is the largestnumberthatdividesboth12 and
18evenly. Thereis a verynicerecursivede�nition for thegcd function:

gcd(m; n) =
�

n : if m = 0;
gcd(n mod m; m) : otherwise:

For example,to calculategcd(29680; 17360), weproceedasfollows:

gcd(29680; 17360) = gcd(17360mod 29680; 29680)= gcd(17360; 29680)

= gcd(29680mod 17360; 17360)= gcd(12320; 17360)

= gcd(17360mod 12320; 12320)= gcd(5040; 12320)

= gcd(12320mod 5040; 5040)= gcd(2240; 5040)

= gcd(5040mod 2240; 2240)= gcd(560; 2240)

= gcd(2240mod 560; 560) = gcd(0; 560)

= 560:

Theresult,560 is correct,since29680= 53 � 560and17360= 31 � 560, and53 and
31 areobviously relatively prime. Noticethat the�rst applicationof recursionsimply
reversestheinputswhichguaranteesthatafterwardsthe�rst parameterwill besmaller
thanthesecond.After that, the recursionguaranteesthateachsuccessive application
hassmallervaluesfor the�rst parameter, andsoit will eventuallygetto zero.Finally,
it is nothardto show thatateverystageof thecalculation,theremainingnumbershave
thesamegreatestcommondivisorasthepreviouspairof numbers.

2.2.4 SomeSimpleRecursive Functions

Theexamplesaboveareall fairly famous;let usnow considersomeverysimplerecur-
sive functions.Theseexamplesshow thateventhearithmeticoperationslike addition
andmultiplicationthatweconsiderto be“primiti ve” canin factbede�ned in termsof
theevenmoreprimitiveoperation,successor.

Thesuccessorfunction: S(n) = n + 1 yields thenext largernumberabove n. With
thesuccessorfunctionde�ned,we cande�ne theadditionfunctionA(m; n) = m + n
recursively asfollows:

A(m; n) =
�

n : if m = 0;
A(k; S(n)) : if m = S(k):

Thede�nition above basicallyamountsto sayingthat if you addzeroto a number, it
remainsthesame,andif youaddm andn, that's thesameasaddingm � 1 andn + 1.
Eventuallytherepeatedsubtractionsof 1 from m will getit down to zero,andweknow
how to addzeroto any number.
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A slightly differentmethodcanbeusedto de�ne multiplication:M (m; n) = m � n, in
termsof addition:It' seasyto multiply by zero,andto multiply m by n amountsto the
samething asmultiplying m � 1 by n andaddingn:

M (m; n) =
�

0 : if m = 0;
A(n; M (k; n)) : if m = S(k):

Exponentiationfollows thesamepatternasmultiplication.

Theseexamplesshow that we really neednothingmorethan the successorfunction
to de�ne the restof the standardarithmeticfunctions. We will now go back to the
beginning,andgivea very formalde�ntion of whatis meantby a recursive function.

3 Recursive Functions: Inf ormal and Formal De�ni-
tions

Oneway to build up a classof functionsis to begin with a tiny setof relatively simple
functionsandto build additionalfunctionsbasedoncombinationsof thesimplerones.
Thenmorefunctionsarebuilt uponthoseandsoon. As a simple,concreteexample,
let's considertheprimitiverecursive functions.

Thegeneralstrategy will bethis: wewill de�ne thesetby giving asetof functionsthat
belongto it, andthenwe will give two rulesthatwill allow usto build morefunctions
from functionsthatarealreadyin theset. Of courseonceyou addthosefunctionsto
theset,it maybepossibleto apply therulesfor building morefunctionsto thoseand
therebyobtainevenmorefunctions,andsoon. If this process:beginningwith a few
functionsandthenapplyingthe function-building rulesto all of themandaddingthe
newly-constructedfunctionsto theset,is repeatedforever, theresultingsetwill contain
all theprimitiverecursivefunctions.

We will choosethe initial functionsto befunctionsthatare“obviously” easyto com-
pute: it shouldbeobvious thatany humanor computershouldbeableto make those
computations.Therulesfor building functionsshouldalsoproducefunctionsthatare
obviously computable.In otherwords,they shouldhave the form so that if you are
convincedthat thecomponentfunctionsarecomputable,it shouldbe obvious to you
thattheresultingfunctionswill alsobe.

Later, whenwe build the setof so-called“generalrecursive functions”, we will use
exactly the samestrategy. The only differencewill be that in addition to the initial
functionsandtherulesfor primitiverecursion,wewill addasingleadditionalfunction-
building rule.

3.1 An Inf ormal Description

In thefollowing section(3.2)we will give a totally formal descriptionof theprimitive
recursive functions,but it' s easyto get lost in the forestof subscripts.In this section,
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we'll give anintuitive descriptionof whatwe're trying to do,andthenwhenyou read
theformal de�nitions in thenext section,it shouldbeeasyto understandthem,based
on thesimplerexampleswepresenthere.

Every functionwill take somenumberof naturalnumbersasinputsandwill returna
naturalnumberasanoutput.

3.1.1 The Initial Functions

Therewill be threetypesof functionsthatwe'll initally addto theset,beforewe try
to make morefunctionsfrom our function-generatingrules. The�rst typeconsistsof
only a singlefunction,thesuccessorfunction: S(n) = n + 1. It takesa singlenatural
numberasan input, adds1 to it, andreturnsthe result. Hopefully, mostpeoplewill
agreethatthesuccessorfunctionis computablefor any naturalnumberinput.

The other two typesconsistof an in�nite numberof functions,but again,hopefully
mostpeoplewould agreethat all of themarecomputable.The �rst type consistsof
all thefunctionsthat returnzero,no matterwhat the inputsare. This is an in�nite set
of functions,sincewe would like to includefunctionsof 1, 2, 3, . . . variables.Now in
practicaluse,it' shardto imaginea functionthattakesabillion (or agoogle)of natural
numbersasinputs,but just to be on the safeside,we'll includeall of them. But the
computationis quitesimple: ignoreall theinputsandreturnzero! Here's whatthelist
would look like:

z1(x) = 0
z2(x; y) = 0
z3(x; y; z) = 0
z4(x; y; z; w) = 0
� � �

Thesecondtypeis essentiallya doubly-in�nite list of functions,but again,they areall
quitesimple. Eachonereturnsa particularinput with no computationdoneon it. So
whatweaddis a seriesof functionslike this:

p11(x) = x
p12(x; y) = x p22(x; y) = y
p13(x; y; z) = x p23(x; y; z) = y p33(x; y; z) = z
p14(x; y; z; w) = x p24(x; y; z; w) = y p34(x; y; z; w) = z p44(x; y; z; w) = w
� � �

The idea is simple: we needa setof functionsfor every possiblenumberof inputs
that simply returneachof the possibleinputs. Thuswe will needa million different
functionsthat take onemillion inputs: onethat returnsthe �rst, onethat returnsthe
second,and so on. Again, most peoplewould agreethat, in principle, all of these
functionsarecomputable.Notethatwe only talk aboutfunctionswith a �nite number
of inputs, but of every �nite size. The secondsubscriptthat is part of the function
namesindicateshow many parametersit takes,andthe �rst onetells which of those
parameterswill bereturned.
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Thesearecalledthe“projectionfunctions”.

What is truly amazing,is that the threefunction typesabove: thesuccessorfunction,
the functionsthat return zero, no matterwhat, and the functionsthat simply return
oneof their inputs,is all thatwe needto constructalmostany function takingnatural
numbersasinput andreturninganaturalnumberthatyoucanimagine.

3.1.2 Composition: The First Construction Method

Theideais simple:if youknow how to computesomefunctions,youshouldbeableto
usetheoutputsof thosefunctionsasinputsto otherfunctions.In realanalysis,you've
seenexpressionslike sin(x2) which essentiallytakesthe valuex andfeedsit to the
squaringfunctionto obtainx2. Thenthatvalueis providedasinput to thesin function
which returnsits value.

The formal de�nition in section3.2 mayseemlike an overly-complicatedway to ex-
presstheideaof composition,but it resultsfrom thefactthatwe needto beableto do
this sortof compositionof functionswith differentnumbersof inputs.In otherwords,
if f (x; y), g(x; y) andh(x; y) arethreefunctionsthatwe know how to compute,and
F (x; y; z) is another, thenwe shouldbe ableto computea new functionG(x; y) de-
�ned asfollows:

G(x; y) = F (f (x; y); g(x; y); h(x; y)) :

In otherwords,G takestwo input valuesandinsertsthosetwo into f , g andh, which
yieldsthreeoutputvalues.ThesearethenusedasthethreeinputsthatF requires.

In the de�nitons, we will requirethat eachof the functionslike f , g andh have the
samenumberof parameters.Thismightappearto beaproblem,sinceyoucancertainly
imaginewantingto do somethinglike this: f (x; y) is a functionwith two inputs,but
g(x) andh(x) only takea singleparameter, but we'd like to de�ne G asfollows:

G(x; y) = F (f (x; y); g(x); h(y)) :

This is not really a problem,sinceif we needto do somethinglike this, we cande�ne
new functionsg0(x; y) = g(x) andh0(x; y) = h(y). This kind of de�niton caneasily
be madewith the projectionfunctionsillustratedin section3.1.1. In fact, using the
notationin thatsection,we cande�ne:

h0(x; y) = h(p22(x; y)) ;

wheretheprojectionfunctionp22 snagsthesecondparameterof atwo-parameterfunc-
tion andreturnsit. Note that the expressionabove hasthe correctform for function
compositionthatwe'veallowed.

Note that theprojectionfunctionswill allow us to do thingslike permuteor collapse
theorderof parameters.For example,supposethatwe've got an interestingfunction
alreadyde�ned: f (x; y; z) andwewould like to de�ne a new functiong asfollows:

g(x; y) = f (y; x; x):
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With theprojectionfunctions,it is easy:

g(x; y) = f (p22(x; y); p12(x; y); p12(x; y)) :

3.1.3 Recursion: The SecondConstruction Method

Theexamplesof recursionwe'veseenin earliersectionsessentiallytell how afunction
behavesfor thesmallestinput value(zero)andif the input is not zero,it tells how to
obtaintheresultbasedon thevalueof thefunctionwith a smallerinput. This process
is guaranteedto terminate,sincetheinputvaluecannotbesmallerthanzero,andwhen
it hitszero,we'vegivenaneffectiveway to completethecomputation.

Theexamplesarealmostall simplein thatthey takeonly asingleparameter, andsurely
we'd like to allow for multiple parameters.To keepthingssimple,though,we'll only
allow recursionon oneparameter, andthis is not a realrestriction.Thuswe'd like our
de�nition to besomethinglike this:

If n = 0, then f (n; x; y; : : : ; z) can be computedas the value of somefunction
g(x; y; : : : ; z), whereg is somefunctionthatwe know we cancompute.But if n > 0,
we want to have a functionh thatmaydependnot only on thevaluesx; y; : : : ; z, but
alsopossiblyon n andon f (n � 1; x; y; : : : ; z. Thusthede�nition of f will depend
on two functions:one,g, thatusesonefewer parameterthanf , andtells whatto do if
n = 0, andonanotherfunctionh thathasonemoreparameterthanf andtells how to
do thecomputationbasedon thevaluesthat f provided,but alsothevalueof f when
calledwith n � 1 asits �rst parameter.

Notethatthere'snopenaltyfor requiringthath haveall theseparameters:it canignore
asmany asit wants.

With all of the above in mind, take a look againat section2.2.4, and seehow the
de�nitions of the initial functionsandconstrutionmethodscouldbeappliedto obtain
functionslike theadditionandmultiplicationof naturalnumbersbeginningonly with
thesuccessorfunction.

Now we'll doessentiallythesamethingwedid overagain,but in a totally formalway.

3.2 Primiti veRecursive Functions

The setof primitive recursive functionsis the smallestsetof functionsthat mapthe
naturalnumbersinto the naturalnumbersand include the following functions. The
�rst threeentriesbelow namespeci�c functionsthatmustbeincluded;thelasttwo are
basically“recipes” for creatingnew primitve recursive functionsfrom thosethathave
alreadybeenshown to beprimitiverecursive.

1. The successorfunction. S(n) = n + 1.

2. The constantzero functions. Z k (n1; n2; : : : ; nk ) = 0.
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3. The projection functions. P (k )
i (n1; n2; : : : ; nk ) = n i , for everyk � i > 0.

4. Composition of functions. If f (n1; : : : ; nk ) is in thesetandif gi (n1; : : : ; nl )
arein thesetfor 1 � i � k, then

h(n1; : : : ; nl ) = f (g1(n1; : : : ; nl ); : : : ; gk (n1; : : : ; nl ))

is in theset.

5. Primiti ve recursion. If f (n1; : : : ; nk ) andg(n1; : : : ; nk+2 ) arein theset,then
thefunctionh de�ned asfollows is in theset:

h(0; n1; : : : ; nk ) = f (n1; : : : ; nk )

h(S(n); n1; : : : ; nk ) = g(h(n; n1; : : : ; nk ); n; n1; : : : ; nk )

The �nal recursionconditionis very safein the sensethat it will alwaysbe possible
to evaluatefunctionsso de�ned. The valueis de�ned at zero,andbasedon that, the
valuesat 1; 2; 3; : : :, arealsode�ned, eachdependingupontheresultof a calculation
with a smallerinput.

All the so-calledprimitive recursive functionsarethusde�ned for all possibleinput
values.Suchfunctionsarecalled“total functions”.

3.3 Examplesof Primiti veRecursive Functions

The vastmajority of commonly-usedarithmeticfunctionsareprimitive recursive. In
this sectionwe'll build up a few of them.In a sense,it is easierto work with recursive
functionsin this way thanwith Turing machines,sinceoncewe have constructeda
recursive functionandstudiedits properties,we canjust useit asit standsin thedef-
inition of a morecomplex recursive function. Embeddingworking Turing machines
insideotheronesrequires,at theleast,a little morebookkeeping.

We will list a numberof examplesbelow, all in thesameformat. First, we'll describe
exactly the function to be implemented. Next, we will show the formal derivation
usingeither the functionslisted above or functionsthat we have derived in previous
sections.Finally, if warranted,we will includesomediscussionof themethod.Since
thede�nitions tendto build oneon the other, in this sectionwe have beencarefulto
giveeachfunctiona uniquenamethatmaybeusedin a laterde�nition.3.

3.3.1 The constantfunctions

For any integersm andk, thefunctionC(m )
k (n1; : : : ; nk ) = m is primitiverecursive.

3Although the de�ntions that follow may seemfairly trivial, it is a little bit tricky to get themexactly
right. They may, in fact,not beexactly right in this text. Theauthorwasa bit paranoidaboutgettingthem
right, so after he wrote the �rst draft of this article, he wrote a computersimulatorfor his de�nitions of
primitive recursive functions.Everyoneof theoriginal de�nitions hadat leasta minor error, andsomehad
majorerrors!
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C(0)
k (n1; : : : ; nk ) = Z k (n1; : : : ; nk )

C(1)
k (n1; : : : ; nk ) = S(C(0)

k (n1; : : : ; nk ))

C(2)
k (n1; : : : ; nk ) = S(C(1)

k (n1; : : : ; nk ))

C(3)
k (n1; : : : ; nk ) = S(C(2)

k (n1; : : : ; nk ))

: : : = : : :

In otherwords,thesuccessorof thefunctionsthatgeneratetheconstantoutputzerois
theonethathasconstantoutput0, andsoon.

3.3.2 Addition of two natural numbers

ThefunctionA(m; n) = m + n is primitiverecursive.

A 1(n1; n2; n3) = S(P (3)
1 (n1; n2; n3))

A (0; n1) = P (1)
1 (n1)

A (S(n); n1) = A 1(A (n; n1); n; n1)

Addition is basedon theideathatif you addzeroto something,theresultis thesome-
thing. To addn + 1 to something,you canjust add1 to whatyou getwhenyou addn
to thatsamesomething.

To de�ne theadditionfunctionin acompletelyrigorousway, weneed�rst to de�ne the
“helper” function A 1 asabove. This is becausein the formal de�nition of recursion,
whenwe de�ne a functionwith k parameters,we needa k + 1 parameterfunctionto
providetherecursivepartof thede�nition.

This exampleis quite simple: if the �rst parameteris zero,simply returnthesecond
parameter. If the �rst parameteris thesuccessorof n, work out thesumwith n asthe
�rst parameterandthenpassthat sum,n, andthesecondparameterto therecursion-
de�ning function. In thiscase,therecursion-de�ningfunctionhasnousefor its second
andthird parameters;it simply selectsits �rst parameter(usingP (3)

1 ) andreturnsthe
successorof that.

Becausetheform of de�nition of primitverecursivefunctionsis sorigid, wewill often
needto usethetrick aboveof de�ning oneor morehelperfunctions.

3.3.3 Doubling a natural number

Thefunctionf (x) = 2x is primitiverecursive.

f (n1) = A(P (1)
1 (n1); P (1)

1 (n1))
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Obviously, sincewe have de�ned addition in the previous section,multiplying by 2
is equivalentto addinga numberto itself. The only thing that is slighty tricky in the
de�ntion above is that to exactly satisfytheform for thesubstitutionconstruction,we
mustpassfunctionsof theparametern1 ratherthat theparameteritself. This is trivial
to do: P (1)

1 is basicallytheidentity function.

3.3.4 Multiplication of two natural numbers

ThefunctionM (x; y) = x � y is primitiverecursive.

M 1(n1; n2; n3) = A(P (3)
1 (n1; n2; n3); P (3)

3 (n1; n2; n3))

M (0; n1) = Z1(n1)

M (S(n); n1) = M 1(M (n; n1); n; n1)

Multiplication is de�ned recursively in termsof additionin muchthe sameway that
addition is de�ned recursively in termsof the successorfunction. Multiplication by
zeroyieldszero,andto multiply by n + 1, you simply multiply by n andthenaddan-
othercopy. Thestructureof thehelperfunctionis similar to whatweusedfor addition.
Exponentiation,which we'll do next, seemsalmostidentical,but we'll addonesmall
trick.

3.3.5 Exponentiation of natural numbers

ThefunctionE(x; y) = xy , where00 is de�ned to be1 is primitiverecursive.

E2(n1; n2; n3) = M (P (3)
1 (n1; n2; n3); P (3)

3 (n1; n2; n3))

E1(0; n1) = C(1)
1 (n1)

E1(S(n); n1) = E2(E1(n; n1); n; n1)

E(n1; n2) = E1(P (2)
2 (n1; n2); P (2)

1 (n1; n2))

Primitive recursionis de�ned for all inputs,sowe cannotsimply make theexpression
00 be“unde�ned”. Here,we'vearbitrarilyde�ned it to the1. Theconstructionthethe
functionE is very similar to multiplicationexceptthatanexponentof 0 yields1. The
small trick hereis that the functionE1(x; y) = yx , not xy . To obtainxy we needto
swaptheparameters,andthat'swhatis donein the�nal line of thede�nition.

3.3.6 Decrementa natural number

Thefunction �( x) = max(0; x � 1) is primitive recursive. (We usetheGreekletter
delta(� ) sincewe're reservingthesymbolD to standfor subtraction.Think of it as
standingfor “dif ference”.)
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� 1(0; n1) = Z1(n1)

� 1(S(n); n1) = P (3)
2 (� 1(n; n1); n; n1)

�( n1) = � 1(P (1)
1 (n1); P (1)

1 (n1))

Herewe would like to de�ne thedecrementfunctiondirectly asa recursive function,
but it only hasoneparameter, andevery functionde�ned usingrecursionaccordingto
our schememusthave at leasttwo. We get aroundthe problemby de�ning a helper
function that hasan unusedparameter, andthenwe de�ne decrementby plugginga
“garbage”valueinto thatsecondslot.

3.3.7 Subtraction of natural numbers

ThefunctionD(x; y) = max(0; x � y) is primitiverecursive.

D2(n1; n2; n3) = �( P (3)
1 (n1; n2; n3))

D1(0; n1) = P (1)
1 (n1)

D1(S(n); n1) = D2(D1(n; n1); n; n1)

D(n1; n2) = D1(P (
2(2)(n1; n2); P (2)

1 (n1; n2))

Theideahereis thatif y is zero,thenx � y is x. Otherwise,subtracty � 1 from x � 1.
It' s a little tricker that it seems,andto make it work nicely, it' s easierto reversethe
parameters.

3.3.8 Maximum of two natural numbers

Thefunctionmax(x; y) is primitiverecursive.

H 1(0; n1; n2) = P (2)
2 (n1; n2)

H 1(S(n); n1; n2) = P (4)
3 (H 1(n; n1; n2); n; n1; n2)

max(n1; n2) = H 1(D(n1; n2); P (2)
1 (n1; n2))

The max function works by subtractingthe secondparameterfrom the �rst, where
thesubtractionis theusualversionrestrictedto naturalnumbers.If theresultis zero,
thenthesecondelementis larger(or thesamesize). To performthe“if ” statementin
theprevioussentence,we needa helperfunctionthatwe've calledH 1(n; n1; n2) that
basicallylooksat n1 to seeif it is zero.If n1 = 0, it returnsn2; otherwise,n1.
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3.3.9 Parity of a natural number

Theparity function�( x) = x mod 2 is primitiverecursive.

� (0; n1; n2) = C(1)
2 (n1; n2)

� (S(n); n1; n2) = Z4(� (n; n1; n2); n; n1; n2)

� 1(0; n1) = Z1(n1)

� 1(S(n); n1) = � (� 1(n; n1); n; n1)

�( n) = � 1(P (1)
1 (n); P (1)

1 )

A coupleof helperfunctionsmake this work. The helperfunction � returns1 if the
�rst input is zeroandzerootherwise.Thehelperfunction � 1(n; n1) returnszerofor
a n = 0, and� of itself appliedto n � 1 otherwise.It is a helperfunctionsinceit is
recursive andhencerequiresat leasttwo parameters.The�nal de�niton of theparity
function� simply inventsa garbagesecondparameterfor � 1.

3.3.10 Sum of valuesof a primiti ve recursive function

If f (n) is aprimitiverecursive function,thensois thefollowing function:

� f (n) =
nX

i =0

f (i ):

� 1(n) = f (S(n))

� 2(n1; n2; n3) = � 1(P (3)
2 (n1; n2; n3))

� 3(n1; n2; n3) = A(P (3)
1 (n1; n2; n3); � 2(n1; n2; n3))

� 4(0; n1) = Z1(n1)

� 4(S(n); n1) = � 3(� 4(n; n1); n; n1)

� f (n) = � 4(P (1)
1 (n); P (1)

1 (n))

Thereis nothingparticularlytricky going on above—justa lot of technicalproblems
with numbersof parameters.

Noticethatwith acoupleof trivial changeswecanalsoshow that�nite productsof the
sameform of primitiverecursive functionsareprimitiverecursive:

� f (n) =
nY

i =0

f (i ):
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3.4 Characteristic Functions (or Predicates)

If S � N, thenthecharacteristicfunctionof S, indicatedby � S(n), is de�ned to be1 if
n 2 S and0 if n 62S.

A characteristicfunctioncanalsobethoughtof asa predicate(a specialfunctionthat
returnseither“true” or “f alse”) that takesinputsfrom thenaturalnumbers.Theusual
conventionis the1 correspondsto “true” and0 to “f alse”. In thiswayyoucanimagine
a function like prime(x) (or x > 7) that returns1 (true) if andonly if x is prime(or
x > 7).

We will be interested,of course,in which characteristicfunctions(or predicates)are
primitiverecursive(andlater, generalrecursive) functions.

If characteristicfunctionsare interpretedaspredicates,thenwe canalso investigate
logicalcombinationsof thosefunctions.In thiswaywewill beableto build predicates
like prime(x) ^ (x > 7). (The^ symbolsigni�es a logical “and” operation.In what
follows,_ will indicatelogical “or” and: will indicatelogical “not”.)

It turnsout that if two predicatesp andq areprimitive recursive (recursive) thenthe
predicatesp ^ q, p _ q and: p will alsobeprimitiverecursive(recursive).This is easy
to see,sinceif p is a predicate,then1 � p correspondsto : p. Similarly, if p andq
arepredicates,thenpq (theproductof p andq) correspondsto p ^ q. Fromthesetwo
factsandfrom De Morgan's law: p _ q = : (( : p) ^ (: q)) we caninfer thatp _ q is
alsoprimitive recursive. (All the othercommonlogical operationslike implication,
exclusive-or, nand,nor, et cetera,canbesimilarly constructedfrom ^ and: ).

(Noticethat if we considerthefunctionsto becharacteristicfunctionsof subsetsof N
insteadof predicates,thentheconstructionsabove yield new characteristicfunctions
correspondingthesetoperations:union([ $ _), intersection(\ $ ^ ), setcomple-
ment(0 $ : ), et cetera.)

In this sectionwe will show how to de�ne a few interestingprimtive recursive predi-
cates.Thede�nitons below will not besoformal asthey werein theprevioussection.
Hopefully theexamplesthereindicatehow onemight go aboutconstructingtheabso-
lutely formalde�nitions. In everycase,this formalizationcanbeaccomplished.

3.4.1 True and Falseareprimiti ve recursive

True(x) = C(1)
1 (x)

F alse(x) = Z1(x)

3.4.2 Finite sets

We will show that the characteristicfunction of any �nite set is primtive recursive.
This will be doneby induction. The characteristicfunction of the empty set � is:
� � (x) = Z1(x). We will bedoneif we canshow that if every characteristicfunction
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of asetof n � 1 elementsis primitiverecursivethensois thecharacteristicfunctionof
any setwith n elements.

We will begin by showing thatthecharacteristicfunctionof any singletonsetis primi-
tive recursive. Hereis thede�nition of � f 0g(n):

f (0; n1) = C(1)
1

f (S(n); n1) = Z3(f (n; n1); n; n1)

� f 0g(n) = f (P (1)
1 (n); P (1)

1 (n))

Next, supposethat we have de�ned � f 0g(n); � f 1g(n); � f 2g(n); : : : ; � f kg(n) andwe
wish to de�ne � f k+1 g(n). Hereis how to proceed:

� (k+1)
h1

(n) = � f kg(S(n))

� (k+1)
h (n1; n2; n3) = � (k+1)

h1
(P (3)

2 (n1; n2; n3))

f (0; n1) = Z1(n1)

f (S(n); n1) = � (k+1)
h (f (n; n1); n; n1)

� f k+1 g(n) = f (P (1)
1 (n); P (1)

1 (n))

Now we have de�ned (by induction)thecharacteristicfunctionof everysingletonset.
But we know from our previousdiscussionthat if f andg aretwo predicatesthatare
primitiverecursive,thenf _ g is alsoprimitiverecursive. But f _ g correspondsto the
predicateof theunionof thevaluesfor whichbothf andg aretrue,sowecanbuild up
acharacteristicfunctionfor any �nite collectionof naturalnumbers.

3.4.3 BoundedQuanti�cation

If P(n; n1; : : : ; nk ) is a primitiverecursivepredicate,thensois:

E F
P (y; n1; : : : nk ) = 9x ((x < y) ^ P(x; n1; : : : nk )) :

In English,this new predicateE F
P (y; n1; : : : ; nk ) is true if thereexistssomevalueof

x < y suchthatP(x; n1; : : : ; nk ) is true.The“F ” superscriptindicatesa �nite search.
Noticethatthis is just a �nite product:

E F
P (y; n1; : : : ; nk ) =

y � 1Y

i =0

P(i; n1; : : : ; nk ):

We cansimilarly test to seeif a predicateis true for all input valueslessthansome
�x ednumbersince:

8x ((x < y) ^ P(x; n1; : : : ; nk )) = :9 x ((x < y) ^ : P(x; n1; : : : ; nk )) :
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Basedonthissortof operator, wecanconstructpredicatesthattell usaboutdivisibility.
To seeif x dividesy, just form a functionlike this:

xjy = 9n ((n < y) ^ (M (n; x) = y)) :

3.4.4 BoundedMinimization

If wehaveapredicateP(x; n1; : : : ; nk ) it is veryusefulto �nd theleastvalueof x < y
suchthatP(x; n1; : : : nk ) is true. Using the resultsfrom theprevioussection,that is
not toohardto do.

Consider

f (y; n1; : : : nk ) =
X

x<y

(8v((v < x) ^ : P(v; n1; : : : ; nk ))) :

This sumwill basicallyadd1 eachtime thereis a valueof v wherethe predicateis
falsefor it andfor all smallervalues.Oncethepredicateis truefor the�rst time,all the
othertermsin thesumwill addzero. Thusthesumwill representthesmallestvalue
wherethepredicateis truefor the�rst time.

Baseduponthis,wecanshow thatdivision is primitiverecursive:

x div y = min
z<y

M (y; z + 1) > x:

Themod functioncanbede�ned in termsof this:

x mod y = y � x(x div y):

Also from the fact that we can representdivisibility as a primitive recursive func-
tion, the leastcommonmultiple (lcm(m; n)), greatestcommondivisior (gcd(m; n)),
etceteracanbeconstructed:

lcm(m; n) = min
p<mn

(mjp ^ njp)

gcd(m; n) = mn div (lcm(m; n))

It is alsoeasyto de�ne theprime(x) predicate,thena predicatethat identi�es thei th

prime,thenumberof timesthei th primedividesa givennumber, andsoon. In fact if
we enumeratetheprimenumbersasp0 = 2; p1 = 3; p2 = 5 andsoon, thengivenany
nunbern, wecanwrite primitiverecursivefunctionsthatwill yield k0; k1; : : : suchthat
n = pk0

0 pk1
1 : : :.

Wecanthende�ne functionsthatyield theprimefactorizationof numbers,allowing us
to encodemultiple numbersor evenstringsassinglenumbers.See3.5.2.
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3.5 Functions that arenot Primiti veRecursive

Theexamplesabove begin to show that thenumberof functionsthatareprimitve re-
cursiveis vast—almosteveryfunctionweusein day-to-daycalcutionsseemsto �t into
thatcategory. But in fact,therearefunctionsthatareobviouslycomputablethatarenot
primitiverecursive. In this sectionwewill show how to constructone.

The proof that thereareeffectively computabletotal functionsthat arenot primitive
recursiveis basedon two ideas:

� It is possibleto enumerateall of the primitive recursive functionsin a logical
waysuchthatwecansay, F i is thei th primitverecursivefunction,andfor every
primitiverecursive functiong, thereexistsak suchthatF k = g.

� Oncewe have enumeratedall theprimitve recursive functions,we usea diago-
nalizationargumentto producea function that is not in the list. Sincethe list
includesall theprimitiverecursivefunctions,this new functioncannotbeprimi-
tiverecursive. Ontheotherhand,wecancalculatethevalueof thisnew function
for any input,andhenceit is effectively computable.

The descriptionabove glossesover someof the dif�culties, and we will eventually
maketheargumentcompletelyrigorous,but �rst let's seethegeneralidea.

Supposethatthelist werenotall primitiverecursivefunctions,but ratherjust theprim-
itve recursivefunctionsof a singlevariable.(We will seehow to producethis from the
original list lateron.)

ThusF0(n) is thezerothprimitiverecursivefunctionof asinglevariable;F 1(n) is the
�rst, F2(n) is thesecond,andsoon. (We couldhave begunnumberingthe functions
at1, but it is slightly simplerto seewhatis goingon if we startnumberingfrom 0.

In principle we cannow �ll in a tableof all the valuesof all the primitive recursive
functionsthatlookslike this:

F0(0) F0(1) F0(2) F0(3) F0(4) � � �

F1(0) F1(1) F1(2) F1(3) F1(4) � � �

F2(0) F2(1) F2(2) F2(3) F2(4) � � �

F3(0) F3(1) F3(2) F3(3) F3(4) � � �

F4(0) F4(1) F4(2) F4(3) F4(4) � � �

...
...

...
...

...
...

Next, we will de�ne a new functionG(n) thatdisagreeswith thefunctionF i (n) when
n = i . This is easyto do: G(n) = F n (n) + 1. This G(n) disagreeswith thefunction
F i (n) at leastat the boxed valuesof F i in the tableabove. SinceG disagreeswith
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everyprimitverecursive functionfor at leastoneinput value,Gmustnotbein thelist,
soGmustnotbeprimitverecursive.

On theotherhand,this G which we have constructedis obviously computable.If you
want to �nd the valuefor G(17), simply �gure out what the17th primitive recursive
functionis,evaluatethatfor theinputvalueof 17, andaddoneto theresult—aperfectly
mechanicalprocedure.

3.5.1 Enumerating the Primiti ve RecursiveFunctions

Now for themoreinterestingpart: how cantheprimitive recursive functionsbeenu-
merated?We have to be at leasta little bit careful,sinceif we begin with the most
obvious approach,numberingthe constantfunctions,we run out of naturalnumbers
beforewegetto any otherfunctions.

In what follows, we will be trying to generatea “grand list” of all primitve recursive
functions:

0; F1; F2; F3; : : :

Speci�cally, if we sayF 1 is theconstantzerofunction with oneargument,F 2 is the
constantzero function with two arguments,and in general,F n is the constantzero
functionwith n arguments,thenwehaveenumeratedall theconstants,but thereareno
morenaturalnumbersto assignto otherfunctions;they areall usedup.

And whatshouldbe donefor theprojections?For every i > 0 andj > 0, thereis a
P ( j )

i . If we're not careful,we couldalsouseup all thenaturalnumberson thesubset
P ( j )

1 .

Hereis thebasicidea:the�rst function,F 0, will bethesuccessorfunction,S(n). Next,
wewill make four lists of all thefunctionsgeneratedby thefollowing four conditions,
andwill addfunctionsto our list of all primitverecursivefunctionsby cycling through
thelists: �rst itemfrom the�rst list, �rst itemfrom thesecond,�rst from thethird, �rst
from thefourth,secondfrom the�rst list, andsoon.

Thelist of constantfunctionsis easy:

Z1(n1); Z2(n1; n2); Z3(n1; n2; n3); Z4(n1; n2; n3; n4); : : :

Thelist of projectionsis a little trickier, but notdif�cult. We simply list all of theP ( j )
i

having i + j equalto 2, thento 3, thento 4, et cetera.Omitting theparameters,this is
whatthelist of theP ( j )

i will look like:

P (1)
1 ; P (2)

1 ; P (1)
2 ; P (3)

1 ; P (2)
2 ; P (1)

3 ; P (4)
1 ; P (3)

2 ; P (2)
3 ; P (1)

4 ; P (5)
1 ; : : :

Thelist of functionsmadeby compositionis thetrickiest,sowe will discussthat last.
Next, let's look at thelist of functionsde�ned by primitiverecursion.

Any pair of primitive recursive functionsf andg will de�ne a new primitve recursive
functionh aslong asg hastwo moreparametersthanf . By thetime we needto add
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the �rst function of this sort to our grandlist, the grandlist will alreadycontainat
leastthreefunctions:S(n), Z 1(n1) andP (1)

1 . Eachsuccessive time we arefacedwith
addingfunctionsgeneratedby the third andfourth rule, therewill be morefunctions
on thegrandlist.

If we list all pairsof functionson thegrandlist aswe did for theprojectionfunctions
above,theneachtime weneedto look at a compositionor recursivede�nition, we can
usesetsof functionspreviouslyaddedto thegrandlist. Hereis thelist of pairswewill
considerin thecaseof functionsde�ned by recursion:

(F1; F1); (F1; F2); (F2; F1); (F1; F3); (F2; F2); (F3; F1); (F1; F4); : : :

For eachpair, we checkto seeif thenumberof parametersof thetwo functionsworks
out to form a valid functionde�ned by recursion.If not, we addnothingto thegrand
list andcontinuein our cycle of the four lists. If we do have a valid pair, we addthe
resultingfunctionde�ned by recursionto thegrandlist.

Finally, thetrickiest list to construct:we needto generatea linear list of all functions
de�ned by substitution. We will usethe samegeneralapproachthat we did for the
recursively de�ned functions,but this time we have to look at stringsof previously-
de�ned primitively recursive functions.

This is becauseto make a valid substitution,we needa function f of k variablesfol-
lowedby k functionsgi ; 1 � i � k, eachwith thesamenumberl of variables.

What we will do is to generateall possible�nite stringsof function namesfrom the
grandlist andeachtimewehavetheopportunityto adda functionde�ned by substitu-
tion, we will look at thenext stringin theset.The�rst functionin thestringwill have
somenumberk of variables.If the list doesnot containk + 1 items,it is invalid and
we skip it. If it doescontaink + 1 items,thenwe examinethelastk of themto seeif
eachhasthesamenumberl of parameters.If that is alsotrue,thenwe cangeneratea
valid functionfor thegrandlist de�ned by substitution;if it' s invalid, we skip the list
andcontinueourgrandcycleof theprimitiverecursive functionlists.

OK, how do we make a list of all stringsof functionsthat includesduplicationsand
eventuallylists all �nite stringsfrom anin�nite “alphabet”?

3.5.2 GödelNumbering

To make the problemprecise,our “alphabet” will be the list of primitive recursive
functionsonour grandlist: F 0; F1, F2, . . . .

We wantto outputa list of all �nite stringsof theF i whereeachstringis assignedto a
uniquenaturalnumber. Thelist shouldincludeall of thefollowing in someorder:

F0; F1; F2; F3; F4; : : :

F0F0; F0F1; F1F0; F1F1; F0F2; : : :

F0F0F0; F0F0F1; F0F1F0; F0F1F1; F1F0F0; : : :
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F0F0F0F0; F0F0F0F1; F0F0F1F0; F0F0F1F1; : : :

: : :

Thetrick wewill use,called“Gödelnumbering”,is basedonthefactthateverynatural
numberhasa uniqueprime factorization. First, list the prime numbersas follows:
p0 = 2, p1 = 3, p2 = 5, p3 = 7, p4 = 11, p5 = 13, andsoon.

Everynaturalnumbern canbewrittenasthefollowing in�nite product:

n =
1Y

i =0

pk i
i = pk0

0 pk1
1 pk2

2 pk3
3 pk4

4 � � � :

In everysuchrepresentation,all but a �nite numberof theki areequalto zero.

An easyway to encodea stringis usingtheexponentsof theprimefactorsof anatural
number. For example,supposewewish to encodethestring:

F i 0 F i 1 F i 2 � � � F i k

Thefollowing numberdoesthetrick:

pi 0 +1
0 pi 1 +1

1 pi 2 +1
2 � � � pi k +1

k :

Weaddoneto eachexponent,sincetherewill beanin�nte numberof exponentsequal
to zeroin theprimefactorizationof any number.

This will assigna uniquenumberto every string,but therewill besomenumbersthat
donotcorrespondto any string.

Herearethe�rst dozenvalid numbers,their primefactorizations,andthecorrespond-
ing strings:

2 = p1
1 � ! F0

4 = p2
1 � ! F1

6 = p1
1p1

2 � ! F0F0

8 = p3
1 � ! F2

12 = p2
1p1

2 � ! F1F0

16 = p4
1 � ! F3

18 = p1
1p2

2 � ! F0F1

24 = p3
1p1

2 � ! F2F0

30 = p1
1p1

2p1
3 � ! F0F0F0

32 = p5
1 � ! F4

36 = p2
1p2

2 � ! F1F1

48 = p4
1p1

2 � ! F3F0

Thereis nouniquemethodof Gödelnumbering—themethodaboveis justanexample.
Theterm“Gödelnumbering”just refersto theideaof encodingstringsof information
of arbitrary lengthusingthe fact that naturalnumberscanbe factoreduniquely into
primenumbers.

3.5.3 The Fibonacci sequencerevisited

Oneof the�rst examplesof a recursivefunctionthatwepresentedin section2.2.2was
thatof theFibonaccinumbers.It seemsthatit shouldbetrivial to demonstratethatthis
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sequenceis primitiverecursive(andit is) but it turnsoutto besurprisinglycomplicated
to show.

In fact,theusualway to dosousessomethingakin to Gödelnumbering.Theconstruc-
tion methodfor recursionin de�ning primitive recursive functionsonly allows theuse
of f (n � 1) in thecalculationof f (n). Sincethebasicrecursivede�nition of Fibonacci
numbersis: f (n) = f (n � 1) + f (n � 2), thereis no simpleway to accessf (n � 2)
duringthecalculationof f (n).

The easiestway to get aroundthis problemis to de�ne a setof helperfunctionsthat
encodesthe previous two valuesasexponentsof primes. The numberthat is passed
alonglooks like this: 2f (n � 1) 3f (n � 2) . This canbe “decoded”by primitive recursive
functions,thenthe appropriatecalculationis performed,andthe result is re-encoded
in the sameform. The actualfunction that generatesthe numbersin the Fibonacci
sequenceexecutestherecursionasdescribedabove andthendecodesandreturnsthe
exponentof 2.

In a similar way, this methodcanbeusedto de�ne primitive recursive functionsthat
make useof any numberof previous values. In fact, an arbitrarysetof suchvalues
canbestoredastheexponentsof primenumbersin longerandlongerGödelnumbered
encodingsof thosesequencesof values.

3.6 GeneralRecursiveFunctions

In this sectionwe will introduceoneadditionalconstructionmechanismto thosewe
alreadyhavefor theprimitverecursivefunctionsandtheresultingsetof functionswill
be, in a sense,complete—wewill not be able to usediagonalizationargumentsto
produceaddtionalfunctionsthatareclearlyeffectively computable.

Thesetof generalrecursive functionsincludesall of theprimitive recursive functions,
but providesoneadditionalconstructionoperation:

6. Unbounded search function. If f (n; n1; : : : ; nk ) is in the set, thenso is the
function � f (n1; : : : ; nk ) that returnsthe smallestn suchthat f (i; n1; : : : ; nk )
is de�ned for i < n and f (n; n1; : : : ; nk ) = 0. If no suchn exists, then
� f (n1; : : : ; nk ) itself is notde�ned.

Generalrecursive functionsarenot alwaystotal functions.For any particularfunction
f , theremaynot beany combinationof input valuesthat causeit to evaluateto zero.
Somegeneralrecursivefunctionsthatarenotprimitverecursivefunctionsaretotaland
somearenot. Wecanspeakaboutthesetof totalgeneralrecursivefunctions,although,
aswe shall show, it is impossibleto determinein generalfor any speci�c function,
whetherit is totalor not.

Therearetotalgeneralrecursivefunctionsthatarenotprimitiverecursive. Perhapsthe
mostwell-known exampleis Ackermann's function,A(x; y; z), de�ned asfollows:
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A(0; 0; y) = y

A(0; x + 1; y) = A(0; x; y) + 1

A(1; 0; y) = 0

A(z + 2; 0; y) = 1

A(z + 1; x + 1; y) = A(z; A(z + 1; x; y); y)

Thisamountsto:

A(0; x; y) = x + y

A(1; x; y) = x � y

A(2; x; y) = xy

A(3; x; y) = xx : : : x �
(y copies)

andsoon. At eachsuccessivestagethepreviousoperationis appliedy timesto x.

Thestandardproof thatthis functionis notprimitiverecursiveshowsthatAckermann's
function increasesmorerapidly thanany primitive recursive function can. It is also
clearfrom thede�niton thatAckermann's functionis total.

Wewill notprovideaformalproofof thathere,but thebasicreasoninggoesasfollows.
All of theprimitiverecursivefunctionsarebuilt uponthesuccessorfunctionS(n). This
is theonly functionthatcanincreaseaninputvalue.

In eachroundof primitive recursion,we canonly take a functionthathasbeenprevi-
ouslyapplied,andapply it repeatedly. Thusin onestagewe canget to addition,then,
in thenext stage,we canget to multiplication, thento exponentiation,thento towers
of exponents.But atany �x edstage,thereis anupperlimit to how fasttheoutputscan
increaserelativeto theinputs.In Ackermann'sfunction,thereis no limit. It is asortof
a diagonalizationprocessappliedto the fastest-growing primitive recursive functions
availableat eachstage.

In otherwords,if Ackermann's function wereprimitive recursive, it would appearat
stagen above thesuccessorfunctionfor somen, but A(n + 1) is muchbiggerthanit
couldbefor a functionatstagen.

It turnsout that an intuitive way to look at primitive recursive andgeneralrecursive
functionsin termsof moderncomputerlanguagesis thatprimitive recursive functions
canall becodedupusingonly “for” loops;generalrecursivefunctionsrequire“while”
loops. The “for” loopsareguaranteedto terminate(assumingthat the index valueis
left unchangedinsidetheloop),but “while” loopsarenot.
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4 Computability and GeneralRecursiveFunctions

Thehugedifferencebetweenprimitiverecursiveandgeneralrecrusivefunctionsis that
whenwe begin a generalrecursive calculation,we do not know if it will terminate.
Thusit is possiblethatfor someinputvaluesto ageneralrecursivefunction,theappli-
cationsof substitutionsmayneverend.

Whenthefunctionhastheform � f (n1; : : : ; nk ), theremaybeno way to tell whether
thereareanyvaluesof n suchthat f (n; n1; : : : nk ) = 0. Onecan,of course,begin to
plug valuesof n into the function to test it, but even if you've testeda million input
valueswith no success,you still have testedzeropercentof thepossibleinputs. And
worse,your testsmaynever terminate.

We arebasicallyfacedwith the following situation: If � f (n1; : : : ; nk ) exists,we can
�nd its value in �nite time. If not, we may not even be able to prove, in any �nite
amountof time, thatit doesnotexist.

Thismayseemlikea terriblesituationin which to �nd ourselves,but it is reallynotas
badasit seems.Exactly thesamesituationholdswhenyou run a computerprogram
on a giveninput. Someprogramscanbeprovedalwaysto halt with anoutput,but for
ageneralprogram,it is impossibleto know. Justbecausetherearesomebadprograms
doesnot meanthatwe avoid themaltogether, andjust becausethereare“bad” general
recursive functionsdoesnot meanthatgeneralrecursive functionsshouldbeavoided
altogether.

5 EffectiveComputations

Perhapsthe easiestway to indicatewhat is meantby an effective computationis to
illustratea functionfor whichnoeffectivecomputationis known.

Everynaturalnumberlargerthan1 canbewritten asthesumof primenumbers,often
in many differentways.For example:2 = 2, 3 = 3, 4 = 2+ 2, 5 = 2+ 3, 6 = 3+ 3 =
2 + 2 + 2, 7 = 7 = 2 + 2 + 3, et cetera.Let f (n) bethesmallestnaturalnumberthat
requiresat leastn + 1 primesin sucha summation.If everynumbercanbeexpressed
asasumof fewer thann + 1 primes,thenf (n) = 0.

Thusf (0) = 2 since2 = 2 requiresasingleprime.Wehavef (1) = 4, since4 = 2+ 2
and4 is not prime,so at leasttwo primesmustaddto give 4. Similarly, f (2) = 27.
What is f (3)? Nobodyknows (at leastat the time this waswritten). If theGoldbach
conjectureis true,thenf (3) = f (4) = � � � = 0. TheGoldbachconjecturestatesthat
everyintegergreaterthan1 canbeexpressedasthesumof threeor fewerprimes.The
Goldbachconjecturehasbeentestedfor all integerssmallerthan6 � 1016 at thetime
of thiswriting.

It is easyto imaginewriting aprogramthatattemptsto calculatef (n) asfollows:

For eachm, look at all possiblesumsof setsof n or fewerprimenumberslessthanm
andseeif they sumto m. If not,returnm; otherwiserepeatthisoperationwith thenext
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largervalueof m.

Theproblemis that if Goldbach'sconjectureis true,theprogramwill never terminate
for n > 2. This is hardly an effective computationmethod,sincealthoughyou may
have waiteda million yearsfor the programto terminateandit is still running, that
doesnotmeanthatit might not returnwith theanswerin thenext second.

6 Most FunctionsAr eNot Effectively Computable

It may seemsurprisingat �rst, but almostall functionsthat map N ! N are not
effectively computable.This is becausethereareonly acountablenumberof computer
programsof �nite lengthandtherearean uncountablenumberof functionsmapping
N ! N.

Onewayto seethatis thateverycomputerprogramcanbewrittenasa �nite sequence
of characters.If we assume,say, that thereare100valid charactersthat canbe used
in any program,thenthereareat most100n sequencesof charactersof lengthn, and
only a tiny numberof thosesequenceswill bevalid computerprograms.Thusthetotal
numberof valid programsof lengthn charactersor lessis smallerthan:

1001 + 1002 + 1003 + � � � + 100n ;

which is justa (ratherlargebut �nite) naturalnumber.

If welet Sn bethesetof all valid programsof lengthn, thenthesetS of valid programs
is just

S =
1[

n =1

Sn :

SinceS is acountableunionof countablesets,it is clearlycountable.

Thenumberof functionsmappingN to itself is, however, uncountable.Thiscaneasily
beshown with avariantof Cantor'sdiagonalizationargument.Supposethattherewere
only a countablenumberof suchfunctions.Thenwe couldenumeratethemasf 0(n),
f 1(n), f 2(n), et cetera.Now de�ne a new functiong(n) asfollows:

g(n) = f n (n) + 1:

We know that for every i , g cannotbeequalto f i , sincethey differ whenevaluatedat
i : g(i ) = f i (i ) + 1 6= f i (i ). Thusthesetof functionscannotbeenumeratedwith the
naturalnumbers,soit mustbeuncountable.

Thus,almosteveryfunctionf mappingN to N is not effectively computable.

7 Inter estingFunctions

f 1(x) =
�

1 : if a runof exactlyx 5'soccursin thedecimalexpansionof �
0 : otherwise
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f 2(x) =
�

1 : if a runof at leastx 5'soccursin thedecimalexpansionof �
0 : otherwise

f 3(x) =
�

1 : if thenumberx occursin thedecimalexpansionof �
0 : otherwise

f 4(x) =
�

1 : if Goldbach'sconjectureis true
0 : otherwise

Since� = 3:1415926535897: : :, we know that f 3(1) = f 3(141) = f 3(159265)= 1.
It is unknown whetherthereexistsanx suchthatf 3(x) = 0.
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